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Abstract

This work reviews both the Hadamard and the dimensional regularization of the post-newtonian
formalism in the case of a compact binary coalescence. A short introduction on the validity
of the Post-Newtonian expansion is given, followed by a review of the Landau-Lifshitz action
in the harmonic gauge, with a discussion on the derivation of the gauge fixing term with QFT
techniques. The Einstein Field Equations are then solved in the near zone at lowest order, allowing
us to introduce the Hadamard regularization. Finally, we review the dimensional regularization of
Poisson integrals, needed at higher post-newtonian orders.

This work is based on [Compeére, 2024] for the introduction and the general theory of the MPN/PM
formalism and on [Poisson and Will, 2014; Blanchet, 2014; Bernard et al., 2016; Blanchet, 2018,
2019] for the Hadamard and dimensional regularization.
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1 Introduction

We consider here the Multipolar Post-Newtonian/Post Minkowskian formalism. Close to the Compact
Binary Coalescence (CBC) (the source zone), relativistic effects are negligible and a Post-Newtonian
(PN) expansion is valid. Far away from the CBC, (the exterior zone), the absence of source allows
us to use the Post-Minkowskian (PM) formalism. To grasp the former property, let us consider two
length scales of the system: the distance d between the two bodies and the typical wavelength of a
Gravitational Wave (GW) Aqw = 27¢/waw. It is easy to see that
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where ws = wgw/2 is the angular frequency of the sources and § = v/c is the relativistic beta.

For non-relativistic systems, 8 — 0 and Agw > d: the source is much smaller than the typical GW
wavelength. On the contrary, when § — 1, Agw ~ d. In the first case, d and Aqw provide us with
two distinct length scales. We can consider two asymptotic regions: the source r ~ d and the exterior
r ~ Agw- In the source region (or the interior), one solves a Poisson-type equations and expands
in §: this is the PN expansion. In the wave-zone (or the exterior), one solves a wave equation and
expands in Gy this is the PM expansion. In the overlap region where d < r < Agw, both solutions
must correspond. To enforce the matching condition, the field is decomposed in terms of spherical
harmonics.
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Figure 1: Ilustration of the different regimes in the PN/PM formalism. From [Compére, 2024].

In this work, we will focus ourselves on the treatment of the source zone and the regularizations
associated.



2 Near-zone PN expansion

2.1 Einstein Field Equations

General Relativity’s (GR) dynamics can be derived from a variational principle, where the action is
given by the Einstein-Hilbert action, traditionally expressed in terms of the metric g,, and its first
and second derivatives: Sgulg, dg,9%g]. It is possible to rewrite it in terms of the metric and its first
derivatives only, giving the Landau-Lifshitz form of the gravitational action Spy[g, dg]. One introduces
the densitized metric (or gothic metric) G = \/—gg"” to write the Landau-Lifshitz action Spp[G, 9G]
solely in terms of the (densitized) metric (expressing the Christoffel symbols in terms of the metric and
its derivatives: T' = T'[G, OG]). To continue further, one can pick a gauge choice, giving a gauge-fixed
action. The gauge choice considered here is the harmonic gauge defined by the condition:

9,G" =0 (2.1)

With the condition eq. (2.1), we can add a new vanishing term to the action. The simplest way to do
S0 is to square the harmonic gauge condition to obtain Lorentz-invariant term:

167TGN

Note that another way to obtain eq. (2.2) is to use similar techniques as in Quantum Field Theory (QFT).
We must emphasize that the following derivation is purely formal, and serves as a pedagogical example,
since classical GR is, as its name suggests, a classical field theory.

Sg.f. =
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Let us consider a hypothetical path integral representation of GR, where the metric G*" is a dynamical field:

Z= /D[G] exp (i%S[G]) (2.3)

We want to impose the harmonic constraint eq. (2.1) through a gauge-fizing term in the action. Traditionally,
one introduces a functional delta function that enforces the constraint, making a Lagrange multiplier appear,
then completing the square and integrating out the multiplier field.

3 .
. nry N . C 4 %
0[0.G"] = N/D[B} exp (z 167G /d x B,0,G ) (2.4)

where B, (z) is a Lagrange-multiplier field and A is the normalization. Following the standard QFT trick,
we can always choose to insert a Gaussian integral over the Lagrange multiplier:
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Eq. (2.4) becomes:
8[0,G*" ] =N’ /.D[B] exp iL /d4m B.O,.G" — 1B, B (2.6)
. , 167Gy | o 27"
Completing the square, we get:
. "2 1 v 1 “w 2 1 Y23 2
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We can now shift the auxiliary field B, — BV = B, — 0"G,, and integrate over BV. We are left with:
- 3 1
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We recover the harmonic gauge-fixing term eq. (2.2).




The gauge-fixed action in the Landau-Lifshitz form expressed in terms of the densitized metric G**
reads:

S = SLL + Sg.f. + Smatter (29)

1 1
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+ G (0,G*?0,G"? — 0,G*P0,G"7) } ~+ Smatter (2.10)
Varying the action with respect to G gives the Equations of Motion (EOM):

OGH = G*?0,0,G* = ——|g|T*" + X*[G,0G] EOM (2.11a)
VvV, T =0 Bianchi (2.11Db)
where THY = 2§Smatter/(\/—gégw,) is the stress-energy tensor, X" is a source term that accounts

for the non-linearities of the EFE. We can now expand the metric around a flat background: G*¥ =
Nt + hHY* | so that the EFE become:

thNV _ 167TGN
ct

Ly (2.12)

where 9> =7-0-0 and A" = S — h#?9,0,h* ~ O(h?)T. Thanks to the separation of scale argued
in sec. 1, solving the EFE eq. (2.12) can be done using perturbative expansions: in powers of G, in
the PM formalism, or in powers of 8 in the PN formalism.

2.2 Post-Newtonian expansion
Perturbative expansion of the metric and stress-energy tensor

In the source zone where the PN expansion is valid, the perturbations of the metric 2*” and of the
stress-energy tensor are written as:

EW/ E V‘mterlor - Z 6 nﬁéb;:) (213)
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interior n=—2

We denote the level of the expansion as

nPN = O (8*") (2.15)

Splitting the flat wave operator 92 into its temporal and spatial components, we can rewrite the EFE
eq. (2.12) at a given order n as:

—uv

The EFE are then solved iteratively:

{ AEZT) = 167TGN7€L:_4) m(l), S ,E(n_g,)jl + 6,52%/(1:;_2) Iﬁ(l), S ,E(n_g)} (2.17a)
—uv

*Note that A*" is not the usual g"¥ — n*¥ but GF¥ — nHv.
TThe explicit form of A can be found in sec. 2 of [Blanchet, 2014]



OPN order: the newtonian limit

The stress-energy tensor T#", in the newtonian limit (i.e. 8 < 1), is of order:

T% ~ pc? ~ O(c?) (2.18a)
T% ~ pev' ~ Ofc) (2.18Db)
T ~ pov'v? ~ O(1) (2.18c¢)

Thus we can neglect any term of order O(c) or lower. Additionally, the flat wave operator 92 can be
approximated by the Laplace operator A:

1
62:—§a§+AzA (2.19)

At OPN, the EFE reduce to the Poisson equation:

o0 1
ARY = GZQGN P (2.20)

We can solve eq. (2.20) in terms of the newtonian potential U(t, %), defined as the solution of the
Poisson equation AU = —47Gyp:

ho(t,7) = ——=U(t, ) (2.21)

2.3 Compact Binary Coalescence
Let us consider two bodies labeled with A = 1,2 with positions Z (¢) and velocities ¥4 (t). For point-like
bodies, the energy density is a Dirac distribution:

p(t, &) /? = mi6CN (T — Z1(t) + mad®) (& — Zy(t)) (2.22)

Now recall that the Green function of the Laplace operator in d = 3 dimension (such that AG = ¢) is
given by
11
G(r)y=——- (2.23)

4 r

Solving eq. (2.20) with the source eq. (2.22) gives

_ Gle + Gng

U(t,2 2.24
(t,8) = 2 4 20 (2:249)
To obtain the force on the body A, we simply compute
—F(&) = o,U (2.25a)
-G G
- ( NI ) — A2 ﬁQ) (2.25b)
1 r3

We want to know the force acting on the body A at position Z4(t), but clearly eq. (2.25) diverges at
T = Z4(t): we need to regularize the potential.



2.4 Hadamard regularization

Let F(Z) be a function singular in z; and Z; and smooth otherwise that admits an expansion in powers
of the distance to the singular points (say r1 and ro, with r4 = |& — Z4]):

F@) = Y rPfAa)+0 () VPeNVAe{1,2} (2.26)

lim Z—2Z4
po<p<P

where iy = (¥ — Za)/ra is the (unit) direction of approach to the singularity Z4. Two notions of
Hadamard partie finie can be defined; the first one associated with the function F(Z) itself, the second
one associated with its integral.

Definition 2.1. The Hadamard partie finie of F(Z) at z4 is defined as
4

(F)y = / M ot i) (2.27)

It is the average of the finite part coefficient f4,(7i4) over the solid angle dQ24 = sin(64)dfad¢
around the direction of approach 7 4. The Hadamard partie finie is illustrated in fig. 2.
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Figure 2: Illustration of the Hadamard regularization in the case A = 1. The two singular points are
71 and Z5. The field point Z is at distance r4 from Zy4.

Let us consider a simple example with two functions:

1 1 -
F(@)=—+d-nand G(¥) = — +b-11 (2.28a)
T1 T1
where @ and b are constant vectors. The first term of F and G diverges at 27, but the second term is smooth.
Expanding

Fe)orfPfy and G~ > rPgh, (2.28b)

we identify f'_; =¢'_, =1, f'y =d- 71 and ¢g'y = b- ;. Since (1)1 = 0, we have (F)1 = (G)1 =0, but

1. -
(FG)1 = asbj{ny'n,y )1—§a~b750:(F>1(G)1 (2.28¢)
Note that for
(F@),  ={o) (2.29a)
- F(Z

@@h =4 (52) =) (2290)
(rF(@), = <f1(—p)> (2.29¢)

In the example above, we see that the Hadamard partie finie is in general not distributive over the
product of functions:

(FG)a # (F)a(G)a (2.30)

This is a serious problem: the variation of the field will not commute with the Hadamard regularization:

(0(FG)) 4 = ((FG)a) # 0 (2.31)



This is not a problem at order 2.5PN or below, but at 3PN and above, the metric includes terms
representing the GW scattering off themselves, which require a stronger regularization method.
At OPN, the potential is given by eq. (2.24) so that around Zj, fo(71) is a constant:

. Gng

4G\mo
U = d (n%%), = - —=X
{h e h 212

(2.32)

When computing higher order terms, we will need to consider the Hadamard partie finie of the integral
of F(Z) over the whole space R3.

Definition 2.2. The Hadamard partie finie of the integral of F(Z) over the whole space R? is
defined as

Pf/ Pz F(Z) = lim / Bz F+4rln( = )(r,3F), +4 > S0 F +{1-2)
51,52 JR3 s—0 ’D(s) S1 1 ! p—|—3 ’I"lp 1

p+3<0
(2.33)
where D(s) = R3\B(z1,s) UB(22,s) is the domain of integration, s; and s, are two cut-off param-
eters, and B(z4, s) is a ball of radius s centered at Z4.

Def. 2.2 can be understood as follows:

e When integrating, we subtract from the domain of integration balls containing the singularities
(hence the domain D(s)). This gives the first term of eq. (2.33).

e Let us now consider the pathological part for a fixed p; inside B(z4, s):

gh+3

/d?’xrpfp:/ r2dr/dﬂrpfp:47f<fp>/ rPP2dr = An(f,) -4 p+3
= 0 0 In(r) if p+2=—1(2.34b)

if p+2+#—1(2.34a)

— If p+2 = —1, the integral diverges logarithmically, and we need to subtract it (hence the
second term of eq. (2.33)).

— If p+2 > —1, the term in the integral ~ s?*3 vanishes in the limit s — 0.

— If p+ 2 < —1, the integral diverges polynomially, and we need to subtract it (hence the
third term of eq. (2.33)).

Note that Pf depends on the cut-off parameters s, € R* which eventually will lead to problematic

51,82
behavior of the fields.
Let us now use the Hadamard regularization to solve a Poisson equation AP = F' where F' admits the
same expansion as in eq. (2.26):

@)= - pr [ atpt@

471'81,52 R3 |f— f/|

(2.35)

where 7’ is the field point distinct from the singularities of F' as illustrated in fig. 2. To evaluate
eq. (2.35) when & — 2 (when | = |2 — Z1| — 0), it is not enough to use the Hadamard partie finie
of the integral (def. 2.2), we need to dress it with another counterterm that will cancel the logarithmic
divergence of the integral.

(P), = —4i Pf /d?’x@ + {m(’”i) - 1} (riF), (2.36)

T’1’52 T 81,82 T1 S1

The demonstration of the above result eq. (2.36) is a bit technical and can be found explicitly in
the proof of theorem 3 of [Blanchet and Faye, 2000]. Note that the regularized Poisson integral is
independent of s; since

(2.37)

pr [t E) 5 477111(8) (riF),

§1,82 71 S1



2.5 Dimensional regularization

As stated before, the ambiguity of the Hadamard regularization becomes pathological at 3PN and
above. A priori, the partie finie of the Poisson integral eq. (2.36) contains 4 parameters: s1, s, 1] and
rh. However, it can be shown that s; actually cancels out from the two terms on the RHS of eq. (2.36)
and that r] and r} can be removed by a coordinate transformation. This leaves us with only one
parameter: s, if we compute (P); (or s; if we compute (P),). Luckily, Dimensional Regularization
(dimreg) provides an elegant way to remove this ambiguity, in addition to keeping the diffeomorphism
invariance while solving the EFE.

In dimreg, one works in spacetime with D = d + 1 dimensions, where d is arbitrary and complez:
d € C. One can thus use all the tools of complex analysis, and in particular analytic continuation of
functions. This will define our expressions for any values of d, except at poles. We thus obtain a well
defined quantity in the vicinity of the physical dimension, as illustrated in fig. 3.

Imd
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R sRed
=

Figure 3: Illustration of the convergence of the complex analytical continuation of a diverging integral
in dimension d = 3.

The Einstein Field Equations keep the same structure:

1 SWGJSfd)
R — —g""R = ——T" 2.38
59 i (2.38)
where we introduce G,E/d) = Gy 1§ and 1§72 is a constant length associated with the dimreg. One can

rewrite the EFE as

87rG,E,d) 1
Y THY _ wrn 2.
R ct a—1Y (2:39)
Keeping the same harmonic gauge condition eq. (2.1), the EFE become:
(d)
1
mezl%%mew+Aw (2.40)

where 9% = n(® . 9.9, and A" depends explicitly on d. Since we focus on the physical dimension
d = 3, we will denote € = d — 3 and expand around it. As before, obtaining the EOM requires solving
Poisson integrals iteratively. In d-dimension, the Green function G(? of the Laplace operator A (such
that AG® = —476(®) is given by:

47 1

@ () = k(d)2—d i (d_ == =
G'Y(r)=k%r with & = T 5O

(2.41)

where Q(¢=1) = 27%/2/'(d/2) is the volume of the unit sphere in d — 1 dimensions.



Indeed, for a purely radial function R(r), the Laplace operator in d-dimension reads:

d—1

AR(r)=R" + R (2.42a)

For R(r) = Ror®~¢, its Laplace operator vanishes identically for 7 # 0. To determine Ry, we reduce the
domain of integration to a ball of radius s centered at the origin:

—A7by(r) = iddaz AR(r) (2.42D)
JRC
= / dz AR(r) (2.42¢)
B(s)
= 7{ VR-dS (2.42d)
OB(s)
— /R[)(Q —dyr' ™ gl (2.42e)
= Ro(2 — d)Q~V (2.42f)

We thus find Ry = 747T/((2 — d)QU-D),

For point-like sources, the density is singular at the position of the source, say Zz4, and one must
perform a double Laurent expansion, when & approaches Z4, and when the dimension d approaches 3:

F(z) Y el )+o(r1)+o(r?€) (2.43)

hm :L'—)zA
limd—3 PoSPSP

q0<g<Q

The Green function in d-dimension eq. (2.41) is precisely the above expression eq. (2.43) with (p,q) = (-1, —1)
and 1) (1) = k.

The Hadamard partie finie of d-dimensional function F(? (%) at Z is a straightforward generalization
of def. 2.2:

(5, :/dggd_l)fz},(qe)(ﬁl) (2.44)

We change a bit the convention in eq. (2.44) since the Hadamard partie finie is not normalized anymore: ‘

(1), = diil)
Note that until 4PN, there is no singular behavior when € — 0, so that

Z FE=0(0) = () (2.45)
Solving AP@ = F(@) gives:
. 3 _ k(d) F)(7)

The evaluation of P(® in the vicinity of the singularity Z4 is straightforward:

() Fl)(z)
P (z :__/ d 2.4
(71) i d%z 7‘11 2 (2.47)

Let us analyze the behavior of eq. (2.47). The volume element d%z in spherical coordinates reads
d?z = r?=1drdQ(@=1. Asin def. 2.2, we split the integral into R? = D(z4, 54) UB(21,5) UB(22,5). In



D(z4,54), the integral is well-defined and converges. The self-interaction term in B(z1, s) gives:

k()
P(d) _r d—ld dQ(d—l) pt+qe £1(e) (= \,.2—d 2.48
(1) B(z1,s) dr B(m,s)r g %T fp,q (nl)r ( Y
k(d) 1(e) ° p+qe+1
= E Z < ,q >1 T dr (248b)
D,q 0
k() L gptaet2
= @y =
= pqufpﬂ >1 P (2.48¢)
k() . 1
=1 Z <fi(2’)q>1 (qe + 1n(881>) + terms regular in € (2.48d)
q

where we used 7€ = e9™*(s) = 1 4 geln(s) + O(€?) to go from eq. (2.48¢) to eq. (2.48d). The cross
term in B(z9, s) is better handled by first extending rl_(d_g) in terms of the distance rio between the

two singularities z; and Z5:
(d—2 = (—1)* 1
T 2 = Z 7 I ( 73 | ey (2.49)

T12

Recall the definition of the Taylor expansion of a smooth function f(#) around a point z> that you have
probably seen in kindergarten:

B (2.50)
=0 T=2z2
where L = i1,...,4; is a multi-index of size ¢, with each ¢ = 1,...,d. Note that
) —(d—¢ 0 1 0 1 —(d—2
5@, —(d=2) _ 0 __ 9 = _9lz1),—(d=2) 2.51
%N 9 [Z— A2 92 [T — &2 i M (2.51)

so that evaluated at z2, we have 85‘22)7‘;2([172) = (71)£65f1)7‘;2<d72). Rewriting (7 - EQ)L = T'éTL%, we recover
eq. (2.49).

The cross term in B(zz, s) then gives:

k(d) 0 (71)@ 1
P@D(z) - rd=1drdQUa—1 5 pptac £2(e) (7, or, ( ) rink (2.52a)
B(z2,s) AT JB(z20,s) ;q: Pyq ZZ:; 7 rii;z

k(d) i —1)¢ 1 s

= ZZ <n§f§)(;)>2 ( gl) oy < d_2) / pd—14p+ae+t g, (2.52D)

p,q €=0 : T12 0

k@ 2 Lo (—1)f 1 se(a+1)+p++3

= ur o 9 2.52
in ;;<n2fp’q >2 ¢! L<ril52)6(w1)+p+é+3 (2.52¢)
D S~/ 12\ (=1 1 1 s

= ] 9 In{ — t lar i
Ar zq:; <”2 ffefg,q>2 o oL (riizQ) (e(q—l— ) + n<82>) + terms regular in €

(2.52d)

Collecting terms from equations (2.48) and (2.52), we find that the dimreg of the Poisson integral
eq. (2.47) reads:

<P(d)>113R _ _Iizl(z){ /dd:v F;‘;(f)
DEANCENES)
S ), W () (e o (2) )

q (=0

+ terms regular in € (2.53)
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We are now interested in the correction to the Hadamard regularization (given in eq. (2.36)), which
can be obtained by subtracting the (d=3) Hadamard regularization from the dimreg in arbitrary
d-dimension.

DR
DP, = <P(d)> _

), P (2.54)

The regularization correction of the Poisson integral DP; is given by:

k() 1 , 1(e)
DP=—— | 3 (qe +In(r) — 1) < _2,q>1
q0<g<q1
- L sy i (=1, (L <an2<€> > +O(>e) (2.55)
(q + 1)6 — Yl T%;—e 2J-¢-3q o
q0<9<q1 £=0

Crucially, eq. (2.55) depends on the parameters sy and r{ in the such a way to perfectly cancel out the
corresponding terms in eq. (2.36). The last subtlety is the dependence of the expansion coefficients

éée) in the dimreg length Iy appearing in the d-dimensional EFE eq. (2.38). It can be shown that
taking the lp-dependence explicitly leads to the modification of eq. (2.55) only in the logarithmic terms,
adimensionalizing the terms In(s2/lp) and In(r]/ly). However, when taking the physical limit d — 3,
lo — 1 and the dimensionally regularized result is independent of arbitrary parameters.

3 Conclusion

We have seen that the Hadamard regularization offers a practical but not fully satisfactory way to deal
with the singularities of the gravitational potential in the vicinity of point-like sources. The Hadamard
partie finie is not distributive over the product of functions, which leads to a non-commutativity of the
variation and the regularization. This is not a problem at 2.5PN and below, but at 3PN and above,
we need a stronger regularization method. Dimensional Regularization offers a parameter-free way to
deal with the singularities of the gravitational potential, while keeping the diffeomorphism invariance
of the EFE.
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