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Chapter 1

Canonical quantization of free fields

In this chapter, selected chapters of quantum mechanics and of canonical quantization of free fields are
reviewed in order to better appreciate the path integral treatment that follows. It follows corrresponding
sections of [1]] and of [2].

1.1 Time evolution

The dynamics of a quantum system is determined by the Hamiltonian H [¢, p]. The time dependence of a
matrix element of an operator Alg, p] is determined by

d

ih (01 A1¢) = (V][4 H]jg). (1.1)

This equation is sufficient, since physical information is encoded in matrix elements. One may then
choose to represent the time evolutlon of states and operators in different ways, compatible with the
above: if H = M + N, with M N hermitian, one may define

d ~ —

1.1.1 Schrodinger pricture

—~

In this picture, all time dependence comes from the states, M = 0, N = H. It follows that

As(t) = Aslto), [0(t))s = e T h(tg))s. (1.3)

Note that this (formal) solution is valid for an Hamiltonian that does not depend explicitly on time.

1.1.2 Heisenberg picture

o~

In this case, all time dependence lies with the operators, M = H , N = 0, so that
Ap(t) = erfl0=00) Ay () A1), (1.4)

1(t)) i = |¥(to)) . Note that Hy = Hy and that one may choose to identify [t)(to))s = |1(to))u,
) t
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1.1.3 Dirac picture

In case the Hamiltonian may be decomposed in a free (quadratic) piece, and an interaction, H= ﬁo +V,
the Dirac or interaction picture consists in transformlng operators with the free Hamiltonian HU, and

states with the interacting Hamiltonian v, M = Ho, N =1V. Operators in this picture are written as
A 1( ). When Ho is time independent,

Ay (t) = enfolt=t0) 7, (45)e 7 Holt—to) (1.5)
while states |¢(t)); satisfy i |); = Vi|v) 1, with
‘7[( t) = enHﬂ(t to)‘/}(to)e%ﬁ()(t_t()). (1.6)

Again, operators and states in different pictures are identified at ¢.
To find the solution for the evolution equation of states, define

() r = Ur(t, to) |9 (to))r | (1.7)

This implies that Uy (¢, ) = 1 and % U;(t to) = % =V (U (t, t).

Integrating and iterating, one finds
U(tto)—l—f/dTVI Ot = S (=4 /dﬁ / dry Vi(m) .. Vi(r).

0
To show that this gives

()"
N!

/to i /t dry T{Vi() .. Vi)l

N=0

one realizes that for ¢ = o, the expression gives T and that the derivative with respect to ¢ of this expression gives
—fVI( ) times the expression itself. The expression thus satisfies the same first order differential equation with

the same initial condition than ﬁ](t to), so that both are equal.

One then finds

Ur(t, to) = Te 7 lio V1) | (1.8)

Identifying [v/(t0) > 1= [¢/(to) >n= | >4, one gets from y < Y| Ap ()| >u= 1 < P Ar()[W(t) >,
that A[( ) U[(t to)AH( )U[(to, )/\ R R
The evolution operator satisfies U~1(, o) = Ul(to,t) = UT(t, o).

1.1.4 Decoupled harmonic oscillators

Consider a collection of n decoupled harmonic oscillators with frequencies w,, a = 1...n. The system
is described by the Lagrangian

1 ... 1
L= iqaqa — iwgbq“qb, a,b=1...n, w? = w%a)éab (1.9)

where a sum over repeated indices is understood, while a parenthesis indicates the absence of summation.
Indices are lowered and raised with the Kronecker delta d,; and its inverse §*°. Canonical momenta are
Pa = (a, the Hamiltonian is
1 1 5 b
H = 3pap" + 5w50"d" (1.10)
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If oscillator variables are defined as

—a | ;D"
Uy = Y @(a)

V2h

with inverse transformation

h
2&)(@)

7

@ +ah), pa=-

the canonical commutation relations
[aa>ﬁb] = _Zhaga [aaa Zl\b] =0= [ﬁa»ﬁbL

are equivalent to
[@®,a" = 6, [a*,a" =0 =[a",a"],

while the Hamiltonian is given by

~ g 1,
H = hwa (@@ + 50") |, wap = W(aya

The system may be quantized in terms of a complete set of orthonormal states of the form

1 1
Niyeo M) = —F/—= ... —F—
| ! > \/nl! \/’an!

1.2 Canonical quantization of the real scalar field

@Hm™ ... (@h)m0), @,)0) = o.

11

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

In this section, we briefly recall canonical quantization of the free scalar field. It is not really needed
for the course itself, but it allows one to better appreciate the relation between path integral and operator

quantization. We set A = 1.

1.2.1 Mode expansion and Hamiltonian

Action:

SK /d4 [_7 y¢au¢ 2¢2]

Canonical momenta: 7(Z,t) = ¢ (, )
}

t
Poisson brackets: {¢(Z,t), 7(y,t)} =6
Hamiltonian:

Hy = / Pa[L3 (@, 1) + L (F, D0 6. 1) + sm6(7, 1))

Fourier transform:

(1.17)

(1.18)

(1.19)

(1.20)
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Oscillator variables:

- 1 w(k) ~, - i
k,t) = k k 1.21
(l( ’ t) (27T>3/2 [ 9 ¢( 7t) + 200(]9) 7T( ’ t)]a ( )

3k 1 N
H(Z, 1) = [a(k,t)e™™® + h.cl, (1.22)
/ (2m)3/2 2w(E)
3 i i 7o

m(T,t) = —i/ <2i>]z/2 w(;» [a(k,t)e™ ™ —h.c] (1.23)

with w(k) = VK2 + m2.

quantization : [a(k,t),at (K, t)] = 6(k — k).

. Hy = / Plwk)at(k,t)a(k,t) | (1.24)

Why does one need to normal order ? When keeping expressions symmetric in a and a* before
quantization, one finds Hy = [ d°k w(k)[a (k)a(k) + 1]. The last term does not depend on the oscillators.
When going to spherical coordinates in momentum space, it is given by %(47r) fooo dkk*\/k? + m2, which
diverges. If the system would be in a box with periodic boundary conditions, one would find instead
Hy=> wg[&\%&\,; + 3]. The 3 corresponds to so-called “zero point energy” of an oscillator. In this case,
the sum diverges. Normal ordering avoids the appearance of these divergences. For most questions we
are interested in, only energy differences are relevant and normal ordering is a choice that we can do.

1.2.2 Dynamics

Equations of motion :

(k1) = —i[a(k,b),: Hy ] = —iw(B)a(k,t) = a(k,t) = e “PLa(k), (1.25)
o d3k 1 ~ TN ik
o(z) = CoLE — [a(k)e’™ +h.c.] (1.26)
2w(k)

= 0D (@) +0(w), (127)

3 Pk 1 ke 50 5 ()t
090 = [ =B, 3@ = @), (1.28)

2w(k)

where k -z = k,a" and k° = w(k) = —ko. One says that ) (x) contains positive frequencies, while

gZ(*) (x) contains negative frequencies.

1.2.3 Two-point function

2-point function:
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%Am —y) =< 0|Th(x)(y)[0 > | =< 0] ()6 ()]0 > (z° — ¢°) + (z < y),

=< 0[[0%)(a), $<—><y>} 0> 0(2 = ") + (x4 y).

[$(+)(x)’$(—)(y)} — . /dSdekleik-x iKY o §(E— )

k-(z—y)

It follows that

< OITH()3(y)]0 >= — / dg’“%[e"‘““)e(xo — %) + (& y)].

Note that N -
1 o0 e—ZS

0(t) = —— d .

®) 21 ) _ o SS + 1€

13

(1.29)

(1.30)

(1.31)

Indeed, if ¢ > 0 one closes the integration contour in the lower half-plane of the complex plane of s, and
one catches the contribution from the pole in s = —ze. If ¢ < 0, one closes the contour in the upper-half

plane, there is no pole and the result is zero.

s, t>0 s, t<0

faw,)
3
faw,)
\J

Injecting this expression gives

1 1
2w(k) kO + ie

1 1 1 .
= — /d4p e (@y) 4 (x < y)

6[ i(kO+w(k)) (20 —y°)+ik- (F—7)] + (LE AN y)

AF(x_y) :_< )4

2w(p) p° — w(p) + ie

1 1 1
(

e (z=y)

—+ .
2w(p) "p° —w(p) +ie  —p® — w(p) + i€
L icfold ey

e
p + m? — 2iew(p)

S o ———
p? +m2 i€

(1.32)
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The last line follows from the fact that only the pole for p° matter. These poles are determined by
(p°)? = p? + m? — ic and thus p* = \/p? + m?2 —ie and p° = —\/p? + m? +ie. If 2¥ — ¢y > 0, one
closes the contour in the lower half-plane, and one catches the first pole. If 2° — 3% < 0, one closes the
contour in the upper half-plane, and one catches the second pole. This gives back the expression from two
lines before.

p°, x°-y°>0 p°, x°-y° <0

The expression (1.32)) allows one to easily verify that Agp(z — y) is a Green’s function for the Klein-
Gordon operator, (O — m?*)Ap(z — y) = —6*(x — y). Furthermore, if 2° — y° > 0, one sees from
that Ar(z — y) only contains positive frequencies, while if z° — y° < 0, there are only negative
frequencies. One says that Ap(x — y) satisfies boundary conditions of radiation type.

1.3 S-matrix

In an interacting theory, H= ﬁo +V, the problem is in general no longer linear and cannot be solved
exactly. In particle physics, one is interested in scattering processes, with free particles far from each
other, that interact, and that become free again later on.

To describe this situation, one assumes that the Fock space of the interacting theory is the same as the
Fock space of the free theory associated with H. In Heisenberg picture, one assumes that, inside matrix
elements, the field operator is proportional to the one of the free field if one goes sufficiently far to the
past or the future:

a(fa t) tj}m Z1/2$§’#t (fa :l:OO)7

where Z'/? is a proportionality factor and é%z#t are the free fields explicitly defined in the previous para-

grap}ﬂ

Let us denote by |a, %“* > orthonormal basis vectors of Fock space in the far future and far past,

respectively, that is to say the Fock space created by (a+)g;;t(12). In Heisenberg picture, these states
describe the system for all times, but an observer analyzing a state |, in > at ¢ — —oo does so with

-

a;n (k). This state may appear for instance as describing a simple set of free particles, prepared in advance.

-

If an observer analyzes the same state at t — +o00, he will do so with operators @, (k), and now it can
appear like a complicated superposition of free particles that is the result of a scattering process at finite £.

'A way to implement this idea is to consider spacetime dependent “coupling constants” g(x) in V that vanish in the far past
and the far future. In a next step this requires one to discuss the “adiabatic” limit g(x) — g, cste [3].
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The S matrix is defined by
Spa =< B;out|asin > . (1.33)

It describes the probability amplitude to go from a free particle state in the far past to a free particle state
in the far future. Unitarity of the S matrix is a direct consequence of the fact that the bases |«, 9 > are
orthonormal: Zv < B;in|y; out >< v;out|a;in >= Jz, implies that Zv S[EVSW = 03q-

Let us introduce in addition |«), a basis for the Fock space of the free theory with Hamiltonian Hy in
Heisenberg picture. The states |«), (3] have the same particle content as the states |«;in), (3; out|. The
S operator is then defined as the operator of the Fock space of the free theory that satisfies

Spa =< B|S|a > . (1.34)

NB: As will appear in the discussion below, there are now two types of identifications: the identification
of states for different pictures at a given time as discussed before, and also how to identify states of the
free theory with states of the interacting theory.
It is then natural to use the Dirac picture for the interacting theory and the Heisenberg picture for the free theory,
because then the time evolution of operators is the same in the free and the interacting theory. One chooses to

identify states of the Heisenberg and Dirac picture of the interacting theory at time ¢ = 0. In the absence of
interactions, at ¢ — |00, states in the Dirac picture no longer move, so that |a(—00)); = |a), 1 (B(+00)| = (B].

This implies
< BISla > =< B;outlasin >= ({B(0)]a(0);
= 1(B(+00)| U1 (+00, —o0)|a(=00)); = (B|T1(+00, —o0)|a). (1.35)
An alternative proof in Schrodinger picture proceeds as follows. One identifies |a;in(—o0))s = |a(—00))s,

0 -~ ~
{81 out(+00)| = (B: (+00)] with i Jas in(t))s = Hlazin(t))s and i~ [as ()5 = Holas (1)) . Introduc-
ing the notation U (¢',t) = e~tHt'=t) and Uo(t,t) = e~iHo(t' =) we have
< BIS|a >=< B; out|a;in >= g(8; out(0)|a; in(0)) s = 5{B; out(+00)|U (o0, 0)U (0, —o0)|es; in(—o0))g
= {8 (+00)|U (+00, —o0) a(=00))s = 5 (8(0)|To(0, 00)U (+0, —00)Tp(~00,0) a(0))s.  (1.36)
This gives

~

S = Uy(+00, —00) = o dim eiflotg=ifl(t=to) g=ifloto (1.37)

The two expressions are compatible since
Uy(t, ty) = eotemillt=to) o=illoto — OF(1)Q)(¢,), Q(t) = ellte=tHot, (1.38)

Indeed, the right hand side satisfies the same initial condition and the same first order differential equation
as Uy (t, o),

d A~ LT A~ A~ LTy LTy A~ A~
—Us(t, to) = e"™'[i(Hy — H))e =100l — iV (1)U (¢, to).
In particular, we deduce that

|8; out >= Q(+00)|8 >, |azin >= Q(—o0)|a > . (1.39)

Combining with the first equality of (1.37)) with (I.8)), we have also shown the Dyson series for s,

S = Te 1T arvi(n) |, (1.40)
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1.4 Partition function for massless scalar in d spatial dimensions

1.4.1 Mode expansion

Consider a massless scalar field ¢ in d spatial dimensions, whose Lagrangian action reads

S[¢] = —%/dmo/ d®x 0,00", (1.41)
Va
while the first order Hamiltonian action is
Sulo, 7] = /dmo[/ dlz ¢nr — H], H = %/ d*z(n* + 0;90'9), (1.42)
Vd Vd

with associated canonical Poisson brackets
{p(2°,2),7(a", 2")} = 6%(x — '), (1.43)

Our conventions for indices and their ranges are as follows: the spacetime and spatial indices are pu =
0,...,d,and ¢ = 1, ..., d, respectively. Besides the Hamiltonian, the other observables that are relevant for
us here are linear momenta in the z* direction,

P =— / dix w0;. (1.44)
Va

Our aim is to discuss analytic expressions in terms of Eisenstein series and associated modular properties
of partition functions of the type o
Z4(B, 17) = Tr e PH-WFy), (1.45)
and generalizations thereof. In order to take advantage of techniques in complex analysis, we use purely
imaginary chemical potentials i/, i/ € R, as in 2-dimensional conformal field theory and also for in-
stance in [4, |5} 16].
In order to evaluate such partition functions, a standard procedure is to put the system in a hyperrectan-
gular box of volume V; = H?Zl L; and to choose periodic boundary conditions in all spatial dimensions,

o202t 2t x?) = ¢(2%, 2t .t 4 Ly, 2. (1.46)
The appropriate orthonormal basis vectors {e, } are plane waves,

1 i . 27T’I’Li

e, (r) = \/—V_deik"r . k= 7 (€k“ eké) = /V dix er, (T)ew (1) = H(Sni,n;- (1.47)
7 g i

The fields ¢, 7 admit the mode decomposition
o)=Y onen(n), 7o) =) m(@)ex, (148)
n;€z4 n;€Z4
with reality conditions ¢y, = ¢* ;. , 7, = 7", . In terms of the Fourier components, the observables are

1

H=o S (mf, +wdondi), Pi=—i 3 kbwr, (149)

n; EZ4 n; EZ4

where wy, = +/k;k7, while the non-vanishing canonical Poisson brackets become

{on 75} =[] Onems- (1.50)
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The zero mode is denoted by ¢y = ¢, my = p and, for the Fourier components with n; # (0,...,0),
one defines standard oscillator variables,

wki

2

g, =

[Dr, + %Wki]- (1.51)

K3

In these terms,

(1.52)

where the prime indicates that the term with n; = (0,...,0) is excluded from the sum and ¢, p are
dimensionless. The observables are given by

—= § 1 ! * * 1 ! * *
H =V, é% +5 > wi(ay,an, + aar,), Pr= 5 > ki(ayar, + axay,), (1.53)

TLiGZd mEZd

while the non-vanishing Poisson brackets become

{e.p} =1, {an, a5} = =i [ [ Snemr- (1.54)

1.4.2 Canonical approach to partition function in large volume limit

Throughout this section, where we will consider all spatial dimensions to be large, we will also take the
chemical potentials 17 to vanish. How the final result changes when they are turned on will be discussed
from a more general perspective later.

1.4.2.1 Zero mode contribution

It follows from the expression of the Hamiltonian (1.53)) that the zero mode sector of the theory corre-
1

sponds to a free particle with Hamiltonian Hy = V; ¢ %pQ. Therefore one may quantize the full theory in

a Fock space for which the vacua |p) are labelled by the continuous eigenvalues p of p,

plp) = plp), axlp) = 0. (1.55)
It follows that
—BH oo _b,2 2w 1
Zo(p) = Tre PH0 = dpe 2P (p|p) = 75(0), b=V, 40. (1.56)

In Zy(f) contains a finite and an infinite part. In most of the problems, one discards both of them, but in
some problems, one keeps the finite part.

1.4.2.2 Oscillator contribution

For the oscillator modes quantized in Fock space, one may directly evaluate the trace using the normal
ordered Hamiltonian : H’ : so that no divergences occur. If Ny, denotes the occupation number of the
oscillator associated to k;, we have,

LT / _Bw ! 1
Z(B) = Tr e P = H Z e Pwk Niy — H P (1.57)

[ [
n; €24 Nlci eN n;€Z4
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and thus
InZy(8) ==Y  In(l—e ). (1.58)

niEZd

For large L;, the sums can be approximated by integrals using dk; = QL—”dn, After performing the
integrals over the angles in hyperspherical coordinates, one finds

Va
(2m)

/ dkIn(1 — e P9mi) = — Va Vol(S%71) / dkk® ' In(1 —e™P%).  (1.59)

In Zc/l(/g) == (27T)d 0

Since the contribution of the zero mode In Zy(3) ~ In V; is subdominant in the large volume limit, it may
be neglected unless otherwise specified.

On the one hand, Vol(S4~1) = 2% / I'(£) while, on the other, the integral becomes after the change of
variables = [k and a standard integrations by parts,

> d—1 _—ﬂk_i/oo ! _ 1
/0 A (1 =) =~ [T T D). 60

One thus ends up with the “scalar black body” partition function

L(d)¢(d +1) Va

InZ, = : 1.61
Furthermore, using the reduplication formula
1
D(:)vr =2 TENE), (1.62)
at z = d, and the definition of the completion of the zeta function,
I'¢)((=
§(2) = —(2)5( ) (1.63)
T2
at z = d + 1, the result can be written as
%% ford =
v, DLz ford =

Remarks:
This result for the partition function is independent of the choice of boundary conditions in the large
volume limit. For instance, for Dirichlet conditions ¢ (¢, z!,...,0,....2¢) = 0 = ¢(¢, 2!, ..., L;, ..., x%),

the appropriate basis is ey, = \/‘2/:‘; [I;sink;z = Chr ki = “L” In particular, there is no mode at n; =
(0,...,0) that has to be dealt with. All mode expansions are the same except that sums and products are
restricted to n; > 0. In the evaluation of the partition function after (1.58)), this is compensated by the fact
that dk; = £-dn;. Equivalently, the sums can be extended to Z/(0, . . ., 0) while dividing by 27, because

the summands are even functions of the n;, and the computation proceeds as before.
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1.5 Canonical quantization of the free electromagnetic field

1.5.1 Gauge potentials and Lagrangian formulation

When using units such that ¢ = 1 = ¢y, Maxwell’s equations for the electric and magnetic fields E (zH),
B(z*) are

V-E =p, (1.65)
VxB—0E =j, (1.66)
V-B =0, (1.67)
VxE+8B =0, (1.68)

where p(z*) is the electric charge density and j(z*) the electric current density.

In particular, taking the gradient of (1.66), i.e., applying V- to this equation gives —0V - E = ﬁj
When using (1.63)), this gives the continuity equation Jyp + v ; = 0, which expresses local conservation
of electric charge.

When introducing the electric four-vector current density j# and the antisymmetric electromagnetic
field F'*¥ tensor defined through

p o FE' E?2 EP
1 1 3 2

o j [ _E 0 B —B

= j2 ’ Fr = _E2 _BB 0 Bl ) (169)
i3

j -E3 B2 —-B' 0

Maxwell’s equations and the continuity equation can be written in the equivalent (manifestly Lorentz
covariant) form as

O,Fr = gt M9, Fy, =0, J,5"=0]| (1.70)

where ¥ is the Levi-Civita pseudo-tensor defined to be completely antisymmetric in the exchange of
t, v, A, p with €'2* = 1, and one remembers that indices are lowered and raised with 7),,, and its inverse
n** (so that 7,,n"* = 6,), where

~1.0 0 0

o to0oo| .

=49 o1 0l="" (1.71)
0 001

First, we note that

Ok — ¢k eijkelmk = (5§5}” — 5{”6;, qjkeljk = 255-.
In components, the electromagnetic field tensor is determined by FY = E*, F¥ = ¢JkB,. and 0, F" = j° is
(T.63), while 9o F® + 9, F = j' is equivalent to —0y E' + €"/¥9; By, = j* which is equivalent to (T.66)). For the
second set of equations, one starts with ¢ = 0. In this case, they reduce to 0 = €%9,F}, = €9%0;(e;1B') =
20; B, and thus to (L.67). If 11 = i, we get 0 = €'%7% 9y Fj, + €09, Fyy, + €700, Fo = €299% (0 Fyyj + 0; For, +
O Fjo) = 2(—0yB" — eijkajEk) which is equivalent to (T.68).

On R? with suitable fall-off conditions, every vector field ¥ admits a unique decomposition into a
longitudinal and a transverse part,
U=VyY+V xu. (1.72)

For a divergence-free vector field, the longitudinal part vanishes, while for a curl-free vector field, it is the
transverse part that vanishes.
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When the Laplacian A is invertible (which we assume to be the case and which holds if one considers fields on
R x R? that decrease at least as fact as 7~ when 7 — o00) the decomposition of a #/(x) into its longitudinal and

transversal components follows from V x (V x 7) = V(V - 7) — A#:
T=Vi+Vxd, =AYV -0), @=-A"Y(Vx7).

(if A=! commutes with the gradient V and the curl ﬁx). NB: These properties can be explicitly checked when
using that A¢(Z) = —0G) (& — ) iff ¢(F) = 1= == s0 that Ap(T) = j(F) = 6(F) = — 5 [ Py LL

ar =71 Yig—a1
which provides an explicit expression for A™1.

Equation then implies the existence of a vector potential A such that B = V x A. When injecting
into (T.68), this implies V x (E + 8yA) = 0, and in turn that E = —9yA — V¢ for some scalar potential
o.

NB: the vector and scalar potentials that give rise to a given electric and magnetic field are not uniquely
defined. If B = V x A", E = —9,A' — V¢, it follows by substraction that V X (/1” A) = 0, so that
A=A+ VX for some Y, and then, when subtracting the two expressions for E, that V(@g X+¢' —¢) =0,
so that ¢’ = ¢ — Jyx up to a function of time alone, which needs to vanish on account of the boundary
conditions imposed on the fields.

Defining

= (=0, A1, Az, A3), (1.73)

it follows that

F = 0,A, —0,A,| (1.74)

while gauge transformations of the potentials giving rise to identical electric and magnetic fields can be
written as

Al = Ay + x| (1.75)

Indeed, Fy; = —E; = 0pA; + 0;¢, as it should. For the other components, we have F;; = GijkBk by definition,

and F;; = 9;A; — 9;A; according to (I.74). Contracting both with €//* on the other gives 2B' = 2€'7%9; A, as it

should.
In these terms, equations (1.63)) and(I.66]), which have been shown to be equivalent to 0, F*¥ = j* read
explicitly 9"0,A” — OA* = j*, or °(9eA” + 0,A") — 3,8°A% — AA® = p and 0y(0'A° — O AY) +
0;(0'AT — 97 A") = jJ. When taking into account that 9;(9" A7 — 87 A") = 0;(€"* €y, 0' A™) these can be
written as

—(0V - A+A¢)=p, (Vo+A) +V x (VxA) =] (1.76)

The important point is that while equations and (1.68)) have been solved by the introduction of
the potentials, the remaining equations (1.65) and(I.66) derive from the action principle,

1
S[A,; "] = / d'z LM = / d4m(—ZF“”FMV+ G*AL) | (1.77)

Indeed, varying the gauge potentials and neglecting boundary terms in the action gives
1
/ A [~ g PP (0,04, — 0,04,) + 54, ] = / a5, (2)[=0y F™ (2) + " (&)

The action principle then requires that

M M M
6S oL oL PN oL |(z) = [0, F* + j*|(z). (1.78)

0= A, ~ a4, W=, ~2aa.a,
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1.5.2 Hamiltonian formulation of electromagnetism

In the electromagentic case, it is not so easy to directly pass to the Hamiltonian formulation. Indeed, the
canonical momentum associated to A vanishes identically, 7°(Z) = #0() 0, so that one cannot
perform the standard Legendre transform. We will first get rid of A, altogether before passing to the
Hamiltonian formalism. Note first that

2 1
1
:/ [ O0AidoA' = SB'B; + Aij’ + Ao(D00; 4 + j 0~ JAA,

(1.79)

by using spatial integrations by parts and dropping the boundary terms under the assumptions that fields
decrease at infinity.
The Euler-Lagrange equations of motions for Ay imply that

Ay = %(aoajAf + 5. (1.80)

Because the equation of motion for Ay can be solved “algebraically” for A, without invoking initial
conditions, one is allowed to inject the solution for A into the action. This gives rise to an equivalent,
reduced, action principle whose solutions agree with the original one. More concretely, the reduced action
reads

1 11 . 1. )
S = / d'z [—c‘)oAiaoAZ + ——(aoajAﬂ + 79 (000 A* + j°) — 5B'Bi+ Aij']

1A " (1.81)
_ 4 AT Az o _BZB AT L
where we have used that f d*z vzw = [ &x(v]wh + vFw?) and the continuity equation 9;5° = —9,5°.

Note also that B = V x A = V x A7, so that the reduced action principle only involves the transverse
vector potentials. The associated equations of motion are

RAT = -V x (V x Ap) + jr = AAT + jr, (1.82)

and agree with the equations obtained when inserting the solution of the first into the second set of equa-

tions in (1.76]).

From the point of view of gauge transformations, the above formulation, which does no longer involve

Ag = —¢ nor Ay, is referred to as ‘the Coulomb gauge. When choosing the time dependence of x such
that 0y = —Ap and also y = ——V Ain (1.75), it follows that
Al=0, V- A=0= A=A, (1.83)

It is now straightforward to pass to the Hamiltonian formulation. The conjugate momentum is
oL

LT = —— = 9y AT(t. T 1.84
7TT( ?x) 560A;1“(t71—:») 0414 ( ,$), ( )
and
H= [ d%taia? + LBip, - Ljotjo —arji (1.85)
= o T B i 5] AJ i JTl | .

Note also that F = —801@ + ﬁAO sothat Ep = —7tp, Ej = 6(% 4%), which implies that the Hamiltonian
may also be written as

H = /d3 [ E'E;+ - B’ — Ajh). (1.86)



22 CHAPTER 1. CANONICAL QUANTIZATION OF FREE FIELDS

1.5.3 Electromagnetic radiation in a box

In the absence of sources, electromagnetic theory reduces on the classical level to the free wave equation
for the transverse vector potential. We now proceed to canonically quantize this system in the case of
periodic boundary conditions.

When using that

§H = / BPr [onl 7w — 5 AE(AAT — 9.00~A7)], (1.87)
the Hamiltonian equations of motion are

Ap(o) = {Aplo). H} = 5o = mhla), #1() = (o] (o), H) = = jfff) — AAT(2). (188)

Substituting the first into the second gives the wave equation 9,0* A% = 0, which is also what one gets
when taking the transverse part of the second of equation in the absence of sources.

In a box with sides of lenght L; and periodic boundary conditions, one decomposes A;(z) in Fourier
components,

- h LA iz
Ai(z) = A1)+ ( WTNE )2 A;(k, )™, (1.89)
k40

with k" = 2“(") ni € Z, and w(k) = k = V'k2. The unusual factor (5 (T)V) in the definition of A;(k, t)

is chosen in such as a way as to simplify subsequent formulae. Imposing the condition 0;A" = 0 implies
kiA;(k,t) = 0, whereas the fact that A; is real implies A;(—k,t) = A(k,t). Before quantlzmg the
system, note that the general solution to the wave equation, which in modes translates to atQ AZ( ) 0,
(& +w?) Ay (k,t) = 0, is given by A, (k,t) = c;(k)e ! +ci(—k)e™, with ¢;(k) € C arbitrary for k # 0,
and A;(t) = A;+m;t with A;, 7; € R arbitrary. In what follows we will discard the zero mode, A;, 7; = 0.

The divergence-free condition is 1mplemented by 1ntroducmg polarlzatlon vectors, that is to say an
orthonormal frame €] (E) m = 1,...,3, with ¢; (k) = k parallel to k and e;, s = 1,2 two orthormal

vectors orthogonal to k, in such a way that > € ( k)e ;”( k) = it (k) = as(k;) s(k). Explicitly, one
= ) 1(]431]{?3,]{32]{73,—]{33_),W1th kl = \/k‘%—f—k‘%

may for instance choose e} = (k)™ (kq, —k1,0), €7
The classical solution can then be written as

h Lo o
Ai(x) = ——)2|as(k)e; (k et 4 oeel]. (1.90)
(z) Z(2w(k:)v) [as(k)e; (k) ]
k40
with k- x = k2" = —wt + k - . The associated electric and magnetic fields are
Ei(z) =i ( f )2 [w(k)a, (K)es (k)™ — c.c] (1.91)
— 2w (k)V ' ’
k0
) h 1. - o
B'(z) =1 — )2 [k a.(k)el (ke — c.cl]. (1.92)
(z) %;m(k)v) [€7%kjas(K)ex (k) )

The energy of the electromagnetic field in vacuum is given by

H) = / d'alF @) Ea) + ') B (o)) (1.93)
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By substituting the previous expansions and using that

/ L T (1.94)
cube ’
one gets
H =" hwa}(k)a* (k). (1.95)
k#£0

nian equations

d - .
aas(k;,t) = {as(k,t), H}, (1.96)
if the following Poisson brackets
. - i . - - -
{as(k), ay (K)} = =2 0g g, {as(k),ag ()} = 0 = {a;(k), ay (K)} (1.97)

hold. They can be shown to be equivalent to the canonical Poisson brackets of A7 (x) and 7l (y).

The free electromagnetic field in a box appears as an infinite countable collection of non-interacting
harmonic oscillators, for each vector k there are two separate oscillators, one for each transverse polar-
izationion s.

1.5.3.1 Canonical quantization

Canonical quantization is now straightforward: one substitutes the oscillator variables by operators,

— -

as(k) — as(k) with non-vanishing commutation relations given by
@ k), @y (K)] = 0 o 0s. (1.98)

The Hilbert space H is the Fock space generated by the creation operators ag(/%’) for each mode E, s:
H = @ Hp,, abasis of Hj being

ot "g.s
Mm). (1.99)

Ing ) =

For the Hamiltonian operator, we choose the normal ordered form:

H=> H, H, =ho(k)a,(k)aek)| (1.100)
P

1.5.3.2 Black body radiation

Description Black body radiation (see e.g. [7, 8] is the name given to an electromagnetic field in thermal
equilibrium with a reservoir at a temperature 7.

The black body itself is an idealized object that absorbs all electromagnetic radiation. In a laboratory,
it can be modelled by a small hole in a cavity whose walls are at temperature 7. Before being able to
emerge, light that enters the hole is reflected multiple times by the wall and will be absorbed in the process.
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According to the rules of statistical mechanics, if the coupling between the field and the reservoir is
sufficiently weak, the electromagnetic field can be considered as free and the thermodynamical properties
can be derived from the partition function

Z(8) = Tr e BH |, (1.101)

where 5 = 1/(kgT), kp is the Boltzmann constant and H is the Hamiltonian operator of the free electro-
magentic field discussed above.

Partition function and thermodynamics Since the Hamiltonian is a sum of non-interacting terms and
the Hilbert space a direct product, the partition function factorizes,

Z2(8) = H2<n,;,s|e*ﬂhf’as
_ HZ —Bhw k)n

,8
S k,s

= JJa -, (1.102)

ks

k,s>

where the last equality follows by summing the geometrical series. It follows that

InZ(p) = —QZln —Bhky (1.103)

In order to perform the sum over the integers n’ € Z, one notes that, when the box becomes large,
Ly —o00,% 1 — fj;o dn' = % [ dk'. One then finds

2V _
InZ(B) = —<27T)3/d3k:1n( e~ M)
. dk k*In (1 — e P)
2 Jo
573‘/ > 2 —x
= _W/o drz®ln(l—e ")

B 5—3‘/ 00 xS
= S i dmew—l' (1.104)

The last line follows from an integration by parts and the fact that lim, ., o, % ’ In (1 —e*) = 0. Using
that

0 x3 4
d =T1(4)((4) = 3'— 1.105
| drg =T - g, (1.105)
we finally get
B3V 2 1 _3 2
InZ(p)=————"1,==b b= : 1.106

The internal energy U is given by,

U= (H)= _a% InZ(B) = bV~ (1.107)
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Inverting gives [ as a function of U,

U

1
U)=(=)"1. 1.108
BU) = ()7 (1.108)
The entropy is the Legendre transform of the logarithm of the partition function with respect to 3,
0 4 _ 4 1.3
S(UV)=(1— 5%) 0 Z(8)|s-s() = 50V B~ la-s) = §(bV)4Ui. (1.109)
The free energy F'(3, V'), defined by
e PEBY) = 7(p), (1.110)
is given by
1 bV
F(B,V)=—p"nZ(B) = ——6", (1.111)
and the radiation pressure
oF U
PTVWV)=——— = —. 1.112
Re-introducing factors of c, the velocity of light, and starting from
(0BF) oV /°° 9 — Bhek th/oo k3
U=—-=—=— dk k*In (1 — e Pk = —— dk ————— 1.113
op op 2 J, n(l—e ) 2 Jo efhek — 17 ( )
he _k3dk

one finds that the energy by unit volume of photons in an interval dk is given by u(k, T)dk = 25 5"
In terms of frequency, v = %, this gives Planck’s famous law of radiation,

S8Thyv3dy
10
8
6
4
2
5 10 15 20
u(zr) = % forT' =1,1.5,2
The maximum is determined by 3 = 1_’;@%, which gives vy, = %. This maximum is a linear

function of temperature, which goes under the name of Wien’s displacement law.

ar X
3 , / 3(1-exp(-x))

oL

"

P S S S B S S S S |
1 2 3 4

Graphical solution to z = 3(1 — e™*).
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Historical note [[7]]

Planck’s formula apears here as a direct consequence of quantum statistical mechanics. Historically,
the explanantion of the experimental curves u (1) was problematic because classical statistical mechanics
gave the Rayleigh-Jeans formula (1900) u(v) — Sgc’f, which can be obtained from Planck’s formula at
low frequency or high temperature, Shr << 1, and by expanding the exponential. At high frequency or
low temperature, Shr >> 1, one finds u(v) — BWCLS”de_B’W which is Wien’s formula known empirically
since 1893. Planck (1901) writes his formula for u(v) to interpolate between those two limits and explain
the experimental curves. Einstein (1905) justifies this formula by postulating that the total energy of each
stationary state of radiation is quantized, and by associating a particle, the photon, to the elementary unit
of energy of each electromagnetic mode. The explanation of black body radiation has played a crucial
role in the developement of the ideas leading to quantum mechanics.




Chapter 2

Path integrals

Paths integrals allow for an intuitive reformulation of quantum mechanics with a rather straightforward
generalization to quantum field theory. They are well suited to set up perturbation theory (derivation of
Feynman rules, Ward identities, etc.). They are also instrumental in the non-perturbative context, but this
is beyond the scope of the current course.

This chapter is based on [2]], [1], [9], [10], [111], [12], [13].

We also use [[14], chapter 2.10, and [[15]], section 10.2.
2.1 Hamiltonian formulation

cf 2], [11].

2.1.1 Evolution operator

Consider a quantum mechanical system in Schrodinger representation, with Hermition “position” opera-
tors ()* and conjugate momenta P, satisfying

[Q%, B] = id¢, [Q%,Q" =0, [B,,B] =0 a,b=1,...,n, (2.1)
where i = 1. The position eignestates @“!q >= ¢“|q > are orthonormal and complete

<qlg>=[]o(¢" - ¢") =d(d - a), (2.2)

1 I/qu“!q >< g E/dfﬂq >< ql, (2.3)

and similarly for the momentum eigenstates ]3b| P >= pplp >,

<plp>=[]ow —m) =60/ —p), (2.4)
b

1=/Hdpb Ip >< p| E/dp!p >< p). (2.5)
p

As a consequence,
]. s oa ]. s a
_el"Pa — ela'pa, (2.6)
2T 1:[ V2T

27

<qlp >=
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(with no summation on barred indices).

Indeed, in position representation, ¥ (q) =< ¢l >, < q|@“|¢ >= q"(q), < q|]3p\1/) >= —iaiqbi/)(q). Hence,

< q|ﬁb\p >= —iaiqb < g|p >, but also < q|ﬁb|p >= p, < ¢|p >, which implies that < ¢|p >= aexpiq®p,.

Normalisation: d(p/ — p) =< p'lp >= [dq < p'lqg >< ¢|p >= aa* [ dge't"Pa=ra)  Explicitly, [], §(p), —
a 1

ia% __n P . n .
pa) = aa* [], [dg* €™ (Pa—pa) This implies ccar* = 5- and we can choose o = ﬁ, because for a sinngle

copie §(p), — pa) = 5= [ dg” eld" (Pa—Pa) (see exercices on Gaussian integration).
For a time-independent Hamiltonian in Heisenberg picture, we have
@a(t) _ ifit Q\a eﬂﬁt) 2.7)
By(t) = et B, et (2.8)
Eigenstates: Q*(t)|q;t >= ¢°|g;t >, Py(t)|p;t >= py|p: t >, which implies |¢; ¢ >= eiﬁt|q >, |pit >=
elt|p >. We also have

<¢itlgt >=96(¢' —q), 1= /dq lg;t >< ¢ t], (2.9)

<pitlpit >=0(p' —p), 1 =/dp Ip;t >< pit, (2.10)
1 ..

< q;t|p;t >= ——e'?Pa 2.11

g; tlp H Nor: (2.11)

we want to compute the probability amplitude between the initial state |¢; ¢ > and the final state |¢’; ¢’ >:
< itlgt >=< ¢|UH t)]g >, Ut 1) = e A, (2.12)
where U (', t) is the evolution operator. Note that H(Q, P) = H(Q(t), P(t)).

Indeed, suppose that H is a polynomial. One uses H = et H e=iHt and inserts 1 = e'Hte—Ht a5 many

times as needed. For what follows, let us order all @ to the left of the P using the commuttaions relations 1)
H=3, , kibnQn. QP ... B,

For an infinitesimal time interval, ' = 7 + d7, t = 7, we have
< g7+ drlg T >=< i 7le TP T >=< ¢'s 71— iH(Q(r), P(r))drg; 7 >
~ [dp < qii1 ~ B Q). P)irlpir < pirlgiT >

= /dp <d;7lp;T > (1 — i) Kty ~pbm)d7> <pilg;T >

m,n

d a ; la a /
— /(H %) eilpa(d—q")—H(d',p)d7] (2.13)

where the function H (¢, p) is obtained by replacing operators through functions in H in which all @ s
had previously been ordered to the left of the P’s. This function is called the ¢ — p symbol of the operator

H.
t t

T Ty T T

. . . . . /_
For a finite time interval, one cuts into pieces: AT = T3 — T = t—;i and

<¢;t|g;t >= /dq1 codgn < ¢ any T >< Qs T gN-13 T-1 > -

e < g Tgt > (2.14)
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If N — oo, these intervals become infinitesimally small and one may use (2.13) for each piece,
yielding

< t|qt >= hm /HHd HHdpak

k=1 a k=0 a
eZZkzl (¢} —4a}_1)Pak—1—H (qr,pr—1)d7] (2.15)

with ¢§ = ¢ and ¢, = ¢'*. Introducing interpolating functions ¢(7), p(7) between the different points,
q¢“(Tk) = q¢,pa(Tk) = pak. the integration may be seen as an integration over all paths ¢(7) going from
q(t) to ¢(t') and over all paths p(7) With no boundary conditions.

t
\ [
N\
t T%/’/
i > (
q q

If the interpolating functions are sufficiently regular, the argument of the exponential in (2.15]) becomes

N+1
> (g% (k) = ¢* (Th=1)pa(Th—1) — H(q(7), p(Th—1))dr] =
! N+1
= > [(§*(71)pa(7x) — H(q(7i), p(7))dr + O(d7?)],
k=1

by using ¢*(7%) = ¢°(7k—-1) + %(Tk)dT +0(dr?), and p,(7%) = pa(Tr_1) + O(d7), and in the limit N — oo,
this gives

/t dr [¢(T)pa(r) — H(q(r).p(r)) = Sula. .

In the limit NV — oo, the measure in the path integral is denoted as follows:

a(t')=q /
g [T TS0 [ T T 25

k=1 a a (t)=q a,T

This measure is thus defined through a limit from a discretized measure containing one more integration over the
p’s than the ¢’s. A mathematically rigorous definition of the measure is in general problematic.

Going to the limit, we thus have

(t"=d d .
< ¢:tgt >= / dq® (7 )H/pa_(T)elSH[q,p] , (2.16)
q(t a,t

2

a,T

where Sg[q, p| is the first order Hamiltonian action.

When extrapolating the result for the stationary phase approximation of such integrals in the finite
dimensional case, the classical path, which is an extremum of Sy will give the dominant contribution to
this integral.
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2.1.2 Matrix elements

One now would like to compute matrix elements with insertions of operators 9) (for which one uses the
commutation relations (2.1) to order the P to the left of the Q).

For an infinitesimal interval, we have
<qi7+ d7'|6(ﬁ(7),@(7'))|q;7 >= / dp < q’;T\e_iﬁdT\p;T >< p;7|6(ﬁ(7),@(7))\q;7 >

BPa . it (a0 ()i
= [(qT Gy et a1 D0 (1) ().

21

where O(p, q) is the p—g symbol of the operator O. Consider now the matrix element with an insertion of a product
Oa(P(ta),Q(ta))Op(P(tp),Q(tB)) ..., where one assumes thatt4 > ¢t > .... In the decomposition of the
time interval, if 7,411 > t4 > 7,

the operator 5,4 is inserted in < qk+1;7k+1\5,4|qk;7k > and < pk;Tk|5A\qk;Tk >= 0a(p(ta),q(ta)) <
Pk Tk|qr; Tk > +O(dT). Terms of order dr vanish in the limit because there are only a finite number of such terms
(contrary to the previous case where one needed to keep such terms as their number grew with V). Following the
previous reasoning, one finds for ¢’ > t4 > tg > -+ > t,

< q’;t'|6A63 gt >=

a(t)=dq' / ,
[ TTda Qi Lel7) 0, (p(t0). 1)) 05 0(t ) ) .. 55719

at=q¢ 47

In the right hand side, the ordering of the various times is irrelevant since one is dealing with ordinary functions.
Assume then that the times ¢ 4,tp, . . . are not ordered. In this case, the right hand side corresponds to the left hand
side where the times are in decreasing order (from left to right). Denoting through T decreasing time ordering, we
thus have shown:

< ¢;t'|T{OA(P(ta), Q(t))Os(P(ts), Q(tg)) ... Ha;t >=
q(t")=q , '
-/ [T Hdp“fr>0A<p<m>,q(tA»oB(p(tB»q(tB»...e%smm. 017

2.1.3 Schwinger-Dyson equations

Take z* = (¢° ) and let us insert as an operator the left hand sides of the equations of motion,
H

Oa(z2(ta)) = 555@ S with

s5u | (Pa— ) (ta),
i S K (2.18)
52%(ta) (‘b — Z5)(ta)
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andt <ty <t.

We have
oSy P L .
WOB(z(tB))...e Sulz] _ ﬂéza(m) (OB(Z(tB))...e Sul })
+ 52;2“) [O5(2(tp))...])e .

As we are integrating over all intermediary z®, and thus also over z%(t 4 ) from —oo & +00, one may argue that the
first term, which reduces to —i[(Og(z(tg))...e"H [Z]];ﬁzt

. z, vanishes (see the exercises for a justification).
We thus have:

—

< q/;t|T{(${ZA)5B(2(tB)) L gt >=
— i < 3T O(a(t8) - Hait > 2.19)

These are the Schwinger-Dyson equations which express what the classical equations of motion become
in the quantum theory.
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2.1.4 Exercises
2.1.4.1 Re-introduce /

Re-introduce h in previous formulas.

2.1.4.2 Path integral for p-q symbol

What are the ¢ — p and the p — ¢ symbols of H= %(@ﬁ + ﬁ@) ? Derive a path integral expression for

< ¢';t'|q; t > involving the p — ¢ symbol of H. Show that the p’s have to be evaluated later than the ¢’s.
Hint: Insert the decomposition of the identity at the left rather than at the right.

2.1.4.3 Path integral in momentum space

Derive the path integral representation of < p’;¢’|p;¢ > ( directly or by Fourier transforming the expres-
sion for < ¢';t'|q; t >). Show that the action that appears in the integral is

t/
Sy —p'qd +pg= / dr [—p.q® — HJ.
t

2.1.4.4 Partition function
Check that

~ i d i
TrU(t,t) = /dq < qle” #i T=)g >= / dq(T) H dp(7) enSulerl (2.20)
P

erodic paths in q7p2ﬂ-h

Hint: One may define p, 1 = pao because p,n 41 does not appear in the discretized version of Sy .
Show that

Te U, t) ZN@‘ZE“ -1,

where the sum is over the different energy levels £, and N, is the degeneracy of a given level (assuming
that the spectrum of H is discret).
Putting ¢’ — t = —ihf3, one gets

T Ut t) = Tre = 7(p),

where Z () is the quantum statistical partition function. Derive by direct computation a path integral
representation for Z(3).
Answer:

Z(B) = / dq < qle™"F|q >= / )Hdp—meisfﬂq’p] (2:21)
b

eriodic paths n q, p27Th

ns
with | S§[q, p] = / dr'[—iq*(7")pa(7") + H(q(7"), p(7"))] | The integration is over all periodic paths of
0

period Af5.

Show that this expression may be obtained from the one for Tr U (t,t) by putting 7" = i7 and by
rotating the integration path through 90 degrees in the complex plane of 7.

Conclusion: Path integrals may also be used in the context of quantum statistical mechanics.

Details on the solution can be found below.
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2.1.4.5 More on Schwinger-Dyson equations

Derive the Schwinger-Dyson equations from the path integral representation of
< ¢;t'|T{O0s(2(tp)) ... Ha; t >

by performing the change of variables z*(7) — 2*(7)+£%(7)d(7 —t 4) with infinitesimal {* and assuming
that the path integral measure is invariant under translations.
Derive the Schwinger-Dyson equations

o5 50(=(1))

Sl OG(1)} =iT>2

T{ 0z (tA)

in the operator formalism. Here z*(t) are operators in Heisenberg picture.
Hints:

* Use the correspondance rule [g, E] = ih{A, B} to check that the equations of motion in Heisenberg picture may be
written as

S
02%(ta)

* Beware: Due to the presence of 8 (ta) in the field equations, this does not mean that the left hand side of the Schwinger-
Dyson equations vanishes.

* From the definition of the chronological product and the derivative,

T{A(t1)B(t2)} = A(t1) B(t2)0(ty — t2) + B(t2) A(t1)0(t2 — t1),
< . Pta+5)—2Pta—%)
2B (ta) = lelgl c )

show that
T{Z°(ta) A()} = %T{E"(M)ﬁ(ﬂ}
= 20(tA)A()0(ta — t) + A(R)ZP (£)0(t — ta) + 0(ta — )P (ta), A(t)].
» Use the correspondence rule to conclude.

Remark: in order to use the correspondence rule without correction terms of higher order in A, one has to assume that the
functions H and O are at most quadratic phase space functions.

This computation justifies to some extent translation invariance of the path integral measure and the
assumption that —i[(Op(2(tg)) ... eiSul7 (M= — o

2%(1T)=—00

2.2 Passage to the S-matrix

cf. [2]], [16].

2.2.1 Field theory
For a field theory,

Q"= Q™" =Qm&), B — Py, =Pu(y), (2.22)
Oy — 0T = 67e° (& — 7). (2.23)
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The matrix element with operator insertions can be represented as
<q" t'|T{0A[z<tA>]oB[E<tB>1 Mgt >=

1dpm (Z,7)
][q”%i?t =q" II dq™( Il o
qm(f,t/) q (—») mIT m,T, T
xOa[2(t4)]Op[2(tg)] ... enSHlaw] (2.24)

Sula.p] = / "0 { [ ez @ ) - H[zm]} .

2.2.2 Probability amplitudes for in-out transitions

In field theory, one does not want to compute probability amplitudes of eigenstates of position operators,
but S matrix elements, that is to say probability amplitudes between states which in the far past { — —oo
and the far future ¢ — 400 contain a fixed number of particles characterized by a set of properties. These
states are called “in” and “out” and denoted by |a;in >, |3;out >. The letters o and § denote sets of
particles characterized for exampe by their momentum, their spin, etc.

To represent such matrix elements, one multiplies by wave functions < f;out|q’;t" > and
< ¢;tlasin > at fixed ¢ in the far past and at fixed ¢’ in the far future, where there are no interactions.
One then integrates over the arguments ¢™(7) = ¢" (¥, —o0) and ¢""(¥) = ¢"(Z,4+00). Using the
completeness relation, the left hand side yields

< B;0ut| T{OA[Z(t4)]|05[2(t5)] . .. Yoy in > (2.25)
In the right hand side, we had a path integral constrained by boundary conditions in ¢ and t/, but now

we are also integrating over these boundary conditions, which yields a path integral without boundary
conditions:

@2 - [ ] o) TT 225 0,0:00108le(05)] . exp 1 Sula. s

m,ZT,T m,%,T 2mh
X < B;out|q(+00); 00 >< q(—00); —oo|asin >, (2.26)
+oo
Sulesl = [ ar{ [ @c @@ - R0}

2.2.3 Vacuum to vacuum probability amplitude

Let us now take as intial and final states the in and out vacua, |5;out >= |[VAC;out >, |a;in >=
|V AC; in >, defined through

Gin (B, m)|[VAC;in >= 0, 2.27)
Qout (P, )|V AC; out >= 0. (2.28)

where m represents the type of particles (photons, electrons,...) and also other characteristics such as spin
for instance. We also take A = 1

Recall that Z 1/2G;,, and Z'/?G,,, are the operators appearing as coefficients of e(7*¥—i(P)?) i the expansion of
Qm(x t) when t — to00, where we have free fields.

Let us focus on scalar field theory, where one does not need an index m, and where one uses the
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standard notation Q(Z, t) = ®(Z,t), P(Z,t) = II(Z,t). We have

O(z,t) T ZV2(2m) R / Ap2w(P) V2@ w (P)e™® + hc) (2.29)
Mz, =5 (1)
2R _Z\2i(2m) / d*p( (215) 2@ s (P)eP® — hel (2.30)

with p° = w(p) = /P> +m? p-x = nup*2” and 1, = diag(—1,1,1,1). Inverting the Fourier
transform to extract creation and destruction operators, one gets

ZV% ., = lim (2m)73/2 0! / &z e 77

out t—F oo
w = — . — = —
x[(@)l/zq)(aj,t) +i(2w(p)) " PIL(Z, )] (2.31)
For wave functions in the ¢ basis, ﬁ(f ,t) acts like _i&qf(f) , and the definition of the vacua becomes
/ &’z e T 5(;;@ +w(P)p(T)] < ¢(F); Foo| VAC; i >=0. (2.32)

Recall that the differential equation ( i + wy)f(y) = 0is solved by f(y) = N e~3*¥” and that functional
8(G)

derivatives are defined by 56 (@) = 0;0(y — @), 591 (@) ()ym () = 5; Ty 0(y — ) etc.
One tries the Gaussian ansatz:
< ¢(T); Too|VAC; [ >= Ne~z fd“xd“yﬂ(fﬂ)¢>(f)¢>(§)7 (2.33)

where one needs to determine the symmetric kernel Q(Z, ) = Q(v, Z) and the constant A/. Substituting
in the differential equation, one gets

0= / P e | / Py, y) (@ > (D)

:/d3:c eiﬁ'f/dg [

Since this equation needs to hold for all ¢(%), one deduces that

— a

.’17

o). (2.34)

/d31: e’””Q d3r ﬁ}e” (' —p) fzp i
= w(p)e PV (2.35)
Inverting the Fourier transform yields
d3
07,3 = / ok w(p)e™ (2.36)

The constant N may be obtained formally by the normalization of the vacuum, but we will not need an
explicit expression here.
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The last term of (2.26)) is thus given by

< VAC; out|p(+00); +00 >< ¢(—00); —oo|VAC;in >
‘/\/’|2 —5 [ d3ad®y QZ,7)[$(F5+00) §(§;+00) +¢(F5—00) (5 —00)]

= |N2em3e) dady 1T arQ@pe@Ene@ne T () 37

with € > 0 infinitesimal.

Indeed,
61_1)1&6/_1? dr f(r)e~I"l = 61_i>1(r)1+e(/0+0o dr f(1t)e™ " +/O dr f(r)e ")
= el_igl+ (— /0+0<> dr f(r)—e™ " / dr f(r —e”)
= (- mdr%(f(r)e-ﬂw [ ar s
+/OOO dr di(f(’l') exp eT) — /Ooo dr f/(T)66T>

= f(0) + f(+o0) = f(0) + f(0) = f(0) + f(—00)
= f(+0o0) + f(—o00).

We thus find

< VAC; out|T{O40p ... }|VAC;in >
dm(x . ,
_ |N|2/Hd¢($> H QST ) 0.0p - X el (Smtie term)’ (2.38)

Sy + i€ term = /+d0;[/d3fq5(f, T)m(Z,7) — H|[p, 7

+ie;/d3xd3yﬂ( Pe (2, 7)o(7, 7)]. (239

As we will see, the 7e terms will give the correct 7¢ terms in the propagators. To complete the transition to
the S matrix, we will need to recall the link between < J; out| T{OsOp ... }|a;in > and the S matrix.
This is the object of so-called reduction formulas that will be treated later.

2.2.4 External sources

Let us now consider external sources J4 (&, ) and the potential XA/J(t) = 17(25) — [ &3z JA(Z, t)aA(f, t).
The S-matrix becomes a functional of J4(Z,t): (3; out|a; in)”.
Derivatives of the S matrix with respect to the sources are related to transition amplitudes with inser-

tions of operators in Heisenberg picture:
5’!‘
dJA(z4)0JB (xp) ...

(B; out|a; m)‘]] ‘J—O =< B:out| T{iOx(24)iOp(zp) .. Hoyin > . (2.40)

Take as an Hamiltonian H”(t) = H(t) — [ d*zJ*(Z,t)O4(7,t) in 2.26) without opertor insertions. Taking
derivatives with respect to external sources and putting them to zero, we find in the right hand side a path integral
representation with insertions of functions. One concludes by using again (2.26)), this time with operator insertions.

Remark: The direct derivation of this result in terms of the operator formula § [J] =Te™" S22 ar Vi ®

is much more involved than this path integral derivation.
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2.2.5 Green’s functions
Taking |a;in >= [V AC;in >, |B;out >= |V AC; out > and considering in particular a coupling to the
fundamental fields of the theory, [ d®x JA(Z,t)04(Z,t) = [ d3x J,, (7, t)¢™(Z, t), we have
57‘
0y (x1) oo 0T, (1)

(VAC; out|V AC; m>"‘ - (%)’"(VAC; out| T{®™ (1) . .. ™ (2,)}|V AC; in)

|N| /qus ><1>m1( D)L () x enlSrticem o 47y

The matrix elements < VAC; out|T{®™ (z1) ... @mr}(xT)WAC; in > are also called Green’s func-
tions. If Z[.J] denotes their generating functional, we have

1 = =
Z —(%)T / dey...dx, Ty (21) . I, (2,) < VAC; out|T{P™ (21) ... " } (2, )|V AC;in >

|N| /H d¢ ) i [SH"FI d*a Jom ()™ (x)+ie term] ) (242)
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2.2.6 Exercises
2.2.6.1 Gaussian integration

¢ Show that

+o0 T
G(a) :/ dre ™ =4/—, a>0.
- a

Hint: Take the square and use polar coordinates.
o If one defines 7, (z) = %6—%2 and
d(z) = lim T,(z),
a—r00

show that

+o0
| arb@i@ = 50

o0

Hint: Taylor expand f(x) around 0 and use

+oo 2 dm
/ dr x*me™ " = (=) G(a).

—0o0

* For a > 0, show by completing the square that if

+o0
J = / dre @@ Q(z) = az® + Bz + 7,

[e.9]

then

It follows that the integral J is given by \/g times the exponential of the quadratic form evaluated
at its extremum.

¢ Show that

+oo
/ dpe™ = 215(y)

o0

Hint: Compute

+00 ‘
/ dx e " T, ()

as in the previous point and then compute
+oo ) +oo )
/ dp e”’y/ dx e P T, ().
— 00 — 00

Take the limit o« — oo.
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e Show that if

0 , 1 o .
J(A,b,c) = / dz' e @@ Q(z) = §Az‘szld + bx' + ¢,
where A}, b;, c are real and A;; is symmetric and positive definite, then

A 1,1 —1yij A 1 -
- V3 p(gbi(AT) b =) _ V)3~ R@)
J(A.b.6) = (det( ) e (det( ) 4o,
where z* is the extremum of Q(z).

Hint: Diagonalize A using an orthogonal matrix O, (0T A0);; = )\251-]-, A" > 0 and use the change of variables

=0z,

2.2.6.2 Fresnel integrals

Show that
+o00 .
/ dx e = \/+ir.
—0o0
Hint: Use
)
dze”” =0,
C
where the integration contour C' is
Imz
R exp(iTt/4)
C
Rez
R

2.2.6.3 Wick theorem

Consider n variables z!, . .. 2" and define the Gaussian momenta

+oo T L )
d![’i Ilfkl $kN€—§a:ZAijJ:J
I I ... ,
00 =1

<gh . >= (J(A,0,0))_l/

where k1, ... ky are indices that take values from 1 to N. In particular, it follows that < 1 >= 1. Show
that the result is zero for /N odd and

<ok gy >= Z H (A™hHY,

partitions of {k1,...,kN} pairs (i,j)
in pairs of indices

for N even.
Hint: Apply ﬁ e ﬁ to J(A,b,0) with b = 0 to show that

0 0 (1p,(a-1yi
k1 kv < — (3bi( )7 b5)
<a™ooa™No>=] e, kae ]

lb=0-
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2.3 Lagrangian formulation

2.3.1 Legendre transform in classical mechanics

How to go back from a first order Hamiltonian variational principle to a Lagrangian one ? Let

to
Sula.sl = [ dr (it~ i), 243)

t1

1 a a
H = 59" (@)paps + h*(0)pa + V(9), (2.44)
with ¢? symmetric and positive definite. Variation gives
to
OH d OH

0=05y = dr (¢® — =)6 —(padq” —Pq — 0q”. 2.45
w= [ = Gt ) + (e G 2.45)

Under the boundary conditions 6¢*(t;) = 0 = dq(t2) (but no need for boundary conditions on py),
the field equations following by asking for an extremum of this action are the Hamiltonian equations of
motion,

, OH
5 = 0,
R o (2.46)
_pa - aqa -
The equations
5 _ ) e ¢ — g"pa — " =0 < py = ga(§” — h*) = (g, §)
opy(t) ’

may be solved algebraically for p, in terms of ¢, ¢q. Such Lagrange variables are referred to as auxiliary
fields.
Reminder: H is defined as the Legendre transform of L with respect to ¢“:

. oL .
L=1L(qg,q), pp = 87}”((]’(])'

0?L

If |W| # 0, this last relation is invertible, ¢* = U%(q, p), which is equivalent to saying that
% =t =Py = U*|p=prjoq = ¢*, (2.47)
while
H(g,p) = (pod" = L)lg=v, (2.48)
%b = pbggj - qua, li=v — %MU%? = —%M:U (2.49)
S—Zb = U" +pbgg - g;,’q:U(ZZ: =U" (2.50)

. . . oL o . .
is the inverse relation to p, = BV When substituting this last relation in

= 0 and using (2.49)), one recovers the Lagrangian equation

This implies that ¢* = gp

the second Hamiltonian equation —p, —

L L. oL
_%(fqb)‘*‘fqb

oH
0gq®
= 0, which derives from the variational principle

to
0=45, = 5/ dr L(q,q), 0q*(t1) =0 =9q"(ts). (2.51)
t1



44 CHAPTER 2. PATH INTEGRALS

The Lagrangian action is obtained from the Hamiltonian one by substituting the p, through their solutions,

to
Stlp—orj0s = / dr [pp” — H|p=or/04 (2.52)
t1
to
= / dr [pog” — (pod” — L)|g=v)p=or/04 (2.53)
t1
t2
= / dr L(q, q). (2.54)
t1
Note also that the Lagrangian associated to the Hamiltonian (2.44)) is explicitly given by
. . 1 e
L(g,q) = m(¢" —1") — 53mg"m — V(q) (2.55)
L . a .
= 54" = h")ga(d" = h") = V(a)- (2.56)

2.3.2 Integrating out the momenta

What happens at the level of the path integral ? The p, are independent integration variables,

., a d iSD
(d ).ty = /Hd H Tk gis, 2.57)

a,k=1 b,k=0

N+1
Si= Y _lak — ai)par—r — H(4is par—1)dr], (2.58)
k=1
o 1, .
H(qy, pak—1) = 29 *(qk)Pak—1Pbk—1 + P (qk)Par—1 + V(q1.)- (2.59)

Shifting the sum from 0 to N and using h®(qy,1)dT = h®(q,)dT+O(d7?), and similarly for g*(gr11), V (qr+1),
gives

N

a a 1
Sy = Z[pak(qkﬂ e + h*(qr)dr) — 9 *(qr)parpordr — V (qi)d7]. (2.60)
k=0

The integral over p,; is Gaussian for each k. If g = det g, the pre-factor is

1 ig™(qe)dr, 1 1 (2) g
n[det ] : = [ n n -1 n 27 (' —t) \py,
(27) 27 277\ indet g, (qr)(dT) (i 2)"
The extremum is determined by
Qi1 — G + D (qr)dT — g (qr)perdT = 0, (2.61)
qa _ qa .
Pok = gba(Qk)[% — h*| = (2.62)
T
N
SBleatr = T > [meg" (@) mendr — 5 g (@) Taxmondr — V(ge)dr] =
H lextr Neroo ; bkd \qk)Tck 2 g 4k ) TakTbk gk
=0

-/ " dr L gu(@)(@ — K@ — B~ V(o)) = / L) 263)
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For the derivation of the Feynman rules, it is important to have all dependence on the ¢ in the exponential,
N .
H Valq) = ezg:o In\/g(ar) — eﬁ[fo:o(—i) In 4/ g(qr)ldr
k=0

t/ .
N—soo — €XD i(S(O)/ dT%Z Ing(q(r)). (2.64)
t

Indeed,

tl

fi —Zd%fﬁ e 10 = [ arf0) 2 = [ arir)s(r ),

t

so that (5(7’ — T/) = limy_o (Sk_f];,’ 6(0) = limy o %

d
We thus find
q(t")=q  cq
(¢ tq:t)y = M/ q(T)e™, (2.65)
(t)=q
with
t 1
s = [ drLa(rd(r), L= L ihd0); Ing, 2.66)
t
. QWZh(t,_t) 71(
r_ N+1)n
M= i e 267

Remark: If g,, does not depend on ¢, one usually absorbs the term with g in the measure:

q(t)= . v
(q';t]q; t) ./\/l/ )eﬁs, Slq] :/ drL| (2.68)
(t)=¢ t

= li gIN + 1"\ sva)
M= Nhinoo(((Qm'h(t' — t))") ' (2.69)
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2.3.3 Exercises

2.3.3.1 More on the partition function

For an Hamiltonian of the type H = $¢*papy, + V(¢) with g**(¢) a positive definite matrix, what does
the path integral representation of the partition function become after integration over the momenta ?

Answer:

Starting from (2.21)), the extremum is given by py(7) = guiG°. The integration over the momenta

gives

periodic paths in q

Z(B) = /dq <qle g >= /H dg®(7) [det(2rhG)) /2~ 5Ll |

The integration is over periodic paths ¢*(7) with period /5 and

hg
e il .a
Silosl = [ draudd + Vi),

G (7, 7') = g*(q(7))o (7, 7").

(2.70)

(2.71)

(2.72)
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2.3.4 Semi-classical expansion of the partition function

Semi-classical expansion of the partition function
sday, February 20, 2020 9:47 PM
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2.4 Feynman rules

cf. [2]

2.4.1 Perturbation theory

In the case of field theory, one uses the notation ¢"(7,,t,) = ¢™(x,) = ¢*, and also |V AC; %) =

Jin

|0; £22). A sum over A includes an integral over x, and a sum over m. By combining the results of the
previous two sections, Green’s functions are represented by

(+00; 0|T{™ ... ™ ) = |N]PM / [Tde o™ ... o"ei™ (2.73)
= / Do o™ ... pArentld] (2.74)
with
+o0o
ol = [ drisis L= [ @aton(a).0,0m @) + Llo"@).0,6" @) @75)

Here [, = f d*x L, + ic is the quadratic part, while I f d*xz L, denotes interactions that are cubic or
of higher order in the fields and their derivatives.
For the generating functional, we have

2] = (oci000; ~o0) = [ D eitlrine?, (2.76)
and
DAL A, hy & g
<+OO>O‘T{¢ ¢ }’O,—OO> = (;) 67, U 8Ja Z[J”JZO (277)
One may then treat the interaction perturbatively
, )
Z[J] = eﬁll[%ﬁ] /D(b e%(10[¢]+-]A¢A)’ (278)
with ]0 = —%¢ADAB¢B.
Performing discretized Gaussian integrals, this gives
1D 1 lll[ﬁi] i —1\AB
Z[J] = ’N’QM[det(%)]fieﬁ toJ eﬁJA(D ) JB, (2.79)
and then
i A 0
Z[J] _ fDQS eh(f[?]‘f‘JAd’ ) _ 1[2(5J]e2ﬁ A(D-1)AB J . (2.80)
Zo[0] [ D¢ eilol?)

N.B: This last expression can also be used as a perturbative definition of the path integral, since it can also
be proved directly in the operator formalism.
If I; = 0, one recovers Wick’s theorem,

(+00; 0T {6 ... $*}|0; —o0) p—
— mre m ZC@S 2.81
(+00; 0]0; —o0) Z H (2-81)

pairsof indices

If I; # 0, one develops in terms of the interaction. At a given order, there are always the same type of
Gaussian integrals to be carried out. Some of the ¢! however are not coming from differentiation with

0
respect to an external source J 4, but they are due to | d4x£1[ T3 J] and involve an integral over z* in field

theory.
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2.4.2 Propagators
The Feynman propagators A%2"3(xy, x3) = (D™1)™2™3 (x5, 23) that appear in (2.80) are thus defined as
the inverse of the quadratic part of the Lagrangian (including ie terms):

/ddZEQDmlT,m (ZL‘h ZEQ)A?an (172, l’g) = 5&1?5(1(1’1, .133). (282)

As we will see, D,,,m, (21, T2) can generally be written as an operator acting on 0" (1, x3) and its Fourier
transform depends only on a single rather than 2 variables,

1
(2m)

Dy (L1, T2) = / dp €M@ IID, (D) = Dy (21 — 2). (2.83)

As a consequence, the Fourier transform of A*™3 (x4, x3) is the inverse matrix of D,y m, (P),

Dy (P) A2 (p) = 04 (2.84)

Indeed, this allows one to check equation (2.82):

1 i I ipr1—ip’ x3) A mam
Gy [ A pd OB () R ) =

1 .
= @ / dpe (1) gma = 536 (1 a3).

For the massive scalar field in 4 dimensions for example, Iy = —1 [ d*zd*2'D(z, 2')$(x)p(x’). Since
/ d*z Lo +ie = / d%(—% ), GOM ) — %m2¢2) + %ie / dtd*zd*2'Q(Z, &)e~ M (2, 1) o (2, 1),(2.85)

one finds

0

, 0
Do) = (5

+m?)6H(z — ') — ieQ(Z, 2 )e Mo (t — ). (2.86)

/
m

At this level, one may replace e/l by 1 because the difference corresponds to terms of higher order in e.
Since

_ 1 ip(E—&
0. ) = s [ @),
one finds
1 - .
D(xy,29) = 2 /d4p ePer=e2) (2 4 om? e (p), (2.87)
and thus

1 , 1
d4 ip(x1—x2)
(2m)* / pe P2+ m? —iew(p)

Ap(xl,xg) = (288)

in complete agreement with the computation in terms of operators in (1.32)).
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2.4.3 Feynman rules for scalar field theory

For the scalar field, let us consider a quartic interaction,
hig) = -4 [ dwot
The 2 and 4 point functions are defined by

GO, ) = ﬁwoo; 01T {B(1)B(2) }|0; —o0),

GO (a1, 54) = o (+00; 0[T{B(x1) . . D) }0; —00) .

Z[0]

To order 0 in g, Z[0]o = (+00; 0]0; —00)o = [N > M(det(Z)] 2 = K.

G wrm2) = (5

Graphical representation: 1

X1 X2

For [ d*aD~*(x1,x)J(z), let us introduce the graphical representation ' —1.

lj—0 = ;D_l(xl, Ta).

55

(2.89)

(2.90)

(2.91)

(2.92)
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—~ —~ —~ —
O S D oD D

3
8J(x1) " 6T (x3) (
—Ls5—1+ s 5)4—[|_|_6 45 1+ 6 s 4
)Zo[J]]’ = (b)2 g g
Zol0] | 17=0 i/ 6J(x1) 0J(z2)
<(6—E|5—|:|+6 s)4a—H]+ 6 45— 14 6—7s 4>3—[|
+(6e—0s—L+ s 5) 4 3
+(6 35— ] 4+ 6—-_7s 3)4—[|
ZolJ] _(hy_ 9
+6 45 34+ 6 35 4>Z?>[0}]|J0_(7><5ﬂ3n) ((
((5—|:|5—|:|—|—6 s)a—1J+ 6 45—]4+6—]s 4)3—[|
+(6e—0s—L+ s 5) 4 3
+(6 35— 4 6—Ls 3)4—1]
+ 6 45 34+ 6 35 4)2—[|
+((e—Lds5—+ s s)4a—1+ s 45—]46—15 4)3 2
_|_(6—|:|5—|:|_|_6 5)4 2+(6 25— ] 4 6—11s 2)4—[|
+6 45 24 6 25 4)3—[|
+(5 25— ]+ 6—-11s 2)4 3
+(6 35— ]+ 6—11s 3) 4 2
ZolJ
e L |
(6 5 4 3 4 6 45 3 4 6 35 4)2 14
(6 5 4 14 6 45 14 6 15 4)3 24
(6 5 4 2 4+ 6 45 2+ 6 25 4)3 14+
(6 25 14 6 15 2)4 34
(6 35 14+ 6 15 3)4 24
(6 35 2 4+ 6 25 3)4 1
Consequence:
Gé4)<1'1,...71'4)22

X2

R VAN Ve

X3 N——

X4

X3 X4 X3
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To order 1 in g,

Z[0)y = (+oc; 0|O' —00)1 (2.93)
h ¢ i _
= k- ﬁE P (G 57m)) &P g/ (P70
_ C3ig [ o P Iy
= K(1 ol d*x - D (z,x) Z,D (x,x)). (2.94)

If an internal point (vertex) of a diagram corresponds to —%g [ d*z, one gets the following graphical
representation

Z(0) ~ 1 + 3/4!
(+o0; 0|T{$<x1> |o —00); =
hoy & {
— K(= -2 D HJ)|-
(z) 6J (1) 6J (1) h4‘ )exp ZHJ( Jlls=0
_ ( (2.95)
3/41
+ 12/4 O
This follows from the expansion of Géﬁ) (x1,...,26) by setting x3 = x4 = x5 = x6 = x. It follows
that
G (21, 22) =
3/41
+ £ 12/4 Q
1 + 3/4

+ 12/4 O

X1 X2 X1

X2
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Remarks: (i) The complete Feynman rules also include so-called symmetry factors that allow one to
get the numerical factors correctly. They have not given here. The aim was rather to show how the rules
follow from the fundamental formula (2.80). There are symbolic computer packages that can be used to
perform such computations to high orders. (ii) When using expression (T.31)) for D! (x, y), one sees that
in the limit x — y — 0, the integral over d®k diverges. We will thus need to modify the theory to give a
meaning to D~ (x, z) (except in mechanics where no such mometa integrals are involved).

G IEGH (21, . ) = 55 (+00; 0T {b(w1) . . d(1)|0; —00), the effect of dividing by Z[0] amounts
to removing vacuum parts of the Green’s functions at all orders. Here, a vacuum part is the analytic ex-
pression that corresponds to a disconnected part from the rest of the diagram that does not involve external
points. Indeed,

intL)h_o h_6 gDt
(k) e s ) " i 67 (@) C"
Gy, 1) = i1 ho1 2JD1J |7=0
exp ;Il[—d—]e%
eihl 5
5J(wy)

el b (MDY (a1, 20) + Dy ID;} T)es /P
— B) “”(9”3) — =0 (2.96)

ehh[z 5J]6 i JD-1J

oy g

and one sees that the denominator precisely cancels the part of the numerator where er"1li 37) acts entirely

1
on the term ez7/P '/,

2.4.4 Feynman rules in momentum space

to be added
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2.4.5 Exercises
2.4.5.1 Propagator for massive vector field

Compute the propagator of the massive vector field with Lagrangian

1 1
Lo=—1(0uAy = 0, A)(O"A” — 0" A) — Sm?A A" (2.97)
Answer: 1 o o
po o [ PP
AF7p2+m2—i6[p + m2 )

What happens for the propagator of the photons (1 = 0) ? Show that a potential that is pure gauge,
A, = 0, corresponds to an eigenvector with eigenvalue 0 of the quadratic kernel D,,, (z, 2').

2.4.5.2 Divergent integrals through dimensional continuation

1. The Gamma function is defined by

F(:p):/ dt t* et
0

Show that
@ (1) =1,
() T'(3) = V7,
© T'(z+1) =2l(x),
(d I'(n+1)=nlforneN

2. Show that the volume of the unit sphere in R is given by

S 27Td/2
Vol(S971) = Td2)

Hint: compute the integral [ d%z e~ 17 using two different methods.
Specify the result for S, St, S? and S°.

3. The beta function is defined by

Show that ()T ()
By =161y
4. Consider the integrals ]
i®(m,d, A) = / (;l;;d — m12 — (2.98)

where p? = —p° + p;p'.

(a) Where are the poles of the integrands ?
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(b) Show that the position of these poles allow one to write

dp 1
®(m,d, A) = / (27:; T (2.99)

where p}; = (p)* + pi Py
(c) Go to spherical coordinates to show that

2 o pd=lgy
B(m, d, A) = (47r)d/2F(d/2)/0 e (2.100)

(d) For a given value of d, for what values of A does the integral converge ?

(e) If the upper bound of the integral in the previous expression is A instead of 400, how does the
integral behave when A — oo. Specify ford =4, A=1,2andford =6, A =1,2,3.

5. Show that LA 1
®(m,d, A) = — — ) A2, 2.101
6. Show that
/ dép p?B o F(A—d/2—B)F(d/2+B)( 1 yA-d/2-B
(2m) (p2 +m?2 —ie)A  (4m)d/2 I'(A)(d/2) m? ’
7. The divergent behavior of I' around zero is given by
1
D(e) =~ =7+ 0)
where 7 = 0,5772. .. is the Euler-Mascheroni constant. Show that
1
a) T(-1+¢)= _(E —v+1+0(e)),
1,1 3
b) I'(-2+¢)= 5(; —7+§+O(€)),
(=)™ 1 1 1
I'(— = - — 1+-+-+- N.
¢) T(-n+e=-——(—7y+1l+5++-+0(q)), ne
8. Compute ®(m,d, A) for
(@) d =3 —2and A = —%. Answer: after introducing an arbitrary renormalization scale
parameter ;. of dimension of mass through 1 = p~2¢1%¢, one finds
1 _m4u—25 1 ILLQ 3
®(m,3 —2¢,—3) = —35,7 [Z + 1nW +Indr — v+ 3T O(e)]. (2.102)
(b) d =4 —2cand A = 1,2. Answer:
D(m,4—26,2) = —— 2t LS g o) 2.103
(m, 4 — 2, >_167r2'u [E+ s+ lndm -y + (e)]. (2.103)
1 2
d(m,4 — 2¢,1) = — 16W2m2“726 [E + In 5t Indr —~+1+0(e)]. (2.104)
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(c) d=6—2cand A=1,2 3.

9. Show that

r / ! dx
AB  Jy [zrA+ (1 —2)B}*
In this formula, x is called the “Feynman parameter”.

10. Show the generalization

1 Ny (n—1)!
— = | 1)
A A, /d x5(;x VAL

by first showing that

n—1

r ny

using the previous exercise.

61
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2.5 Holomorphic representation

cf. [9], [L1] [L].

2.5.1 Coherent states
For a single degree of freedom (g, p), let us define

1 -1
a=——(vwg+ivw p). (2.105)
\/ﬁ( )
For the associated operator and its complex conjugate, the canonical commutation relations of ¢, p trans-

late into
[@,a'l =1, [a,a]=0=[a'a". (2.106)

The vacuum is defined by @|0) = 0 and coherent states by

la) = e“@'|0), @la) = ala)|, (2.107)

where a is a complex number. The commutation relations imply that the coherent state is an eigenvector
of @ with eigenvalue a. Similarily,

(a*| = (0™, {a*[a" = (a*]a". (2.108)
The scalar product of such coherent states is given by

(b*|a) = €. (2.109)

Indeed, if a = 0, we find 1 on both sides. Differentiation with respect to a, one finds b* times the expression itself,
both on the left and the right hand side.

An orthonormal basis of the Hilbert space is provided by

) = <= @)"10). (mln) = 3o @.110)

and
(a*|n) = <0|ea*a\/%(af)n|o> - () @.111)

Indeed, this holds for n = 0, and assuming it to hold for n — 1 > 0, we have

(a*|n) = (0][e*", ;ﬁaf]\/ﬁ(ah"—w - %a*(a*\n ~ ). 2.112)
One then concludes by using the induction hypotheses.
In the same way, one shows that
(nla) = La”. (2.113)

Vn!

For any state |¢)) of the Hilbert space, we have

(@) = ¢(a”), (Yla) = ¥(a), (2.114)
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with ¢(a*) a series in a* with complex coefficients and )(a) the series in a whose coefficients are complex
conjugates of those of ¥(a*).
Let us show that

wlo) = [ Gt wlaale) = [ St @), @.115)

211 211
T / da*c?aefa*a
271

where the integral (by definition) is a real double integral defined by inverting (2.105) and its complex
conjugate relation.

a){a”| | (2.116)

It is enough to show this relation for basis elements.

— da*da —a*a 1 n 1 *\m
(n|m) = / i e ﬁa ol (a®)
/dqdp —i(wq +wp 2 1 (\/(;q—i_l\/(;_lp)n 1 (\/(;q_i\/(;_lp)m (2 ]]7)
21h m V2h Vm! V2R ’ '
. . . wqti/w ! a* 1
by using that the Jacobian of the change of variables a = Y4 \/2*{ P g* = Yea \/{ L is L. Defining
Haa®) = /dqdp L e (2.118)
2rh
_ /dqdp ~anwat e+ G Ve G Ve (2.119)
2mh
= eaR+aI = 604*04’ (2.120)
by using exercice[2.2.6.1] This gives
11,0 0
-t 9m "I, @) o 2.121
<n|m> mm(aa) (8CK*) (OZ,OZ )‘ =0=a ( )

11 .0 i, noaa 0if n #m
G N S
vl vm! O lifn=m
NB: The considerations of this section could have been streamlined by using w = 1 = £ since the end result does

not depend on either of these parameters. We have have chosen to drag them along so that (2.103) is the change
of variables appropriate to the harmonic oscillator.

(2.122)

For later use, note that we have also shown

d *d * * * *
I(a,a") = / ;Lm,ae*a atatataa” _ gate (2.123)

which is the value at the extremum, a* = o*, a = «, without any prefactor.

2.5.2 Kernel and normal symbol

Matrix elements of the operator O in the orthornormal basis (Z.110) are given by

Opm = (n|Olm), O = [n)Opyn(ml. (2.124)

n,m

The kernel of O in the holomorphic representation is then given by

O(a*,a) = (a*|@|a> = Z(a*|n> nm{mla) = ZOnm

n,m

(2.125)
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Using (2.115)) yields

A A~ do*d .

O)(@) = (@0l = [ 5520w aula)e 2.126)
~ ~ A do*d *
(0109)(a*,;a) = {(a*]010:]a) :/ 3ma01(a a)Oq(a*,a)e™ . (2.127)

Furthermore @' and @ act respectively like multiplication and differentiation by a*,

@))(a”) = (a’a|y) = a™y(a"), (2.128)
@y)(@) = (a'faly) = (a®). (2.129)

If 5(&, a') is an operator, its normal symbol O (a*,a) is by definition the function of a,a* that one
obtains by arranging in O the @' to the left and the @ to the right by using the commutation rules, and then
replacing the operators @', a by the complex numbers a*, a. Conversely, in O (a*, a) one may rearrange
the a* to the left and the a to the right without changing the expressions since we are dealing with c-
numbers. If one then replaces the complex numbers a*, a by operators @', @, one obtains an operator in
normal form that is equal to the starting point operator O(a a') after usmg the commutation relations.

This is not to be confused with the normal ordered operator : O(a, @') : which is the operator that
one gets when rearranging in O the @' to the left and the @ to the right without using the commutation
relations. In particular, the projector on the vacuum may be represented as

0)(0] =™ 1. (2.130)

It is enough to show that : =@ @ : In) = 69]0). This relation holds for n = 0. For n # 0, it also holds if one

shows that

e @ @hn = —@hm e a2, (2.131)
since then e=@'@ : |n) = [e_aTa : (ETIHO) + (%l Le=@'a . 0) = 0.
Forn =1,[%, _ ( ) ¢ al] = Y0,y ()" @ = Gf e . 1f @I31) holds for n — 10,
it follows that [: e=@'a (AT) } =@l =@ ;. @Hn= + [ e=@' ;. gf)@hHn-! = —(@hn : e=@'a . gt .
e @A (@l = @) e @ Gl e @hr ) — @) e @ = —(@h)n e

The kernel and the normal symbol of an operator are related by:
O(a*,a) = e *O"(a*, a). (2.132)

am aT )”

Indeed, O = 7, On &L (0)(0] 22 = 2, nm<r e L S O B eda

We thus have ON (a*,a) = 3, . Onm ([\Lﬁ) —a’ a“f = O(a*,a)e"* *on account of Z.123).

For an alternative proof of (Z.132), one first notes that it is enough to show this for operators O, ,, =
(@t)"a™ for which O,]:]m = (a*)"a™. To compute the kernel, one uses that (O ,|¢))(a*)
(a*)n(aa*)mw( ) _ 82* fd(;,,ja a*a—a a¢(a*) _ d(;wtfa(a*)namea*a—a*aw(a*). Since
(O nm|¢ d‘;ﬂ‘fo‘O m(a*,a)e= *(a*), it follows that O, ,(a*,a) = (a*)*a™e® ™ =
O . (a* ,oz)ea o,

In holomorphic representation, the trace is given by

TrO = Z n|Oln) = /da da ]a><a*\5]n)e’a*“ :/da C@O(&*,a)e’“*“. (2.133)

271 271
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2.5.3 Evolution operator

In this section, we start by using 4 = 1. We want to compute the kernel of the evolution operator in
holomorphic representation,

(a*;t'|a;t) = (a*|e_iﬁ(t1_t)|a) =Ul(a*,t';a,t). (2.134)
For t' — t = € infinitesimal,
(a*|1 — ieﬁ|a) = e —ieH(a*, a) = eV [l —ieh(a*, a)] = e ¢ ihl@" ) (2.135)

where H(a*, a) is the kernel of the Hamiltonian H while h(a*, a) is its normal symbol. In this case, a
finite interval is decomposed in N pieces:

Inserting

da*, dan_ da*da
/ CNATENTL v aan—1 gy @l T - / 120 cmaion g Y als ], (2.136)
271 271

at the appropriate places, one finds

" dar day, st
U(a*,t';a,t) = li k 2.137
(a*,tsa.t) = lim / H e, (2.137)
where
Sp = —ie[h(ay,an—1) + -+ h(a], a)] + ayan—1 + -+ ajag — ay_jan—1 — -+ — aja;. (2.138)
In the limit N — oo, this gives
a*(t)=a* da*(7T)da(T) .o
Ua*,t":a,t) = — L il 2.139
(a”.t'5a,1) /a@):a H e L @139

St la*,a] = /t dT[ ;Z(a @ — a*a) — h<a*,a)} + —(a*(#)a(t) + a* (t)a(t)) | (2.140)
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Indeed,when discretizing in the argument of the exponential all the terms besides the Hamiltonian, one finds

[(ax —ak_y)an—1+ -+ (a] —ag)ao — ay(ay —an—1) — - —aj(a1 — ap) + ajay + agao]

[N

=ayay_1+ - +ajag —ay_jan—1 —...a1a1. (2.141)

N.B.: The action to be used in the path integral is the one that has a true extremum when taking into account the
boundary conditions da*(¢') = 0 = da(t), and when the field equations hold:

¢ ., 1. on 1., 0h
/t dr(éa (—za—aa*)—l—&b(fa —%))

]

5%,

+L(5a%a)t — %[a*aa]z’ + %W(t/)a(ﬂ) +a*(#)5a(t)) + Sa* (H)a(t) + a* ()da(t)]

¢ ., 1. 0oh 1., oh
_ /th(éa (—5a—5.) +dal=a —%)).

2 7

For the forced harmonic oscillator, the quantum Hamiltonian is

~

H = w(@a+ 2) jtyat — j*(t)a, (2.142)

3y —j)a* - j*(ta. (2.143)

h(a*,a) = w(a*a+2

NB: a = 1 corresponds to using a symmetrical ordering during quantization, while o = 0 corresponds to
using the normal ordering.

To compute the path integral, since all discretized integrals are Gaussian, we admit the shortcut that
the result will be given by the value of the exponential at the extremum, without prefactor. We have

. 8h
0= iz = —i(wa — j), a(t) = a, (2.144)
a* = z% =i(wa* —j%), a*(t') = a*. (2.145)

N.B.: At the boundary, one gives a and a* independently. The solution to these equations is

a(t) = e g 4 2/ dr'j(r)e =), (2.146)

t

t/
a*(1) = e g* 4 Z/ dr'j*(r")e =), (2.147)

Substituting this solution in the classical action gives

t/
h’l U(a,*’ tI’ a7 t) (t — t)7 + a*eflw(t )a + Za,* / de< ) 7,L'w(tl77_)+

+ z'a/ drj*(7) e W=t _ / dT/ dr'j*(r “"(T*T/)H(T—T’)j(T’). (2.148)
t

Details of this lengthy computation follow. They show in particular that:

In the absence of sources and for the normal ordered theory o = 0, the contributions from the first
terms with time derivatives and the Hamiltonian cancel so that the whole result comes from the correct
boundary term.
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Factors of & can be restored as follows. In the first term of the Hamiltonian, there should be an &. This
amounts to changing w by hw. Furthermore, at the start of the computation, the Hamiltonian including
the sources in the evolution operator in (2.134)) should be divided by /. None of the kinetic terms coming
from holomorphic insertions of the completeness relation and the norm of coherent states carry an h. The
result of these two manipulations in the determination of the extremum in (2.144) amounts to dividing
J, 7% by h. This is what one has to do in the final result,

t .
In U(a*’ t/, a/)t) — _'l(t/ - t)Oé?CU + a*e—iw(t’—t)a + /LCL*/ d7]<h7_) e_iw(t/_,r)—f_
t

t! - t! t! - . /
+ ia/ dT‘LhT)e_iw(T_t) - / dT/ dT"LF:)e_W(T_T/)Q(T — 7")‘7(7- ) (2.149)
¢ t ¢

h



Forced harmonlc oscillator : on-shell action

U wpard) cma -2
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Soo- ffafl;f;fi(w& AN F au S
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2.6 Reduction formulas

2.6.1 S-matrix of forced harmonic oscillator

The S operator is given by

S= lim S.t), St t) =D T t)e ot (2.150)

The kernel of S(#', ) in holomorphic representation is

S(a*,t';a,t) = / da”da aff"df a*a*5*5<a*|eiﬁot/|a>U(a*,t’;B,t)(ﬁ*|e*iﬁ°t|a>. (2.151)

271 2m

Since (a*|e"ﬁ°t/|a) is a particular case of (2.148)) with j = 0 and ' — ¢t — —t, and similarily for
(8*|e~ ot q) with t' — t — t, one finds

da*do dB*d
S(a*,t';a,t):/ 024m04 gm_ﬂ e (2.152)

with

t t
A= —a‘a+ae“a+are 0B i / dre™=7)5(r) + z/ drj*(r)e =03
t
/ dT/ dr' i (T)0(r — 7)e @D (7)) — BB + fre . (2.153)

If u* = a*¢™ and u = e~ “'-93 4 f dre=™(t'=7) (1), the integral over a*« transforms the first 4
terms of the exponential into u*u. Hence, the argument of the exponential becomes

/

% ¢
a*emﬁ—i-ia*/ dTeinj(T)—f—i/ de*(T)e_i“’(T_t)ﬁ
t t
% ¥ '
_/ o / dr'j (0)0(r = 7)e “T(r) = 56 + e e, (2.154)
t t

* dwt

If v =e “getv* =a*e™ + ftt, drj*(1)e”™(=") the integral over 3*3 gives e’"? and one finds

’

¢ ¢
InS(a*,t';a,t) = a*a+ ia*/ dre™75(7) + ia/ drj*(r)e ™"
t ¢
¢ # ' /
- / dT/ dr'*(1)e“=g(r — 7)j()]. (2.155)
¢ ¢

It follows that the normal symbol is

/

¢ ¢
In SN (a*,t'; a,t) :ia*/ dre™Tj(7) +m/ drj*(r)el=%)
t ¢
¢ ¢ ’ /
—/ dT/ dT/j*(T)e*W(T*T)Q(T—T')j(T’). (2.156)
¢ ¢
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2.6.2 S-matrix of interacting scalar field

In Fourier transform, the scalar field with real external source j(x) is a superposition of decoupled har-
monic oscillators:

iy = /d3 57+ 5 0u00°D + sm* P — jdl, (2.157)
o 1 N GRZ TN w7 ~, 7
1) = [ V2B, 5 = T, 2.159)
- d3k zka:
o) = 3/2/\/7 + h.c.], (2.159)
2w(k
= / &k [w(k)a' (k)a(k) — j(kya' (k) — j* (k)a(k)). (2.160)
One thus finds for the normal symbol
+oo . PN~ — ~ — . 7 —
In SJ (a*, 4+00; a, —oo —z/ dr/d3 “OTi (1, k) + 57 (1 k)e P a(k)]

+00 +oo . . - , . .
—/ dT/ dT'/dSk 75 (r, k)e TN (- — Y 5(1' k). (2.161)
Defining
A3k -

bule) = 5 /\/Kk

with a(k) the initial condition in ¢ — —oco and a*(k) the final condition in ¢ — oo, the first 2 terms of
the exponential combine into

e 4 a*(k)e k), (2.162)

i / d*x das(7)j(2). (2.163)

The last term can be written as

1 7 7 oy
. d4l'/d4$//d3k _ fzw ) (t— t)e ik- (1 e*lk-z (2
/ BT (6= ) )R

_ _1 4 4,0 - ! 1 ik(z—a') oy ik(z'—x) (4!
_ 2/dx/da:j(:c)](:c)/d?’k—@ﬂ?)zw(lz) g — ) 4 MDY — 1)) (2.164)

When taking (1.29)) and (1.31) into account, one gets

L

In Sy (a*, 4+00;a, —00) = /d%qﬁas /d4 /d4x'j JAp(x —2")j(2"), (2.165)
or, equivalently,
it porteor 2ol
SN(a*, +00; a, —oc) = e I'@tas(®)i(@) 0 2.166
Note that 5
@7—()SN = (ias(y) + 1 / d*zAp(y, 2)j(x)) Sy (2.167)
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For the operator §0, one replaces ¢, by 5 and takes normal order:

~

G, = ¢l atedwit) , Zoli], (2.168)

Again, if there is an interaction I [¢], it is treated perturbatively in terms of the expression we have
just computed:

ill[l‘i} @ )=a" — da(k,7)da(k,T) s,
Ula*,t';a,t) =e 0] / 1T ARV 3 (2.169)
_ 1 211
a(t)=a iy
’LIl -~ (251 : oy . Z )
SN (a*, +00;a, —00) = 55! ISl S=e [‘5 b il dtad@ia) | ZO—H (2.170)
0

Remarks:

(i) Equation describes the generating functional for the S-matrix of an interacting theory, to
be computed perturbatively in the interaction, in the presence of an external source. Usually one is only
interested in S-matrix elements, computed to a given order, in the absence of a source. This is obtained
from the above by putting the source to zero at the end of the computation.

(ii) As we have briefly discussed in (2.96)), dividing by Z[0] instead of Z[0] removes the vacuum parts
of the diagrams for Green’s functions. In the same way, dividing SV (a*, +00; a, —o0) by S¥ (0, +00; 0, —00)
removes the vacuum diagrams that contribute to various S-matrix elements.

(iii) One may consider a generalization of the generating functional for the S-matrix in the presence of
the source, where the external states, contained in the Fourier coefficients of ¢(z) are off-the mass-shell,

.
-~ - . J [l 7 4x T Z ‘
GG g) = T i i )%‘ 2.171)

In particular, on the one hand, Z[j] = SN (05 7): the generating functional for Green’s function is obtained
when keeping the source, but setting the field to zero; it is the generating functional for the vacuum to
vacuum transition amplitudes (in the presence of the source). On the other hand, after having computed
to a given order in perturbation theory, S-matrix elements (m the form of its normal symbol) are obtained
by setting the source to zero and replacing ¢(z) by ¢us(2), SV = SV (¢us; 0).

2.6.3 S-matrix from Green’s functions

We now want to show that it is enough to compute Green’s functions. Indeed, there is a simple procedure
that allows one to pass from Green’s functions to S-matrix elements. It goes under the name of reduction
formulas. We follow [17]].

The normal symbol for the S-matrix is entirely determined by its Taylor coefficients,

B Z%/d”‘xl...d“xn%s(ml)...qbas(xn)SN(xl,...,xn), (2.172)
where
SV () = o 0 EN|

idp(xy)  idp(w,) 7

= T ) e e o

(2.173)
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But 5
_ 2y 0 _ inligsl . Zolj]
(=0, +m )Mj(mk)z[y] —e 0] J(x’“)zo[()]’ (2.174)
since
N ZO[]'} _(_ 2 4, ./ N ZO[j] . Zo[j]
(O +m >;5j(:ck) Zo[0] = (=0g, +m )/d r’ Ap(zy xh(I)ZO[O] _j(xk)Zo[O]' (2.175)
This then implies that
/d49:1 o d T Gas(1) - . Gas(Ty) (SN(azl, N
)
_ 2y 7 . 2y Y a1 _
(=00, +m*) s - (~Bay +m )Mj(%)]z[y]b()) 0. (2.176)

Indeed, in this expression, all additional terms that appear in the second term when subsequent derivatives
with respect to j act on the explicit j(zy) in vanish because the result is contracted with ¢, which

satisfies (—0, + m?*)¢qs(z) = 0. Note that in terms of Feynman rules, applying (—0,, + m?)- (ijxk) to

Z|j] amputates the external propagator at z;, of the Green’s function.

The reduction formulas can then be described as follows.

The normal symbol of the S-matrix is obtained by taking Green’s function of order n, amputating the
external propagators, multiplying instead by ¢4 at the external points, dividing by n! and summing over
n.

This procedure can also be summarized as follows [9, [1]:

d4z pas(x)(—O+m?2) — )
g = J P o @eemhEey 2l 2.177)
[0]
in the case vacuum diagrams have been removed, and with the understanding that (—O + m2)6]((sx) only
acts on external propagators.
We find for the kernel
)
—~ S d*z das(z)(— m2)— 1
S(a*, +00;a, —00) = (a*, +o0|S|a, —o0) = efd3k“*(k)“(k)ef Foaln 0 )53(““) % (2.178)
For the free theory, I1[¢] = 0 = 4, and the result reduces to
So(a*, +o0;a, —o0) = el dska*(g)a@), (2.179)
Since
(a*, +00| = (+o00; 0|/ ¢k a(F+oo)a” (k) (2.180)
la, —oc0) = el dsk“(E)a*(E’_w)\O; —00) (2.181)

and a(k,t) = 'd(lg)e*"“’(’;)t, [0,t) = eiw(E)t|O> for the free theory, one may check this result by evaluating
(a*, +00|a, —o0) on the one hand and e/ 2°*a”(K)a(k) on the other, for instance,

(0jo) = 1, (2.182)

) 0
<(ﬂ]§> = w W S()(a*, +OO; a, —OO)‘a*:():a = 63(5— ]5) (2183)

Decomposing S=1+ ZT\ the factor e/ @*ka” (K)a(k) corresponds to 1. The transition matrix 7' con-
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tributes as soon as there are particles interacting:

~ [ d*z ¢pas(z)(—O4+m?) —
(a*, +ooliT|a, —o0) = e 6j(x)

N
=

(2.184)

N
S

This gives

(+o00; O\Haqz,jtoo ’LTH (pj, —0)|0; —o0) =
J

0
5 fd4x¢>as<x><fu+m2>—5. Z[4)
|| || Ja) ZX) e =
ba* ! Z[O] o 00~

J

U/d4ylm o) 3/2 ”Lmz)(ﬁ)l;[/d \/T 21) 3/2 “ +m2)(ﬁ)
(+00; 0| T{TT, &(y:) TT, &) }|0; —o0) '

2.185
{(+00;0[0; —00) ( )
Since
al(pj, —00)|0; —00) = Z7a' (p;, in)|0; —c0), (2.186)
(++00; 0[a(q;, +00) = Z2 (+00; 0[d(gs, out), (2.187)
one finds
(+00; 0 [ [ @@, out) (iT) [ [ @' (55, in) |05 —00) =
i J
—1qY; e'Pitj i
d*y; ‘ —(— / O, +m*)(=
H/ ’ 2w(cﬁ)(27r)3/2Z5( H T 2w () (2w (=P /G
~+00; 0|T b i s 0; —o0
( I T{IL; o(vi) I1; &(z5)} >_ (2.188)
(+00; 0]0; —o0)

As said before, the effect of (—0,, + m?) is to amputate the external propagators of the Feynman
diagrams since (—0,, +m?*)Ap(z, z) = §*(2).
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2.7 Fermions

cf. [2], [0, [11], [16].

2.7.1 Grassmann variables

When canonically quantizing fermions, considerations of stability and the desire for a standard interpre-
tation of the energy-momentum tensor force one to quantize fermions using anticommutators instead of
commutators,

&l(x) = W/dfipula(ﬁ)ga(meipm_i_vla(ﬁ)gﬂa(ﬁ»)e@'p;p’

(). b7 (@) = h*8 (P~ ),
[@@) A" @]y = mSE-a),
W), o™ Wl = ((—y d3“5u+m)ﬁ) "A(x ),
p 3( ipx —ipT
Ax) = /2—])0(27r) (eP* — 7P, (2.189)

In order to use a path integral approach, one would like to represent the basic fermionic operators
[b bT]+ = 1 as analytic functions, similar to the path integral representation in holomorphic representation.
In order to do so, one needs unusual classical variables, called Grassmann variables.

Consider complex series in 2 variables 7, n* and declare

m"+n'n=0, n*=0, (n°)*=0. (2.190)
A general series has the form

fn.n") = fo+ fin+ fan" + famm™,  fi € C. (2.191)

More generally, one may consider n anticommuting variables n:
nn” +n"n* = 0. (2.192)

Parity |f| of a monomial f in n® is the number of anticommuting variables modulo 2. Differentiation is
defined by

otnp o1
f1 =0 — = 2.1
+(=) f@ a’  Pna % on 0 2.193)

otfg 0" f
on® _877

on monomials and extended by linearity

For 2 complex conjugated variables, &4 = 0 implies f = fo + fon*. These are “analytic” functions,
to be compared to the functions f(a*) of the holomorphic representation. The Fock space associated to a
fermionic oscillator [b, '], = 1 is defined by

If) = fol0) + £0]0), Bl0) =0, [1) =10'|0), (2.194)
bi[1) =0, (0[0) =1=(11), (flg) = fog0+ fion- (2.195)

One may represent this scalar product through an integral provided one defines

/ nn* —1—/d7777, /dnl—O—/dn 1, (2.196)
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and extends by linearity. Furthermore, dndn* = —dn*dn. The integral acts like differentiation,

/ dn*dnmn* = 1. (2.197)
For the function f(n*) = fo + fin*, let us define f*(n) = fi + f{nand
(flg) = / di*dn f*(n)g(n*)e " (2.198)
= / dn*dn(fs + fin)(go + gin*) (1 —n"n) (2.199)
= / dn*dn(—n"nfsgo +mm* fig1) = fog0 + fig1- (2.200)

If [) = e?'|0) = |0) — 7bT|0) and (5*| = (0]e”® = (0] — (0[bn*, it follows that b|n) = n|n), (n*[b =
m*In*, (n*|f) = f(n*) = fo+ fin®, (fIn) = f*(n) = f§ + fin. We thus have

(flg) = / dr*dne™" (F 0y (" |g). (2.201)
(B £) = (0](1 + 7" D)B (fol0) + £1DN)|0) = 0" fo = 0" F ("), (2.202)
(0 BlF) = {011+ BBUfol0) + FEDI0) = fr = g ) (2.203)

It follows that b acts by multiplication by n*, while b acts like differentiation with respect to n*.
The vacuum projector is given by

10)(0] =: e b .= 1 —bTh. (2.204)
Indeed,
10)(0](fol0) + £15M)[0) = fol0), (2.205)
(1= b'D)(fol0) + f£101)]0) = fol0). (2.206)

We have O = Zn,m:O,l |7) O (m|, (n*]0) = 1, (n*|1) = n*, (0|n) = 1, (1|n) = n. The kernel of O
in holomorphic representation is

O(n*,m) = (*Oln) = > (0" [7) On{mln) = > (1) O™ (2.207)
Furthermore,

(10| f) = / dg*dge 0", &) f(€9), (2.208)
(1°1010sn) = / de*dge S0, (1", €) 05 (€%, 7). (2.209)

The normal symbol is
ON(n*,n) = e~ ""0(n*, n). (2.210)

Indeed,
0= (6""10)0um (0™ =S 0" : e . 570, = 3 B0 V0 Oy, (2211)

which gives the result.

Up to a factor of 277 in the scalar product, all formulas look like those of the bosonic case. But if one
preforms a change of integration variables,

no\ _ §
(n* > —A(g*), (2.212)
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and considers the polynomial P(n,n*) = Q(&,£*) that one gets by substitution, the term in ££* comes
from Pponn* = Pro(AME + A2E%)(APE 4+ A22€*) and is given by Pio(det A)EE* = Q12£€*. This implies

/ dn*dnP(n,n*) = Py = (detA) Qo = (detA)™* / deFdeQ(&, €"). (2.213)
with
detA = |g((ZZ)) . (2.214)

For ordinary variables, it is the Jacobian of the change of variables that occurs,
/Hd:c’f(a:) = /dej
( J

but in the fermionic case, one sees that the rules for integration imply that it is now the inverse Jacobian
that occurs. L

The trace of fermionic operator like b or b vanishes. For the trace of a bosonic operator O, we now
find

f(x(y)), (2.215)

oz
Oy

10 = Y 0lOln) = [ dfdn 3l |Olmye ™ = [ a3 |Olnl = e
= /dn*dn O(n*, —n)e ™" = /dndn* O(n*,n)e”™. (2.216)

2.7.2 Evolution operator

By repeating the arguments of the bosonic case for the fermionic functional integral, one finds for the
kernel of the evolution operator:

n* () =n"* r e
U(n*7 t/7 777 t) - / DW*DU elSH [77 777]7 (2217)
n(t)=n
1

Sl = / dr 55 n =) = b )] + 5 (0" () + 7 (@(D). 2218)
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2.7.3 Exercises

2.7.3.1 Fermionic Gaussian integration

Show that
/ dem ... dgtet " Mmng" — 93 +/det M. (2.219)
Hint: A skew-symmetric matrix may be put into the form
0 mi
—m1 0
M = 0  mg (2.220)
%) 0
with M’ = OTMO etdet O = 1.
If
Z(n,n") = / [ [ dgaghe " Aneteemetniet (2.221)
k
show that
Z(n,n*) = det Ae"A D, (2.222)

Hint: perform the change of variables: £¥ = ¢’k 4+ (A=1)kly, ¢xk = ¢x/k 4 pr(A-1)Ik,

2.7.3.2 Fermionic Wick theorem

If
det A(g¥rgin | gringin) = / Hdg*idg"g*ilgh L Eringin o€ AGE (2.223)
show that
(e gy = Y (o) (AT (AT, (2.224)
oe{l,...,n}

where ¢(0) is the signature of the permutation.
Hint:

) ) ) ) aL aL aL (c)L
det A<§*“5J1 e é’*lngjn> - ann 877*]'1 T an’in 817*]'77, Z(n7 77*)|

I (2.225)

2.7.3.3 Path integral representation for the trace in holomorphic representation

Show that in the bosonic case, the trace of the evolution operator admits the path integral representation

(4

-~ da*(1)d —— et
Te U(1,t) = / HM ¢iShlatal  GPIg* g] = / dr[—,a*a—h(a*,a)] (2.226)
. m 0

and periodic boundary conditions on [0, — ]
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Hint: start from (2.138). The trace in the holomorphic introduces an additional integral over d“gﬁ‘i“" e~9N%_ Since there
are no ag, ay involved in the integrand, we are free to set aj = aj,an = ag. With this, all terms are reproduced by the
discretization of S%;.

Show that in the fermionic case,

t'—t
: L.
Tr U(t,t) /H dn* (1 Sl AP ) — / dr [—.n*n — h(n*,n) (2.227)
0 )
and anti-periodic boundary conditions on [0, ¢ — t].
Hint: In this case, the additional integral from the trace (Z.216) is dnodn’ e~ so that now one needs to set 7 = —7%,
NN = —To-

2.7.4 Fermionic propagator

For Dirac fermions,
Z(n, 1) = /D@Z’D@p ot [ d*z(=b(H utm)p+imtip) (2.228)

We then have A(z,y) = £(y*0; + m)d*(z,y) and thus

Ax) = ; (271r)4 / d*p(ir*p, + m)e™”, (2.229)
AV (a) = ? (2;4 / d%}%eiw = ?SF(,CL“) . (2.230)
Furthermore,
g Egg; o i dy A@)Sr @) (2231
o) ey g 20 | TR |y




2.8. FINITE TEMPERATURE RESULTS 81

2.8 Finite temperature results

The reference for the subsection on thermal correlation function is for instance this script here, equation
8.44 or the associated book [18]].

2.8.1 Harmonic oscillator: Partition function, thermal 2-point function

We already saw that Z(3) = Tr ePH = Ty U(t,t) with t' — t = —ih. It then follows from (Z.149) that

U(a*, a; —ihB) = e~ <5 ta"e e, (2.233)
Using formula (2.133) for the trace, this yields for the partition function
ahwpf da*da/ * * ,—hPBw ahwp 1
s (—a*a+a*e a) _ —
Z(B)=¢e =2 / 57 ¢ R p—o (2.234)

where the last equality follows from the redefinitions a = a/v/1 —e "« a* = a*/v/1—e ", In
particular, for & = 1, one finds

1

Z = —\ 2.235
(8) 2 sinh hﬁT“’ ( )

From (2.234)), it follows that the free energy is

_ __p—1 _O‘/hw 1 —hﬂw ~ %7 B>>hw
F=-p an(ﬁ)——2 +p " In(1— )N{ﬁ_llnhﬁw, B < hw (2.236)
the internal energy is
oln Z(p) « 1 ohe B> hw

_ — - ’ 2.237
b ap WGt am DR 8 < 2237

This means in particular that the internal energy is the ground state energy in low-temperature limit and
rises linearly with temperature in the high-temperature limit. The entropy is

_ 0 _ —hfw hfw hfwe™ " hBw > 1
S(8) = (1= fg5)mZ(5) = ~In(1 — ¢ )+eww_1~{ L nhbe hw <1 229
More generally, putting ' — ¢’ — ¢, ¢ — 0 and then using t' — ¢t = —ihf3, 7 = —i\, 7/ = —i) in

ET39), we get

h (\
1HU(G*,G;—ihﬂ)=—a25w+ae Bog 4 g / dAJ( e N

hs /
+a/ d>\] e / d)\/ X‘] -9y — x) 2 5 530
0

h

Taking the trace now gives

% ] . g —hBw
. JEAN) JN) (A=X") €
(1) = : d\ AN L LI ol ON— N — . 2.24
0 Z(5s) = Z(8:0)+ [ [ ay TR R 00—+ ) @24
For the harmonic oscillator,
Vg +iyoTp

2.241


http://www.tpi.uni-jena.de/qfphysics/homepage/wipf/lectures/pfad/pfad8.pdf
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while the source term in the path integral representation of the partition function (i.e., in the Euclidean
version of (2.139)) is the exponential of

Lo R
7—1/ dA[7*(N)a(N) + 7 (N)a™(N)]. (2.242)
0
It follows that, if j = %J r, With Jg real, this source term becomes
1 [
5 [ R0, (2.243)
0
while (2.240) can be written as
205 Tm) = Z2(5:0) + —— [ ax [ AN TeO)Tr(N)e =N (A — V) 1
nZ(f;Jr) =1In (ﬁ)Jr%o ; r(A)Jr(N)e [O(\ — )+1_€—_hﬁw]
hB hB coshw(|A — | — @)
=InZ(3;0) + — d)\/ AN Jr(N) Jr(N 2
nZ(3;0) 2 J, ; r(A)Jr(N) 2sinhh’37“
(2.244)
This implies that the thermal 2-point function is given by
1 = ) )
G(\0) = ——=Trg(\) q(0) e ?"|= | h InZ(f;J _
0 0) =| g T AN AO) 7 | = [ o 0 265 8) Lo
(2.245)

h coshw(X — )

_n 2
2w sinh hﬂTw

with A5 > A > 0.
Details on intermediate computations (with 7 = 1) follow:
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2.8.2 Thermal correlation functions

Thermal correlation functions
Thursday, September 26, 2019 6:59 PM
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2.8.3 Fermionic oscillator partition function

o~

The partition function of a fermionic harmonic oscillator with H= hw(b@ — §) is given by

Z[B] = e (1 + e~"8%). (2.246)
When «« = 1, this can be written as
Z[B] = 2 cosh h’% : (2.247)

This is trivial to show in the operator formalism in the basis |n) since one only needs to sum over n = 0 and
n = 1. From the path integral point of view, following the derivation of the bosonic result, we get

Ty e—BH — /dndn*em%ﬂ*e’mnﬂ*n =" /dndn*e*”"*(”e*hm). (2.248)

The result then follows from the basic Gaussian fermionic integral after the change of variables n =
n/V1+4e " p* = 57" /v/1+ e~"B, when taking into acount that it is the inverse Jacobian that has to be
used.

2.8.4 Massive scalar field

We follow [[19], sections 2.2 and 2.3. Note also that this reference contains an alternative derivation of
(2.251) based on an Euclidean path integral in position space in the Lagrangian formalism and involving
a sum over Matsubara frequencies.

A massive scalar field is a superposition of decoupled harmonic oscillators with frequencies w(/;) =

V2 +m2 If we consider the field in a box with periodic boundary conditions, the frequencies are
quantized k' = QLWTH; with n® € Z<¢ and L; the lengths of the different sides of the box. (cf. sections H and
[L.5.3).

We then find from the partition function of a single harmonic oscillator in (2.234)) (with & = 1) that
the partition function of a massive scalar field in d dimensions is given by

aw(k)B 1
Z(B) = T — 2.24
(8) 1;[(6 1— e*ﬁw(k)% (2.249)
For the free energy, defined through Z(3) = e #F(%) this gives
k .
F(B) = Z [O‘“’T() + B8 In(1— e—ﬂwUﬂ))]. (2.250)
k
In the limit of a large box we replace, as before, the sum by an integral,
F(8) d'k raw(k) (i
- In (1 — ¢ #0)]. 2.251
v /(%)d[2+5 n(l—e™™) (2.251)
In a low temperature expansion, one separates the piece at zero temperature (5 — co) from the rest.
It is given by
F(B) / %k ow(k)
— ) = . 2.252
(5 (2m)d 2 (2.252)

For d = 3, it is an ultraviolet (large \E |) divergent integral that is absent if one chooses normal ordering
(o = 0). For symmetric ordering (o = 1), it can be treated through dimensional regularization: according
to (2.99), (2.101)) and (2.102)), the result for d = 3 — 2¢ is

FO)
V

4, ,—2€ 2
_ 1 g Ly Zmprl
Jo=5®(m,3—2¢—3) = =5 [ +In L5

3
; : +Indr— 5+ + O(e)] . (2253)
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How to deal with such ultraviolet divergences in a systematic way in terms of renormalized parameters
will be discussed later.
The thermal part of the free energy density is convergent for d = 3 and given by

F _ d*k Bl
(—‘(/ﬁ))Tzﬁ 1/ 2 In (1 — e M) (2.254)
Doing the integral over the angles and setting k = %, y = mf3, we find
F 1 [~
(@)T = 6‘4272 / drz?In(1 — e VZH9%), (2.255)
0

) ] J1+2e
In a low temperature expansion, y >> 1, and using In(1 — ¢) = —e + O(€?), e~V e +y? — =Yg v

/ drz?In(l — e VZHY) = —/ dra?e V@ L O(e)
0

0

= —/ dww/w? — y2e” + O(e %)
Yy

=—e Y / dv(v + y)\/v2 + 2uye " + O(e ) (2.256)

0
—Vayter [ dwk(+ D1+ ke 4 0 )

0 Y 2y

3 3 1

= —\/ﬁyiefyr(? [1+ O(;)] +O0(e™),

where we have made the changes of variables w = /2% + y? and v = w — y. Using I'(2) = 1/7, we
finally have

1
Jr =04 (50) e Y1+ 0() + 0], (2.257)
2 Y
At low temperature, finite temperature effects in massive, (relativistic) scalar field theory are exponentially
suppressed.
At high temperature, y < 1, we find from (2.255) that, to lowest order,

EO) =0 =L [T aratma - e = g (2258)
=0)=— zeln(l —e ™) = -7 —. :

v TV on? J, 90

cf. (1.104) for the evaluation of the integral. Since y = 0 corresponds to the massless theory, it is not
surprising that the partition function for a single massless scalar field gives half the black body result.

2.8.5 Functional approach to massless scalar partition function in large volume
limit

The functional evaluation of partition functions [20] (see also e.g. [21}22] for earlier connected work, [23]]

for the inclusion of chemical potentials and [24]] for a review) starts from the Hamiltonian path integral

representation
dr(z%) _gm

Za(po) = [ TJaotar) [[ S50 e, (2259)

Tz
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where 7% = (2!, ..., 29*1) and the first order Euclidean action is

B
Skl 7] = /O de™! | /V Az (—in0a10) + (H —ip P})]. (2.260)

The sum is over periodic phase space paths of period 3 = Ly, in Euclidean time x¢*!
oz’ 2™+ B) = p(a’, ™), (a2t 2™+ B) = w(at 2. (2.261)

After integration over the momenta, this leads to
Zy(B, 7)) = (det[2m6H (2, )] *% / Hd¢> e St (2.262)

with
Srle] = % / A 2[(Dgs10 — 1 0;0)° + 9,007 9], (2.263)
Va1
where the integration is now over a (d + 1)-dimensional hyperrectangle in Euclidean space of volume
Vier = VB = HdJrl L,. Except for the replacement 0,41 — Og11 — i 8J, the operator in the action is
minus the Laplacian in d + 1 dimensions with periodic boundary conditions in all dimensions. Since the

eigenfunctions are V;eik“’”a with ki1 = 2””%, the eigenvalues are
d+1
2mng41 21N\ 2 2mn;\ 2
Mo = [( =S W) ()] 2.264
. 3 2]: W)t Z » (2.264)
In order to define the partition function, formally given by
A, -}
det(— )] 2.265
H [ et( 2m )| ( )
naezd-l—l Na

one introduces a parameter v of dimension inverse length and considers the dimensionless operators A,, =
—A, /27, The associated zeta function is defined by

S A emA). (2.266)

naezd+1

In these terms, the partition function is given by

, 1 1 1
In Zy(B, 1) = 5g;,#(()) = 5g’,AN(O) +3 In(2m1?)(_a, (0). (2.267)
Let us recover the canonical result of section [I.4.2] through the functional approach. In this case, in
the absence of chemical potentials, p/ = 0, Ay = —% we again turn the sums over the n; into integrals,
2 .
Cag(s) = (2m1?) de + k], (2.268)
ng+1 GZ

From the Euclidean spacetime point of view, there is thus only one small dimension 29! of length £3.
After performing the integrals over the angles in hyperspherical coordinates, we have

_ 2\s VdQW% > d-1 2411 o 21—s
Cag(s) = (2m2) e /0 dk kY [(—B )2+ k2 (2.269)

Nd4+1 €7
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The divergent integral contained in the term at n4,1 = 0 is regulated through an infrared cut-off e,

/OO dk k97172 = e Re(s) > d (2.270)
. d—2s’ 2 '

This expression and its derivative with respect to s both vanish at s = 0 in the limit when ¢ — 0 and
can thus be discarded. In the remaining terms, the integrals converge for Re(s) > g. After the change of
variables, k = %’ry, we are left with

V2n:  2r

Cap(s) = (2mv )Sm(

B )d_%/ dy yd_l Z/ [(”d+1)2 + ?JQ]_S' (2.271)
0

Nq4+1€%L

The additional change of variables y = ng4; sinh x together with

oS : hd—l 1T d T'(s — d
/ dww = _M7 (2.272)
0 cosh® H(z) 2 I'(s)
then yields
V2rs 2w, o T(s — 2)¢(2s — d)
— (2712)° 20 yd-2s 2 2.273
Canls) = (2 5 () e 2.273)
which can be written more compactly as
vV, £(2s —d)
= A : 2.274
CA0<S) Bd_gs F(S) ( )
Since 15 = s + O(s?), it follows that (4,(0) = 0 and
v
In Zy(8) = 5(—d)5—;l. (2.275)
When using the reflection formula
_z z z—1 1 — Z
T 2F(§)C(z) =7z ['( (1 —2) <= &(2) =&(1—2). (2.276)
at z = —d, this agrees with the result derived by canonical methods in section|1.4.2

2.8.6 Exercises
2.8.6.1 Thermal 2-point function in the operator formalism

Derive directly equation (2.243)) in the operator formalism.
(Solution: [19]], Chapter 1, appendix A, page 9.)



Chapter 3

Symmetries and Ward identities

cf. [12].

3.1 Finite transformations

3.1.1 General case

Let us consider transformations that can involve both a change of spacetime coordinates and a redefinition
of the fields,

't = ' (x)
{ ¢ (a") = F'l¢(z)]. 3.1)

3.1.2 Examples: Poincaré transformations and dilatations

For instance, for Poincaré transformations, we consider
o* = A", 2¥ + a
{ O (a') = L7V (M) (x),
with L*;(A) a matrix representation of the Lorentz group. This means that if ¢ = (A, a) denotes an
element of the Poincaré group, with group law and inverse given by

9192 = (Mg, Aias +a1), ¢ ' = (A", —Aa), (3.3)

(3.2)

then a Poincaré transformation at z acts on the fields as a linear transformation of the fields at ¢~ 'z =

A~1(z — a) through
god'(x) =L " (A)¢’ (g7 x) with L(A;)L(As) = L(ALAy). (3.4)
These transformations form a (reducible) representation of the Poincaré group:
g10(g20¢'(2)) = g1 o (L7 (A2)¢ (g5 ') =
= L7 (A) L™V (M)0" (95 ' 91 ') = (9192) 0 ¢ (). (3.5)

In particular, for a scalar, vector or spinor field, we have

¢'(a) = o(z), (3.6)
A(a') = AJSA(2), (3.7)
V() = STHA)U(a). (3.8)

93
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Another example of a transformation that we are interested in is a spacetime dilatation,
=X, ¢(2)) = A\R0¢ (), (3.9)

with A(;) the canonical dimension of the field (and parenthesis meaning that the summation convention is
suspended).

3.2 Finite symmetries

3.2.1 General case

Consider then an action of the type

mn % d¢'
Ste) = [ da £la. o, 55). 3.10)
A transformation is a symmetry if the action is invariant,
S[e'] = Slel. 3.11)

We have

i) = [ 0 L6 @), 5o @) = [ @5 L0 ), o (61 =

= [l S 1e( @), F o). g 5 F).

The symmetry condition is satisfied if E]

9z’ / i ¥ 9 i i 0 i

(@), FIo(0), o o Fil0(a)]) = £(2, 6, 5 ) (3.12)
3.2.2 Examples: Poincaré transformations and dilatations
For instance, for Poincaré transformations with A € Lt , we have \%—g| = 1. It follows in particular that

spacetime translations are symmetries of the action if the Lagrangian does not depend explicitly on x*.
The standard Lagrangians

1 1
L= —50,00"0 — sm*¢* — S, (3.13)
L = —p("0,+m), (3.14)
L = _EF’WFW’ (3.15)

do not depend explicitly on time. They are also Lorentz and thus Poincaré invariant since S(A)y*S™H(A) =
A 47, BS(A)TB = S7HA) and ATnA = .

For a dilatation, |%_;g| = A\". An Lagrangian that does not depend explicitly on x* is invariant under
a dilatation if all terms have dimension n. Since % aiy = )‘_la%u’ the canonical dimension of a
derivative is 1. If m = 0, the kinetic term of the scalar field Lagrangian is invariant if A, = "T_Q(:
1 for n = 4). In 4 dimensions, the ¢* interaction preserves invariance, while for n = 6, the Lagrangian is
invariant for a ¢* interaction.

The Dirac Lagrangian is invariant if ;o = 0 and Ay, = 251 (= 3 for n = 4), while the electromagnetic

Lagrangian is invariant for Ay, = 252(=1for n = 4).

'Note that one could also admit that the transformed and the old Lagrangian be equal only up to a total derivative. Unlike
for the Galilean boosts in classical mechanics, we will however not need this more general condition here in the discussion of
Poincaré and dilatation invariance.
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3.3 Infinitesimal transformations

3.3.1 General case

For infinitesimal transformations, we have

" =+ eg(z),
{ ¢"(x) = ¢'(x) + efi(x) (3.16)

which gives

50 () = ¢ () — ¢'(z) = e(fi(x) — 10,0 (7)), (3.17)
0.0,¢0" = 0,0.0" (3.18)
The theory is said to be invariant under infinitesimal transformations if
0.5 = 0. (3.19)
When the fields decrease sufficiently fast at infinity, this is equivalent to the requirement that
0L = O,k |, (3.20)

for some k*. More generally, we will take this as the condition which J.¢ has to satisfy in order to define
an (infinitesimal) symmetry.

Let us now show that the infinitesimal transformations associated to finite symmetries define an in-
finitesimal symmetry. If the finite symmetry depends continuously on parameters 6,

¥ =X(z,0), X(z,0)=uz, (3.21)

¢"(a") = F'lp(), 0] F'[p(x),0] = ¢'(w), (3.22)

and €* denotes an infinitesimal variation of 6 at 8 = 0, the infinitesimal transformations associated to a
finite transformation are given by

oxH LOF

el =€ 90e ’0:07 €fi =¢€ 907 |9:0, (3.23)
i o, OF° oxXH i
56¢ =€ (89a |9:0 - 7 |9:06M¢ ) (3'24)
Since
pa L, 9, XM
oxrv 61/ + oV (GW Da (325)
the LHS of (3.12)) can be written as
oXH X OF , .o O , XV OF

Invariance of the action for finite transformation in the form of (3.12)) then implies in particular that the
terms linear in € in the above expression vanish.

More explicitly, this becomes

oX*+ oX* oL OF OL OF oxXv oL
8”(789 DL+ (WD@ + %|57qb + (8H%‘ - 8HW |8u¢)m =0.

When integrating the first term by parts, this gives

oxXH oxXH oc oc OF 0L oF oxXv oL
(o 1L) = o (0o + 0400 —) + —r |5 + (Oums | — Ou—mp [0v0) 57— = 0.

Regrouping the various terms, we have shown:

Under the associated infinitesimal transformation, the Lagrangian is invariant up to a total derivative,

oL oL oXH
5505% + %(5605)@ = —0u(e551£). (3.27)
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Note that the total derivative is determined by the transformations of the spacetime coordinates as k" =
oxX"
50 |L.

—€

3.3.2 Examples: Infinitesimal Poincaré transformations and dilatations

For an infinitesimal translation for instance, a* = €*, the associated field variation is simply
5cp' = —€"d,0". (3.28)

For an infinitesimal Lorentz transformation, A*, = §/+w", withw,,, = —w,,, and L i(A) = 5§+%wWL“”
where L*” is a matrix representation of the Lie algebra associated to the Lorentz group, we have 2/* =
2® + w®, 2" and thus €§* = fw,, (n**a” — ), which gives

1

00’ = —gwu (L@ + (20" — 2"")¢"). (3.29)
These definitions imply that the fields form a representation of the Poincaré algebra,
[5(w1,e1)7 5(&)2,62)]¢i = 5([w1,w2],w152—w261)¢i~ (330)
For an infinitesimal dilatation A = 1 4 «, one gets
0a¢' (2) = —a(z"0, + Au)d'. (3.31)

3.4 Noether theorem

3.4.1 General case

The first Noether theorem can be obtained from the previous equation, or more generally from (3.20) by
an integrations by parts of the second term on the LHS that makes appear the Euler-Lagrange equations
of motions,

6L .
Je = ke — 8§f¢i 0ed'|. (3.33)

This means that the current j# is conserved when the equations of motion are satisfied, which is sometimes
denoted by

0,5 ~ 0. (3.34)

As an alternative to the algebraic approach followed above, this result is often presented as follows: invariance of
the action implies that the variation 6.5 = S[¢'] — S[¢] vanishes if € is a constant parameter. If we now make the
parameter “local”, i.e., we consider instead a parameter that depends on the spacetime point, ¢ = ¢(x), one finds
instead that

5.5 = — / A" 10, e(x) = / "z 0,5 e(x). (335)

The second follows from an integrations by parts and the assumption that €(z) is choosen so as to vanish at the
boundary of spacetime. Since an arbitrary variation of the fields fixed at the end points leaves the action invariant
at an extremum, i.e., for a solution to the Euler-Lagrange field equations, the LHS vanishes on solutions, and,
since this needs to be true for arbitrary e(x) in the inside, we recover (3.34).

For all solutions ¢y, the Noether charge

QL] = /Z &z 0

s> (3.36)
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is time-independent whenever the spatial components 5’ vanish at the boundary.
Indeed,

dQ y y
—[¢s] = —/ d*z 9,5, =/ doijels, = 0.
dt 5 ox

3.4.2 Examples: Noether currents for Poincaré transformations and dilatations

For a translation, we find from (3.28)) that

. 0L
JT! v i v
gt =—e'L+€0,¢ 90,5 e,T", (3.37)
™ — _r iP5 s (3.38)
90,0 . .
The associated charges
PY = / Pz T, (3.39)
form the energy-momentum of the field theory.
For Lorentz transformations, we find instead that
o lw [(Luui,¢j 4 (1:”8“ _ xuau)¢i) oL _( Ol avxu)c] (3.40)
Jw 2 224 J 3aa¢i n n :
1 vi i 0L av « v
= | L i o + T =T | (3.41)
Finally, for dilatations, the Nother current is
” oL v i "
g (55 5 (@0 + D)o —x L) (3.42)
n
oL i v

One may show that the Noether charges associated to Poincaré transformations and evaluated on
solutions,

1
Quie = —€uP" + S0 ™, (3.44)
with Sw,, J* = [ d*z j form a representation of the Poincaré algebra,

[le,qu ng,ez} = 6w1,61Qw2,62 - Q([wl,wg],w162—w261)' (345)
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A general proof, along the lines of the result in the Hamiltonian formalism, goes as follows.

Let 6,¢" = Q', be linearly independent infinitesimal field transformations. If these infinitesimal transformations
define symmetries, then so does the commutator dj, ¢ = [0a, 0]¢" = 6,Q} — 6, Q% because [0q,8|L =
Oy k‘ffl ] with kf; b= daki’ — 0pk. Since the commutator satisfies the Jacobi identity, it follows that infinitesimal
symmetries form a Lie algebra. Note also that the Noether current associated to the commutator is j[’; b =

oL .
Oa,p) P

o po_ =
ok} — 0okt = 55

5L
3¢

When acting with a symmetry J._ ¢ on the definition of the Noether current associated to another symmetry 6, ¢°,
one finds

St ® 57 = Ouilh (3.46)

oL
(Qb)5¢1 + Qb (5¢1 ) = a,u((sajll:)a (3'47)

If £ and @, depend at most on first order derivatives, one can show by direct computation that

5 oL B 5(0,L)  0QI §L oQi oL
a@ Yy - i @ + “(38,1#5753)'

The first term on the RHS vanishes because d,¢° is a symmetry and Euler-Lagrange derivatives annihilate total
divergences. When subsituting into (3.47) and integrating by parts in the last term we get

oL OK) oL
Sa¥ 5 = OuGudt = Kigp i 54 ) (3.48)

Substracting from (3.46) and using a (suitably adapted) version of the Poincaré lemma, one finds

OKI L

o (mv]
(Sajb _j[ab Kbaa ¢z 5¢J a kab ) (349)
with k([f b” = —kgfét]. For the Noether charge, the last two terms are irrelevant,
Qla.b) = 0a Qs (3.50)

because the first term vanishes on solutions of the Euler-Lagrange equations of motion, while the second term
vanishes when using Stokes’ theorem and the assumptions that the fields vanish at the boundary.

A sub-Lie algebra of the Lie algebra of symmetries forms a realization of a Lie algebra with generators e, and
structure constants f&, with [eq, €5] = f¢,e., if there exists a basis such that [d,, dp]¢" = fC,0.¢". What we have
shown is that the associated Noether charges, if there is no contribution from boundary terms, satisfy

0aQp = [ Qe (3.51)

NB: This holds if the (algebraic) Poincaré lemma can be used and boundary terms can be neglected. If d = dz*0,,
has non trivial cohomology, such as the constants in classical mechanics, this relation might be violated.
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3.5 Ward identities

3.5.1 Finite transformations
We have

21 = / D e Slo1+1a0%)

1

= Z(%)kﬂ/d%ljﬁ(zl)---/ddkaik(:Bk)(jLoo,0|T{$“(351)...&’“(xk)}m, —00)3.52)

Invariance of the action implies that, under the transformations ¢"(z') = ¢'(z), the action is invariant,
S[¢'] = S[¢]. If we assume in addition that the measure is invariant, D¢’ = D¢, that is to say that the
Jacobian is the identity, we get

(00, 0|T{g" (a}) . .. 6™ (},)}|0, —00) = (00, O|T{F" [p(w1)] ... F™ [(wa)]}|0, —00) | (3.53)

Indeed,
21 = / Dl e (S84 ae 1i(@)8" @) (3.54)
_ /ch A (SI6+[ da’ 1,16 (@) (3.55)
_ / Db ek S8+ d'a! @) P o) (3.56)

The result follows by differentiating (3.52) and thus last expression with respect to .J;, (z}.).

In particular, for theories that are invariant under translations, Lorentz transformations or dilatations,
this gives,

(+00,0|T [ [ 6 (xx + )]0, —00) = (++00, 0T T [ &™ ()10, —00), (3.57)
k k
(+00, 0|7 T &™ (Aw)]0, —00) = (00, 0T T] L7, (A) ¢ (21,)]0, —00), (3.58)
k k
(+00, 0T T] &™ (Aa)[0, —00) = A~ Zx 260 (400, 0T T [ 6™ (2,)]0, —o0). (3.59)
k k

For dilatations, we will see later that the absorption of divergences leads to corrections of order A to this
relation (that has been derived formally under the additional assumption of invariance of the measure).

3.5.2 Infinitesimal transformations

For an infinitesimal transformation, since ¢ is a dummy integration variable in the path integral, we have
Z[J] = /D(gb + 6¢) of (Slot+30l+Ja(¢" +564)) _
= /m (1+ %(55 + JpdgB))enSH1aeh) (3 60)
Again, if the measure is invariant, the terms linear in d¢ have to vanish,

/ Do (65 + JpdgP)enEle+7a0h) — ¢ (3.61)
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If §¢'(z) = K'[¢] is a symmetry,
d P
dz Ji(x) K22 Z10) = o. (3.62)
1 0J
Furthermore, if Ki[¢/(z)] = Ki¢/(z) + K9,¢’(x) + ... is linear, multiple derivations with respect to

Ji(x) give
> (400,01 T{6™ (1) ... K¥[& (wp)] - . . 6" (@) }|0, —00) (3.63)
k=1
3.5.3 Schwinger-Dyson equations
Invariance of the path integral under translations implies that
0= [ Do et e = [ D (5 4 g o (3.64)
In turn, this gives the equations of motion satisfied by the Green’s functions
8S h§
(s = 251+ J) Z17] = 0. (3.65)
For the scalar field for instance,
o ) ovy h ¢
[/d ¥ D) 555 + 59 L= 53] — J(@)] 2101 =0 (3.66)
3.5.4 Local version
The quantum analog of the Noether relation 9,5 = K i9 5 ¢Z is
(S[6]+7a0") _ i 05 i(Slol+7Tad™) _
o [ Do ) = [ Do Kyl ()] ey e () =
b0 a))er S aeh (3.67)

= [ Do K@ 5t -

Assuming that §(0) = 0 and that the path integral is translation invariant, the first term vanishes, and one

J (3.68)

finds

b F(S[Bl+Taet) — 7 il _ 9
| po ke @) K[ 51 210)
Derivation with respect to the sources yields

m

aﬂ<+oo,0|T{]K H ()10, —o0) =
Z (& — @) (+00, 0| T{d" (1) ... KI¥[¢ (24)] . . . 6" (2,) }|0, —00). (3.69)

Dr‘

1
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In the same manner, for insertions of Noether currents, one finds

0 ~ - i
o (400, 0T (Gt () [ [ G (i) }0, —o00) =
k=1

h & oo
= — ;5(1‘ — 1) (400, oyTl}_[lj[a’jb](kao, —o0). (3.70)

in the case where (3.49) simplifies to d,j; = jf, 4-

These derivations are based on the assumptions that the measure is invariant and/or that that 6(0) = 0.
In the renormalized theory that we are going to construct later on, this is not always justified. The above
Ward identities are then only valid to lowest order in /. In other words, there may be quantum corrections
of higher order in & to the above relations.
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Chapter 4

Functional methods

This chapter is based on [25], [9], [10], [16], [26], [27], [28].

4.1 Generating functional for connected Green’s functions

4.1.1 Normalized generating functional and logarithm

The generating function for Green’s function may be written as
Z[J] = /D¢ 6%(5[¢]+JA¢A)’ (4.1)

while the generating functional for normalized Green’s functions is

% = Z%JAl...JAk<¢A1...¢Ak>, (4.2)
L

i oay (00, 0T T, 6410, —o0)

(oM. M) = Er R — (4.3)

We have already seen that this corresponds to summing over Feynman diagrams without vacuum parts.
In the following, it will be useful to consider Green’s functions in the presence of the external source,

AL AT Ry, "
(o ... o) —Z[J]<i>5JA1 5JAkZ[J]' (4.4)
Let
_ 2] ZUL _ i _
WlJ] = z ln(Z[O]) = 700 = e ,  WI[0] =0. (4.5)
For an arbitrary polynomial X [¢], one has
~ ow  hs
(X[ = X[57 + 75711 (4.6)
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~ 8Z[J 1%
A 1 J _ 1 i _ ) . . . .
Indeed, (¢***) 707§ T, ST T, Suppose this relation is true for a monomial of order m,

|=

S 1 h 5 1 6mZlJ)
A1 1A Ai\J _ Toym+1 7
(ohrtotn 00 = e O s Y s e
1 & 1) oW h 0 144 h o
— - (Zz - - 1
7 07n o PG e ) G Tisn )Y
ow ) 14 h o
=G Taen )G, st B
In particular,
~ ~ ow h 9 ~ ~
Amt1 ArnJd i A, A\ J
(pfhmrr . o) (6JA iéJAmHW gt (4.7)

m+1

4.1.2 Connected Green’s functions

Connected Green’s functions in the presence of sources are defined recursively through the relation

@l =@y = Y (TT6M 6! dork < m)),

partitions {1...k}

together with (¢41)7 = (¢1)7. In particular, this implies for instance that

(@1 = (Ghd) — (GG

As a consequence of the correspondance between the analytic expression and Feynman diagrames,

(4.8)

4.9)

it fol-

lows that connected Green’s fonctions only involve the summation over connected Feynman diagrams.

explain this better

Proposition 1. %W[J | is the generating functional for connected Green’s functions.

~ ~ R, s"™(LWI[J]) i ho 1 ~ ~
Ay Am\J _ ("\m R G :E Nk Ay A
TALNJ TALNT oW ] . .
Indeed, (¢“1): = (p1)’ = ST Suppose the relation true for a monomial of order m. When using (.7),
Ay

oW h o

@rmaghn G = (T N Y
St ICARICR RSP OO | CESCARE)
m k
m+1 k
= & ij W[ZQA v ijﬂ oz (H (’Z)k—lw, k< m)
* 5ij (H (?)k_lfsJA?f.V[./.[i]fAik ) m) * 5221 (ibm_l(sjjj.w.[i]uh

™ part {1...k}

m+1
= (E)mM + Z (H <¢?A"'I $Ak>;’ pour k < m + 1) ,

i’ 0J ..0d
Am+1 A partitions {1...k}

where the recursion assumption has been used at the beginning and at the end.

(4.10)
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§ W]

5T ... 00n,

m+41

the fact that in order to go from the the sum of all partitions of m objects to the partitions of m + 1 objects, the
objectm + 1

When comparing with the definition, we thus find (2)™ = (¢A>Am+1 oM )7 . The last line uses

* can either be a singleton multliplying all already existing partitions,

* or can enter in the already existing partitions.

For instance, partitions of 3 objects are given by 1 2 3, (12) 3, (13) 2, (23) 1, (123). To go to the partitions
of 4 objects, the singleton 4 may multiply all partitions of 3 objects, (which corresponds to the last two
terms (line before last) of the above equation, 1 2 3 4, (12) 34, (13) 24, (23) 1 4, (123) 4 or 4 may enter
in all existing partitions, (14) 2 3, 1 (24) 3, 1 2 (34), (124) 3, (12) (34), (134) 2, (13) (24), (234) 1,
(23) (14), (1234), which gives indeed all partitions of 4 objects.

Once proposition 1 is proved, it follows that equation allows one to explicitly work out the
decomposition of any Green’s function in terms of connected Green’s functions.

4.1.3 Classical field and invertibility

We introduce the notation 5L
~ w
o5 = (") = S7r- 4.11)

One assumes that this relation can be inverted to give .J4 as a function of ¢4,

stw
§JA

VoA 3! J9 such that ¢* = (4.12)

J=J¢

The field ¢*, which is a source replacing .J 4 in the Legendre transform to be discussed next, is sometimes

called the “classical field”. Inversion is possible perturbatively in J4, if (;LTVAV = <$A>0 = 0 and if
§L2 .. . =
57BsJA . 1s invertible.
Indeed, in this case
N 5L2W )
3 =Jb 575574 0+O(J) (4.13)

and one may invert such a series perturbatively for which the first term if the matrix multiplying the linear term is
invertible.

In particular, under these assumptions,
Ji=0 < ¢4 =0. (4.14)

In the following, we assume that <qA5A)O = 0. Note that this relation holds in the free theory, <O\T$A|O> =0
since the creation operators annihilate the vacuum on the left and destruction operators annihilate the
vacuum on the right.
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4.2 Effective action

4.2.1 Legendre transform

The effective action is defined as the Legendre transform of W [J] with respect to .J,

SLW
0" = S = a= Jh,  Tlol = (W[J] = Jag™)| .. (4.15)
This implies
SUT MW 0Ny
o¢% — 0Jp |, 09 5o
The name effective action is justified because the equations of motion of the classical action with sources

P —JG = —J5. (4.16)

R
S + Ja¢™ are very similar, ((;Ti = —.J 4. The sign factor (—)M /I8! is only relevant if there are fermionic
L R
fields, for which | A| = 1. For bosonic fields, |A| = 0. When taking into account that 5¢A(;7§ = %(5(#‘,
L R
it follows that (;75 = (—)IF \+|A|)\AI‘;7§’ with |F| the parity of the (homogeneous) function F. In the
following, we often omit the bar around A or F' in the sign factors.
The expansion in terms of classical fields of I'[¢] is
| - " 1
Pl¢] = 30" Tane™ + (el Tlo)=) o™ ... ¢"Ta _a0™. (4.17)
k=3
Indeed, the constant and linear terms are absent because of 1W[0] = 0 and of (4.14).
We also have
sb SR _ 52w L ATE b
v 0 oL " 1_ — _ (A ALBNJ
FAB - SpB 5¢A ’ (FAB) - 5Ja0Jp e h<¢ ¢ >c ) (418)
WA ho _16"
(X3 = X[o - T T (@.19)
L 5L¢B 5L . (;RF[Qb] sL ¢ 5L (5RF[¢]
Indeed, m L = 6J,: MW. Starting from Jﬁ = — 564 , one finds 5¢1§4 = —Mﬁ 5o and
(@.18) is a consequence of
kel | oMIY L, st W ot 6Tl
6JC e (5¢)B —50, 6JB(SJC e —Mﬁ (S(bA )—60 (420)
When expressing {@.6)) in terms of classical fields, one finds
TNJ? nh ﬁ
(X[gh)™ =Xlo+ - 55 J¢]1- (4.21)

When using the expression of the derivative with respect to J in terms of a derivative with respect to ¢, one gets

1Y),

4.2.2 Connected diagrams and topological relations

Definitions:

* An amputated diagram is a diagram from which one has removed the external propagators (both in
the diagram and in the corresponding analytic expression).
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* A one-particle-irreducible diagram (1PI) is an amputated diagram that remains connected if one
cuts an internal line.

A tree diagram is a diagram without loops.

The order of a diagram is the number of external points.

* A proper vertex of order n, > 4,...4,, corresponds to the sum over all 1PI diagrams of order n.
Note that there may be poprer vertices of order n (e.g. n = 2) without having vertices of order n in the
Lagrangian.

As a consequence of these definitions, it follows that

Every connected diagram may be decomposed into a tree diagram in which propagators connect
1PI diagrams.

Indeed, if one cuts an internal line, either the diagram becomes disconnected, and one has cut a propagator, or
the diagram remains connected and one has cut in a 1PI diagram. The figure provides an example of a connected
diagram in %qﬁ‘* theory, and gives its decomposition into a connected tree diagram, relating the associated 1PI

diagrams, 2 of orders 2 and 1 of order 4.
/

-

When summing these relation (and re-organizing the sum), one finds

>~ (connected diagrams) = »_ (connected tree diagrams) with (vertices of order n > 2
replaced by (proper vertex of order n > 2).

A connected diagram with L loops, V' vertices and [ internal lines satisfies
L=1-V+1, (4.22)

or, if there are C' connected components,

ZL:ZI—ZVJrC. (4.23)

Indeed, for a diagram with 1 vertex, V =1, L = 0, I = 0, C' = 1, and the relation holds. If one adds V' — 1
vertices with just enough internal lines to keep the diagram connected, I =V — 1, C' = 1, L = 0, and the relation
still holds. In the case of the figure, V =5, I = 4.

Every additional line gives a loop. For C' connected components, one just sums the result for each connected
component.

For a connected Feynman diagram, the expansion in A is related to an expansion in the number of
loops. Indeed, a propagator brings % and a vertex brings ;. For a fixed number of external lines E, we
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thus have
order in 7 of diagram = AEH =V = pF-1+L (4.24)
If there are NV, vertices of type 4 that involve n; fields, and if there are £ external lines, we have
2I+E =Y Nmn, (4.25)

Indeed, an external lines is attached to only one leg of a vertex, while an internal lines is attached to 2 legs of the
same or of different vertices.

4.2.3 Complete propagator and proper vertex of order 2

Combining the previous two relations for a connected diagram by eliminating the number / of internal
lines and using that ) °. N, =V, we get

E—2=) Nin;—2)-2L. (4.26)
As a consequence, the sum over connected tree diagrams (L = 0) with 2 external legs (£ = 2) can
only contain the proper vertex of order 2 (n; = 2) when there are no proper vertices with n; = 1 in the

theory. The latter holds because we assume (¢*)° = 0.

Denoting the 2-function
~p h&*W|[J]
ATB\O _ "

O = T 5T

O

O
O s 2 = & Yo

| /=0, (4.27)

and the proper vertex of order 2 by

so that
TATB\0 __ E’ D—l AB E’ D—l AClE E’ D—l C9B 4.28
<¢¢>(c)_z~( ) +i( ) clczl.( ) (4.28)
+ E(D—I)ACHE E(D—l)CQC:;E E(D—I)CL;B +
7: C1Cs 7/ C3Cy Z .

K A 1
_ ;(pfl)f‘cl (551 — 20102;(7)*1)023> , (4.29)
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by summing the (matrix) geometric series 1 + X + X2 + -+ = 1. Inverting @I8) for J4 = 0 = ¢*,
we have

h
Pap = —Dap + - 2ap. (4.30)

The second derivative of the effective action in ¢ = 0 is thus equal to the second derivative of the
classical action in ¢ = 0 plus % times the proper vertex of order 2.

As a corollary of the expression of the complete propagator in terms of a sum of tree diagram involving
the proper vertex of order 2, and the decomposition of the sum over connected diagrams in terms of tree
graphs, we then have:

>~ (connected diagrams) = ) (connected tree diagrams) with (propagators replaced by
complete propagators) and (vertices of order n > 3 replaced by (proper vertex of order
n = 3).

4.2.4 Semi-classical expansion of the effective action

We now use the path integral representation for Green’s functions and we expand around the classical
solution in the presence of a source. The expansion parameter is now A, and thus the number of loops,
instead of an expansion in terms of the coupling constant. We have

eIl :N—I/Dqseé“[@”m“, N = /Dqseésw 4.31)

. . . .. . . 05
Denoting by ¢4/ the unique classical solution in the presence of a source, i.€., the solution to vy +J4 =
0.

If the classical action is of the type S[¢] = —2¢*Dap¢” — V[¢] where the potential V[¢] starts at cubic order
in ¢, this solution is indeed unique perturbatively in J. Let us for instance take a scalar field with V[¢] = %qﬁ.
In this case, ¢ () is determined by [ d"D(z,y)d(y) + $¢*(x) = J(z). The quadratic part D(x, y) is invertible
because of the ie terms, and one finds

o(z) = /d"yD‘l(m,y)J(y) —/d”yD‘l(x,y)gch(y)
— [y e - [ @ e[ [ i) - [ e gee)
= /d”yD_l(x,y)J(y) —/d"a:D_l(x,y)%</d"zD_l(y,z)J(z) ’

and so on. The solution ¢{ () is thus unique as a series in J.

~—
+
S
<
=

When translating the integration variables ¢ = ¢ + ¢ with unit Jacobian, one finds

6%WM N 5[¢ HJA% /D 25¢A¢B \¢J90 ©B+0(p3 ))’ (4.32)

, 68

because the term linear in ¢* vanishes on account of the definition of ¢y, oA

|¢g+(],4:01f

1 1
5= /dd$ [— 5 0u0 0" pa — 5mP ¢ pa — V(ﬁb)},
the new quadratic part in ¢*

1 1 o*V
S® = /ddx [_ 5 uSOAa#SOA - §m2<PA90A = 9pAgB |¢>6790A90B}7
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hich S | = —Dag — Viglsd) with Vigleg) = LIV, One th iders th
which means ng = —Dap — Vigleg] with Vig[o0] = W|¢g. ne then considers the
redefinition ¢4 — v/hp? to find
68
AW _ Af1 ok (S19g1+Tad07) / Doe' 285757 e #1e7
hk/2_1 5k S A A
+ W om . aen P -9 (433)
k>3

When applying Wick’s theorem to the perturbative expansion that one gets from this integral, the result is
different from zero only for even polynomials in ©*, so only integers powers of & appear.
We can then perform the Gaussian integration which gives

AW _ £ 1eh(5[¢g]+JA¢§J>([Det( ; (;(;ZB (¢])] "2 +O(h)>. (4.34)
The normalization follows by using W[0] = 0 = ¢J,
. 628 1
et 2
AW = ch(S8J1+Tad) )( gm0 +O(h)) (4.35)
. 628 _1 ' .
[Det(—i5 555 0D
et gy
. 2 T 5pA50B - 65 3
Since 535 (0] = ~Das, L — = [Det(—(D)*P 57 [6])] * and Detd =
[Det( YA B ¢A5¢B [U]
e A we get
2
cEWL) ehww({wmé")( TP Esse 9D O(h)). (4.36)
and thus, using that 6275[&] = —Dpc — Vic[o]]
) g 5¢BopC 190 BC BclPols
h
WJ] = S[ég] + Jady” — - Trin (6 + (D) PV [gg]) + O(?). (4.37)

To compute the effective action, one still needs to perform the Legendre transform

oW 5¢

AT _ 5¢o
oY = 3T = 5¢B |¢0 (h). (4.38)
By definition of ¢/, the first and third terms of the RHS cancel and
oM =937 +O(h) = " = L0 = 6" +O(h). (4.39)

We then find

I'[¢] = S[¢] — %Tr In (68 + (D"H*PVic[9]) + O(R?) | (4.40)
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Indeed,
lg] = W1I%] ~ T3 = SIgd"] + T467" — Tho™ = S Trin(d + (D) APVEGI6]") + O(F)
= 516+ (00" — )] + 5647 —6%) — S T(A + (D PVEG[6]) + O()

Since {7 — ¢ = O(h), one finds

08

S+ (90" — O+ J4(687" — ) = Sll + (55 0] + TR — 6*) + O(%)
= 161+ (o 6071+ T = 6%) + 0 = 18] + 0(12),

when using the definition of ¢¢/*.

In particular, to order zero in h, the effective action reduces to the starting point classical action.

NB: In the un-normalized case, where one does not keep track of N in (#.3T]) and one does not impose
W10] = 0, equation (4.35)) contains an additional term given by

528

[Det(—ig s (0] 2 = e 2™ niPar, (4.41)
while equations (4.37) and (4.40) contain in addition the term
h .
_ZTT IniDyp. (4.42)

check consistency with discussion (factor -i or not ) at the end of section 7.7

4.2.5 Effective action as generating functional for proper vertices

We can now prove the following proposition:

a) Connected Green’s functions may be computed by using I'[¢] = I'® + T'[¢] instead

of S[¢] in order to derive the Feynman rules and by summing only over connected tree

diagrams.

b) %F[qﬁ] is the generating functional for proper vertices, i.e., the sum of all 1PI diagrams

of order bigger than 3, .
i

hFAl...Ak =X4..4,, k=3 (4.43)
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Indeed, let Wr[.J; g] be the generating functional for connected Green'’s functions computed with T'[¢)] instead of
S[¢] and gh instead of £,

e%gWF[J;g] _ N-! /D(be%(FW]JrJA(ﬁA)_ (4.44)

Repeating the previous reasoning which gave @.37), we have Wr[J; g] = T[¢{] + Jadir” +O(g) w1th 7 [¢F]

—J and thus Wr[J;0] = T[¢{] + Jagi’. But I'[¢] is defined as the Legendre transform of W[.J]. Since the
Legendre transform is invertible (and thus unique), this means that W[J] = (I[¢] + Ja¢?)|y—gps with —J4 =

STlel, ; . : e a _
e [¢”]. These are the same relations satisfied by Wp[J; 0] which implies that W[J] = Wr[J;0].

We have k gl _
N . no, 0FLWrlJ;g B 0P EWr[J; g]
Ay Ay _ kN _ k1% R ’ 3
<¢ .. ¢ >(17F =g ( ) 5JA1 B -JAk |J:0 g (Z) (SJAl B -JAk |J—0 (445)

A diagram (8‘41 e (;ASA’“ Yer with k external propagators is of order ~ ¢g*~1TZ. This means that

~ o 0" EWrlJ
ket qSA’“ Z ¢ (connected diagrams with L loops computed with I'[¢]) = (;) (SJAF[Jg] l7=0-
— R

Putting g = 0 in this relation proves item a).
On the one hand, the corollary of sectiond.2.3]says that

> (connected diagrams) = > (connected trees) with (propagators replaced by complete propagators) and (vertices
of order n > 3 replaced by proper vertex or order n > 3).

On the other hand,
> (connected diagrams) =) (connected trees)computed with I'[¢)].
5°T
In this latter representation, propagators are determined by 7(W )~1, but we have already shown that this
2
is equal to 57075 ((bAqu )e» which is the complete propagator. Since vertices are determined by % [(b], we

thus have also shown item b).

4.2.6 Symmetries of the effective action

Supposons do¢” = Q4[¢], avec Q un polyndme en x, ¢ et ses dérivées, est une symétrie de 1’action,

6oS = QA (4.46)

JpA
Si la mesure est invariante, on a dérivé les identités de Ward,

h o ~
L 571211 =0 = Ja@Q"o])" =0,
ol on a divisé par Z[J] dans la deuxieme relation. En effectuant la transformée de Legendre, on trouve

SET ~. 70
W(QAW)DJ =0.

Si la symétrie de départ est linéaire, on a Q4 [¢] = Q4 [z]¢7,
Q) = Qitlosl. (@A) = Qilo)

par définition du champs classique.

En termes de 1’action effective les identités de Ward deviennent donc

Ar 10FT
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Pour les symétries linéaires, ces identités prennent la méme forme que I’invariance de 1’action classique
de départ.

4.2.7 Background field method

Considérons une source additionnelle, le champ de fonds &A, et la fonctionnelle génératrice que 1’on
obtient en translatant le champ quantique ¢ dans I’action,

Z[J,¢] = / Do (Slo+ol+7a0") (4.48)

La transformée de Legendre n’est pas affectée par cette source additionnelle,

— ~  h._ Z[J,¢] 5L

et on suppose que cette derniére relation est inversible pour donner J = J%¢, et la transformée de Legen-
dre est définie par

[0, 6] = (W[].0] = Jao™)|

Ces définitions impliquent que I’action effective en présence du champ de fonds coincide avec I’ancienne
action effective dans laquelle on translate le champ classique par le champ de fond,

(4.50)

—J$d

T(¢,0] =T[¢+ 4. (4.51)

En particulier, I’action effective peut donc se calculer en ne considérant que des diagrammes du vide,
calculés en présence du champ de fonds, I'[0, ¢| = I'[¢].

En effet, si on fait le changement de variables ¢ — ¢ — (E dans ({#.48)), on trouve
Z[J, 3] = /D@%(smwuw—%) = Z[J]e~#74",

Puisque Z[0, 0] = Z[0], on trouve

WIJ,¢] = ?m (e #a9™) Z W) — Jag™.

L

En appliquant A on trouve

055 =07 — 0%,

et puis, en combinant avec les 2 équations précédentes,
T, 5 0] = WIJ. 6] = Jagy 5 = W] = Jag] =Tles] =T[d, 5 + 4,

ce qui donne le résultat en substituant .J = J ¢,

Remarque: On peut calculer I'[0, ¢] = I'[¢] de 2 maniéres différentes.

(1) On peut traiter 5 de maniere exacte, c-a-d en sommant sur tous les diagrammes 1PI du vide (sans
points externes) en utilisant les régles de Feynman associées a S[¢ + 5] Ceci implique par exemple
d’utiliser le propagateur exact pour ¢ en présence de 5 et des vertex supplémentaires qui dépendent de d:
En général ce n’est que possible si 5 est suffisamment simple et on considérera plus loin le cas ou 5 est
constant.
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(2) On peut traiter (Z de manigre perturbative. Pour un ordre & donné en 5 on somme tous les dia-
grammes 1PI du vide pour ¢ qui contiennent £ ¢ en utilisant le propagateur habituel pour ¢ et en traitant
tous les termes contenant des ¢ comme des nouveaux vertex externes.

energy interpretation of effective action; check with [29]



Chapter 5

Renormalization and asymptotic behavior

This chapter is based on [2]], [25], [9], [10], [16]].

5.1 Casimir effect

In addition to the computations below, additional considerations on the physical meaning of the renor-
malization procedure in the context of the Casimir effect can be found in chapter 15 of [30]. For the
electromagnetic case, the presentation follows chapter 3.2.4 of [9], chapter 4.3.1 of [31]], chapter 7 of [32]
and section 6.3 of [33]] (see also [34]).

Additional material on the standard Casimir effect can be found here, while more details on the scalar
Casimir effect can be found here. The relation between low and high temperature expansion is discussed
in [35].
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https://en.wikipedia.org/wiki/Casimir_effect
https://en.wikiversity.org/wiki/Quantum_mechanics/Casimir_effect_in_one_dimension
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CHAPTER 5. RENORMALIZATION AND ASYMPTOTIC BEHAVIOR
5.1.1 Scalar Casimir effect

Casimir effect for scalar
field in 1+1 dimension

(oucider d macllesc  scabe {leld |y ot

il [ 444 o

P
- (Futed ¢
J

A wentioun (.

We have c{aw)(o(#eo( W'La(& \fz(e/&/ i\( ao)u% \(o

oo donn sﬁdce

gl -] [efel e T
J J frl;( m@ . C. ‘)_—
o w/@,}: 022:/@/
Tf(xl j‘ d@/ k’)& (:Q(& Hudo,{ oy -l (“]

BORARIER Y

The ¥aw.Howsdu df/ug Yl e fc(mmoﬁ/dc afd@w'uﬁ
Tv‘eLdY‘tMc@M :Q

i fo w0y (L0140 1]

The yacvom W‘”ﬁ‘lz Ato kwoww dg %UO‘F"““’{ energy



5.1. CASIMIR EFFECT 117

s l‘%\[i'MHQ ]
+ ®

Bo- Colfifob: 1 ] db fel: [det -«

o 0
Im @(/\o[w Yo ae‘f 9 ieﬁe(f A/de/‘@ on “H'LU‘Q D(o(\)f’(/@%ot)
wprale  we Legf C{JM‘{:%CC( Yite \[fffa/ ou  Qu . uteyval
(é )%) 91[ /wﬁﬂi L W:(W FWL(OO{/C Loow(w‘{ 09&5«14({»/9&&,

Tu Yl ci(e Fouriev [Meaw(s die rez&/é(cc( LC{

Toorer  cop €

“LUI(,{"{'&)‘ a[%) fﬁ\.C.Z

S O
dtl- € W[

/3 ?w Wy ?/44,/
. ' +h
T T SRR TRV
atd
H= ¢ @h[éi(a/a(&")%f
hel
T e lawac ud sl /c'm/f, {he 14w §0€¢ Yo
tP P

X ( g - PN

o m‘c%%\ Ry J\;{% o .fw i

ﬂeuf/ wheu ;VL’Lf\/iweﬁlt'u% Me Vd (vvwm enww

~. .\”. 0 (. r{ ‘(/n Irn .n \r ~- r. A oA Al -

Notes supplémentaires Page 2



118 CHAPTER 5. RENORMALIZATION AND ASYMPTOTIC BEHAVIOR

e e g — S . UL

ou the ul{infe lue af COWJ‘A% {rouc {lte
Va LUV w @uf{ﬂdv{ o & Llute Tuteval (wiilh

pefiodic  hovndary cowo(o{‘{thu,) W the Gudt kot

[—= © o the coudiuvoul vesolt hag Yo de mu/{t}/{po/
!

SRELE

Huc JaLodum eu el Y S “ﬂ(ug’ 3;0@% LY

4

o

0N

Tu (4l e fwrm(c.& Em‘ch/d C@ﬂcy”(qil

o uteny| of /‘D-M/(&i%, L) we have Tudtead

~ et : T
4’(‘5/‘”’ E>O L ¥ fba,&’/uw@’»% ) b= %44/

564;%5 (M% v&c[ aml{ou: Wy, * 3

o0 02 (o) ei Tl

We wow have

b= ¢ oldlG@aE)-1)

n>0

ol e Valtoymn euﬁwa\[ S

A
Frul . /el UIﬁ\ = —E g . /vl YN .Im(.(.. ARV TR

Notes supplémentaires Page 3



5.1. CASIMIR EFFECT

fb(L] - CO(HA(Oﬁ: Z{ §>0 w (x/ Whicl Aﬁé;u f{t(WUge(,
Let wﬁw{w:%e hefl t’ki&lféflul()ux Ay Wu/{/é/%uéz

esch Fetm &Y [M sl Yhew cwGdey 0= O

st e e
T he (‘wLCam/ N
®
Yy
Eol)l ) ,%1 fﬁ(&f b e
0 N
DY AU
(&d(' §)0. ) t Jﬁ
©
C ok L _4 Ot @: ¢
) id& £ m [ 5 ¢ ]o )t
Tor the Bivich(et Ge | we ae\‘
T L)
N 4 — ) L
e 5 T
B AR Gl A
m20 n30 (-
¥
R e
Ay moo wS0 G{\Q ¥)?
A
. o ez s A Ly
(AT (G ] o

119



120 CHAPTER 5. RENORMALIZATION AND ASYMPTOTIC BEHAVIOR

ad
T~
=
= =
Q/J

Moy = x¢ )fe@(vu?/
Si

A

2
Fo: T )
\ob — —_
8 jwﬁ(f’tuf ef(5%)

—a, A ,
) &IL (;fb/ (,“5@5}2 o5 |
o R er )
T

pet {d{owg {ha | E‘E,E ﬁ(m (ED‘B “fom) | bl 9
) =0

So

dne dilferacce betweun Yhe vecvowm energy of
auiubevval  of fmﬂﬁal ke Ve covm o)
(o e (ol line [ {ulde,

This resoM can fe olfainey directly  when o::‘u%

rebs fuuctiog mgu/w.'mlu‘ou, {or the o(c‘uwam‘f wu (v
ORI (TR S

-4

Notes supplémentaires Page 5



5.1. CASIMIR EFFECT 121

. iy 4 .4
n=1
C . YE ~—
Tl’lf_ Cdts et} \J\OUC‘Q (S Z)::\ Sz == (ﬁlz
W ltar, waeur,‘n% #gc{ou( of 4 ;o we hive w=>bw LF (ollw

Fhat toth  fhe 2ero~poiwt awthey g the Qawir {ovce
¥ proporliowd [ o % (awd sho foc ) T J¢ Yoo o yorely
entuin mechauici/ offect.

s is a doy wmodel for the Cicmln fovce

between Yuo T;W\[GCH(( couduc‘it‘vwd FQNHQ( b laveg

O\[ ares A where oy audﬁ {MI\(f’Ao( W &‘Htféc\[trw
{orcg Letwean  fie gltes 320% by

e A

[*“ o L*

rZow, ‘J Lt‘{’_ 1t lA}(‘

off ¢

MU (’U‘t““Cé I

@01,(,%‘»{0\(!{



122 CHAPTER 5. RENORMALIZATION AND ASYMPTOTIC BEHAVIOR

5.1.2 Electromagnetic Casimir effect
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5.1.3 Photons in a Casimir box revisited
5.1.3.1 Boundary conditions and mode decomposition

Consider coordinates 2%, i = 1,2, 3 in Euclidean space. The electric field is £* = —7*, the magnetic field
is B' = ¢7%0, A}.. The starting point is the first order action

S:/dxo[/ d*x aOAmi—HJr/ d*r AgO;m'], H = %/ &x(r'm + B'B). (5.1
Vv |4 |4

Leta =1,2,7 = a,3,V = LiLod with L, large, k3 = =2, k, = 2“"“ (w1th no summation over a).
Perfectly conducting boundary conditions on parallel plates at x> =0 and x® = a require B®> = 0 and
E* = 0 on the plates. Let

[2 i pa 1 . [2 .
Y = Ve”““x sin kg2?, wiﬁ,o = Welkaz ,YF = Ve’k”x cos ksz®, (5.2)

and let us use V*(z) for either of the canonically conjugate variables A’(z) or 7‘(x). The boundary
conditions are implemented throughE]

Vi) =i > Ve, Vi) = Y Vel (5.3)

Ng,m3>0 Nng,m3 =0

where we take V/! ; = 0. Reality and parity conditions are

*a 3 _ *3 3 _ 3
Vka ks — -V ka ks Vka,ks - V*kmks’ ‘/ka ks — Vka —ks» V;ﬂmks - Vka,*ks' (54)

5.1.3.2 The particle

The mode at n; = 0, A3 90 = ¢, 7r870 = p is treated separately. It is not affected by the constraints nor by
proper gauge transformations. Its Poisson brackets are canonical and its contribution to the Hamiltonian

is that of a free particle of unit mass,

1
Hy—0 = §p2. (5.5)

5.1.3.3 Polarization vectors

Take now o = 1,2, and A = (o, ||). In Euclidean momentum space &’ (minus the origin) let k& = /k;k’
and consider an orthonormal frame e 4*(k) built out of two vectors normal to £ and one vector parallel to
k',

e’ = = €' imer’ e = ¢, ealeB, = 55, eqleB j 5A7 (5.6)
so that the decomposition of a vector v*(k) in momentum space in this frame is Vi(k) = VA(k)e® with
inverse VA(k) = Vied,.

The non-vanishing Poisson brackets for these modes are read off from the expansion of fv APz Oy A;mt
and given by

3
{Aar, 717} = 05 1] nsmr- (5.7)
=1

I'The factor i in front of the expansion of (A%, %) is chosen for later convenience.
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The contribution to the Hamiltonian from the n3 > 0 modes is given by

1
Hygpo =5 D (mimia + K2 AAL,). (5.8)
Nng,n3>0
Let k| = \/k,k®. The contribution from the n3 = 0 modes is
1 /
Hyyo = 5 Z (M} ol o + KTAY (AR ), (5.9)

Na

where the prime means that the mode with n; = 0 is omitted. In order to implement the constraint
0;m* = (0 and/or the Coulomb gauge condition 9'A; = 0,

oVi=— > KVl =0 <= v/ =0 (5.10)

Ng,n3>0

Note that Vki,o = 0 implies VH 0= 0 and that, in order not to introduce spurious variables, one needs to
expand Ag as

> Aoy (5.11)

ng,n3>0
By variations with respect to Ay, respectively Ay o, one may then solve the constraints, or equivalently

7T,L| = 0 in the action, without the need to impose the Coulomb or any other gauge condition. As a
consequence, in the first term in (5.8)), one may limit the sum over A to one over «.. The same is true for
the kinetic term that gives rise to the canonical Poisson brackets. Because proper gauge transformations

with gauge parameters satisfying Dirichlet conditions correspond to arbitrary shifts of A”, it follows that
gauge invariant quantities reduced to the constraint surface do not depend on the variables AQ, s

5.1.3.4 Adapted polarization vectors

Consider now the following choice of e,,’ (see e.g. [32]]),

' 1 ko ' 1 kiks
eH” = — —kl eE’ = — k?gk?g s (512)
]@_ kj_k 2
0 —k7
so that the components V', V¥ VI are given by
€k kok k ki .
b 3 1 iy ri
Vi oy = ™ —— Vit ke View = ™ Tk Vheks T L/ = 7 Viaks (5.13)
with inverse relations
u “bkb k®ks " k N
koks = gL — Vi + il kvkz ks Tk VkH kg Ve by = 3 —ViZ +k3vkl s (5.14)
Note in particular that V,f’ 0= —Vk o- Reality and parity conditions become
Vk ks V*k k3o Vk ks V*k k3o Vklz,—kg = _Vklj,ky Vk‘f,k‘g - Vk]f,—kg' (5.15)

Let A = (H, E). Oscillator variables are defined as

k 1
agu,k;; = \/;(Aza,k‘g + Eﬂ-i}\a,k3)7

) p (5.16)
Aga,k‘;g = _\/ﬁ(a’ga,k’g + ai/\ka,kg)v W/?a,kg = _i\/;(aga,k3 - ai/\ka,kg)v
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with the understanding that akHa o = 0. Their non-vanishing Poisson brackets are

3
{ap, ap*} = =i [ [ 0nimi- (5.17)
=1

In terms of these oscillators, we have

a_ - €k, H H Kk E  H a gl H
A =1 Z [mlﬁ(ak?ﬂk —cc)+ \/_kLk:( K Uk _C'C')+kAk¢ki|a

a _ Vkek, H, H kks g a
s —na%;()[ NG (ag ¢y +cc.)+ \/—lﬂ( Eabit +cc)+zk:7r } -

L (afuf + ce) + kAluf] + o

= Z/ [ik—L(afzﬂf —c.c.)+ k37r } + —=p.

Ng,n3>0

1] . 1 1k . 1
H= Y Smmd + AN+ 508 = Y Sladei +aad) + 5 (5.19)

Ang,m3z =0 Ang,n3 =0

5.1.3.5 Bromwich-Borgnis fields

Consider now the real fields

Z \/_/ﬁ_ (' +cc), = Z \/_/ﬁ (aflypfl —c.c.)

Ng,n3>0 Ng,n3>0
E E E
o afyf +cc), wF —— (a Yy, — c.c.) (5.20)
n %:>0 kkJ— n %:>0 kJ-
1
= 3 sl ), 7= 3 alff +ce).
Na,n3>0 ng,n3>0

Let A = (H, E,G) and ¢" stand for either ¢* or 7. The fields ¢, ¢“ satisfy Dirichlet conditions while
¥ satisfies Neumann conditions. In these terms,

1
A = €00 + 00307 + "¢, A® = (=0 + 85)¢" + 0%07 + NI

T = POyt + 0°0s7" + 0°7¢, 1 = (=N +0)rE + P + %p, (5.2
B® = e®0y(=N)¢" +0"050", B = (= +85)p".

On the constraint surface where 7¢ = 0, one recovers the construction of [36| 37] (see also [38] section
32 and [21, 139, 133]] for related more modern discussions).
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5.1.3.6 Single scalar field formulation

In order to streamline the computation of the partition function and to discuss modular properties, it is
useful to go one step further and introduce a formulation with a single scalar field on z € [—a, a] with
periodic boundary conditions [40]].

The variables defined by
E AH E . H
B o, = R T = Mhaks — “Mhq ks
a3 \/§ ? a3 \/5 ? (5.22)
_ _E
(bka, k 00 Tka0 = Ty, 0
satisfy the reality conditions
*k * * *
Pl ha0 = Phads  Dlpymky = Pharkss  Toko0 = Thai0s  Tofy —hy = Thaks- (5.23)

The first expression for the Hamiltonian in can then be written as
1 * k
H=Y" 5(7%7% + K2 pr%), (5.24)

with the understanding that 7y o = p, ¢90 = ¢ and the sum goes over all n; € Z. In terms of appropriate
oscillators, defined for n; # 0,

E ; H
k /) Oka k3 " "ka k3 ns # 0
Qg by = \/j(gbka,kf T Mo ks) = vz BT (5.25)
’ 2 Pk ’ aEa,oa ns 7é 0

the Hamiltonian becomes
1,
H = E akak + agay) + P (5.26)

The above are the mode decomposition, 0sc1llators and Hamiltonian of a single real scalar field ¢ and
its momentum 7 in a volume V' = L;L,L3 where L3 = 2a with periodic boundary conditions in all
directions and, in particular, with periodicity 2a in the 2® direction.

1 ro1 i i
o ik; a:ﬂ ikt * —ikjx)
= 7= E _V’< E oD [a,e +aye ]+ q),

) T o o (5.27)
- S = (i S a1 ).
for which the Hamiltonian is .
= / P (7% + 0,00°0). (5.28)

5.1.4 Massless scalar field Casimir energy on R~ x S'

Suppose now that the spatial dimension x¢ is small, while all other spatial dimensions z’, for I =

1,...,d — 1 arelarge, L; > Lg4. In other words, one considers a slab geometry with two infinite parallel
hyperplanes separated by a distance L, or because of the periodic boundary conditions, a scalar field on
the spatial manifold R%~! x SlLd. Suppose also that one uses symmetric instead of normal ordering, so

that
1 1

/ /
5 Z wki(aliaki + akiazi) = Z wki(aziaki + 5) (5.29)

n;€z4 n; €24

H =
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The divergent zero-point energy is
= (0|H|0) = Z W, - (5.30)
mGZd

Transforming d — 1 sums into integrals, and using ( function regularization to give a meaning to this
divergent quantity, we need to evaluate

1 V 2
El(s) == 28 d - Z /dd U [( ””d 2 kgkt ot (5.31)
where V;_; = []9Z} L;. This is the same computation as in (2.268)), up an overall factor of (27r1/%)* versus
5 ¢ and the replacements d — d — 1, s — 5 — 2, = Lgy1 — Lg. The result can thus be read off
(2.273), .
1 Via_ 1, (s—%)((2s —d
Eg(s) .28 5_21 22 25 _4tl_og (8 Q)C( 18 )7 (532)
2 Ld s F(S — 5)
which yields at s = 0,
Via_
E§(0) = ~¢(=d) 7, (5.33)
d
and thus, after using the reflection formula,
_§(§L ford=1
Vdfl —?L—% fOl" d - 2
Ej0)=—=d+ D)7 |={ _£ub joq—3 - (5.34)
d 90 L3

Remarks:

(i) It is intriguing that the same dimensionless number £(d + 1) appears here in the Casimir energy on
a circle and in the black body result in the large volume limit. This is related to a high/low temperature
duality which will be explained in detail later.

(i1) On account of the previously discussed equivalence, the correct electromagnetic results with per-
fectly conducting plates at * = 0 and x® = a are obtained through the replacement L3 = 2a.

(iii) Note that, even with symmetric ordering,

P? = (0|P,|0) =0, (5.35)

irrespective of the existence or not of a small spatial dimension, because either ZWEZ k; = 0 or f dk;k; =
0.

(iv) The computation of the Casimir energy can also be done using a suitable integral representation.
Starting from the representation

1 o 1
—— [ dttle™ = —, Re(s) >0, A>0 5.36
5 / P =1 Rels) >0, | (5.36)
at s = —3 (to be understood in the sense of analytic continuation), the zero point energy in (5.30) is

written as

Z / dttie (5.37)

l
2
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After changing sums to integrals for the d — 1 large dimensions and integrating over the angles, one gets

1 Vi1 27’(’ 2 / _3 / d,Q [( n )2+k2}
E¢ = — dtt dkk Ly 5.38
O 4yT (2m)IT (4R Z ©-38)

The change of variables k = i—’;\/_ Jt—=t= (%)Qt then leads to

d
T2 2 [ d—1
Bl=-" Z/ dtt ze t"d/ dyy'z e . (5.39)
L or (L)
Performing the integral over y using (5.36) again gives
V
pi— Vi 1772 Z/ dt 413 (5.40)
ngEL

_a
2¢ 2 and neglected, while the terms with

The integral term with ny = 0 is divergent, [~ dt el = y

nq # 0 are evaluated using (5.36) to yield

Ef =

S0(—5)C¢(—d), (5.41)

in agreement with (5.33).

5.1.5 Functional approach to massless scalar partition function on R?~! x T?

We now consider the case where only the first d — 1 spatial dimensions are large, while L, is small, and
where a chemical potential for linear momentum in the small dimension z? is turned on. We start here
with the functional approach.

Inthiscase [ = 1,...,d — 1, V;_; = [[}_; L; and, when taking into account (Z.264), we get instead
of (Z268).

Vd—l d—1 / 27T7’Ld+1 27md 2 27md 2 I1—
_ = d*k — krk'| 7%, 42
C-a,(s) (27T>d—1/ ( E :)ezz[( 3 H T )7+ ( T )"+ krk'] (5.42)
Nd+1,1d

The computation then proceeds as in section [2.8.5] up to the replacements d — d — 1 and of the zeta
function by a suitable Eisenstein series. More precisely, instead of (2.271)), we now get

Vi_q oz 27r)d 1-9s

Gy T T(EL)

Ca,(s)=

B

2 21—s
RS ARECER)

S [y - a2 i

Ly
(ngy1,nq)€EZ?

For later convenience, we also change parametrization and use o = (31 so that we are now computing
Za1(B,a) = Tr e PH Tt (5.44)

Introducing the modular parameter

o+

I, (5.45)

T =
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the sum simplifies to
(5.46)

Z / dy y**[Ingr + nar” + 77"

(nNd41,m4)EZ?
d% and can be performed through the change of variables y =

The integral is convergent for PRe(s) >
|ngs1 + ng7| sinh z which gives

d—1
Vo m3 D(s =54 21 ! d—1-2
_ = — ® ®. 5.47
e Aa (8) (27T)d_1 F(S) ( 3 ) Z |nd+1 + nd7—| ( )
(nd+1,nd)€Z2
In terms of the SL(2, Z) real analytic Eisenstein series,
L TS
fS(T, 7') = Z m, %2(8) > 1, (548)
(m,n)€Z?/(0,0)
with 7 = 71 + i1 € C, which are invariant under the modular transformations
b
LY b deZ, ad—be=1, (5.49)
ct+d
this can be written as
d—1
Voo, w2z (s— %) on s
C-00() = Gy i (G e (77), (5.50)
L(s)r, °*
When using the functional relation for the analytically continued Eisenstein series
7T (2) fo(r 7) = 71 = 2) fis(7, 7). (5.51)
forz = s — %1, and also 7, = L%, we end up with
D —s) v, fan (7,7)
Caals) = 222 e ) Ldifzs = (5.52)
P FIs) L
Again, since I'(s) & + + O(s°), (_a,(0), if Z41(7,7) = Za,1(f, a), the partition function is
r d+1 V.
In Z41(7,7) = d(+1 JVa- j r fas (7, 7). (5.53)

2n % L4y,

In terms of the completion of the real analytic Eisenstein series
Ho)/s E ) (5.54)
2

5(2;7_7 77_) T7

[\GIEN

which satisfies the reflection formula
E(z;1,7) =€(1 — 271, 7), (5.55)

this gives
_ Va- _
InZ1(7,7) = —1 E(d+1;7,7) | (5.56)
LdflTT

d T2
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Since £(z; 7, T) is invariant under modular transformations (5.49) while 7 transforms as

T2
AT 5.57
E ler + d|?’ (5.57)
the partition function (5.54) transforms as
In Z41(7',7) = ler +d|" ' In Z44(7,7) | (5.58)

Remarks:

(i) The above result holds for d > 1 because if d = 1, i.e., for the free boson on T?, In Z14(7,7T) =
% fi(7, 7), is not convergent and more care is needed to derive the correct result. This is reviewed below.

(i1) As discussed above, for d = 3, the result is directly relevant for the electromagnetic field with
Casimir boundary conditions after the replacement L3 = 2a.

(iii) If the chemical potential vanishes, & = 0, 7 = iTy, with 5 = L% and Z4 1 (i1, —im2) = Z41(72) =
Z41(B), the result can be written in terms of an Epstein zeta function,

! 1
((s;1,75) = , (5.59)
2 (md+§n:d)€Z2 [(m)? + (de)ZT?Z]S
as ]
LYV, i d+1
In Zga(m) = 2 (L) (5.60)
22 Ld 2
Ifa=0=4d,b=1= —c, the modular transformation reduces to temperature inversion 7, — %2 with
1
and,l(T_) =715 ' In Z41(m). (5.61)
2
(iv) Setting m? = 0 in gives
high _ V;i—l
InZ;7(r2) = &(d+ 1), (5.62)
Ly 13

which is the black body result (I.64). From the analysis of section[1.4.2] we know that this is the dominant
contribution in the high temperature/large Ly limit 75 < 1. This justifies a posteriori the use of a normal
ordered Hamiltonian in section [[.4.21

(v) From equation (5.61), it follows that in the low temperature/small L, limit 7, > 1, the dominant
contribution is given by

V.
In ZY (1) = &(d + 1) de- (5.63)

d

The result for the Casimir energy with one small spatial dimension in (5.34)), then follows by taking —%
of this dominant contribution.

5.1.6 Canonical approach to massless scalar partition function on R~ x T?

In this section, we evaluate the partition function

Za1(B, @) = Tre PHFiaPs, (5.64)
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directly in the operator formalism where H and ﬁd are given by

H=>" wdlay,+E,  Pi=Y_ ke, (5.65)

niGZd n; EZd

and E{ is given in (5.34)). It follows that

—BE4 Wi +io —BEZ4 ! 1
Za1(B, ) = e PFo H Z —Purtioka) N, — o=BE H |~ o—Pantiaks” (5.66)

n; €2 Nk, EN n;€Z4

Turning again the sums into integrals in the large dimensions gives

In Zd,l(ﬂ; Oé) _ —5E61 . (2‘/&#—;1/ A1k Z ln e—ﬁwk—l-z'akd}

ngEeL

(5.67)
Vd 1 271’ 2 B k21k2Lia
:—6E3—< )d—1 (41 Z/ dic K In[l — 7 VIR tieha),
ndEZ
where k = k;k!, the range of I is from 1 to d — 1 and V,_; = ?;} L;. For the sum over ny, it is

convenient to split ngy = 0 from the other terms. When using (I.60) for d — d — 1 for the former term,
we get

— /
InZq (8, a) = —BE) + = - = Ia(B,asna),  (5.68)
gt (dt) f 2d2w‘%1r(%),§€:z
where -
Iy(B, c;ng) = / dk k92 In[1 — e~ PVE* Hhitiaka] (5.69)
0
Introducing the variable z as
1 ,
z = ﬁ k% + ké, kd72dl€ = W(ZZ - 62]%2[)%2612, (570)
we get
1 o - ;
I4(8, a;ng) = —ﬁ/ dz z(2* — 52/@3)% In [1 — etk (5.71)
p Blkal
Expanding the logarithm as
ik e—lz+ilo¢kd
1 1 — —z+iakq| _ _ . 2
nfl—e J==> —— (5.72)
leN~
we get, after the change of variables 2’ = [z,
1 etoka o0 2 _ 1252721958 2
I;(B,c5nq) = = Z d dzz(z = 1°6°k;) 2 e 7, (5.73)
leN* lmk’d‘

The integrals are given in terms of a modified Bessel function of the second kind as

0 _ T d—1
/ dzz(2® — 2Bk T e =27 ()

Blkal)? K a (18] ka), 5.74
18kl ﬁ (B’ dD 5(5’ d‘) ( )
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so that

I
mz¢ﬂ&a)=—ﬁEg+2

|”d’ )2 K 4 (27l |n a3 ) milndazy - (5.75)

2

L; 6 = ZGN*

Remarks:

(i) At low temperature/small distance Lﬁd > 1, the leading term in the expansion of the partition
function is directly related to the Casimir energy. The leading correction is the contribution of the modes
with spatial frequencies ny = 0. It coincides with the black body result of a massless scalar field
in d — 1 spatial dimensions. On account of the equivalence of this expression with (1.64)), it can also be
written more compactly as &(d )Vd . It is independent of L, and thus does not contribute to the Casimir

pressure,

1 9B ' InZy1(8,a))
Vi OLq ‘

K,(z)= \/Z “(1+0(x1), (5.77)

for large x, implies that all other terms are exponentially suppressed. It follows that low-temperature/small
distance expansion of the Casimir pressure is

pa1(B, o) = (5.76)

The asymptotic expansion

1
ﬁfw,>——dad+nLﬁl+u., (5.78)

where the dots denote exponentially suppressed terms. In the low-temperature/small distance expansion
of the entropy,

Sd71(5, Oé) == (1 - ﬁag) In Zd,1<5, Oé), (579)

on the other hand, the first term in (5.75]) proportional to the Casimir energy in d spatial dimensions drops
out since it is linear in J and the leading term now comes from the lower dimensional scalar field, i.e., the
modes with ng = 0,

Sk (8, a) = dg(d)% — (5.80)

Since the two leading terms in the low temperature/small intervall expansion of (5.75]) do not depend on
« they are the same when starting from In Z,; ; (3, ). It follows that the leading terms in the expansion of

1 (B ' InZyi(B, 1))
Va1 O0Lq ’

are still given by the right hand sides of and of (5.80).
(i1) When changing the double sum in the last term to a sum over m = I(ny € Z* and introducing the

divisor sum
= Z n’, (5.82)
nlm

the exponentially suppressed terms, i.e., the last line of (2.78)), may be written as

Vi Tim -2
-1 Z/a_d(m)|m|gKg(27rmLﬁ)e2 (5.83)

§ qd=2 d
Ldﬁ 2 mez

pa1(B 1) = Sai(B,p) = (1= B05)In Z41(B, 1), (5.81)

2
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When taking into account the explicit expression for the vacuum energy E¢ in (5.34)), the partition function
may be re-written as

Vi L
In7a(5,0) = L €+ 1) 7+ €@
po(Llays 3 a_d(m)|m|§Kg(2meﬁd)62”m& . (5.84)
mEZ

The equivalence of the functional Lagrangian and the canonical approaches to computing the partition

function then implies that this last result is the same than (5.33). For s = £, this shows
_ §2s—1) ,_
s\ = 2¢(2 > °
f (7— 7-) C( S) T2 + 5(28) Ty

2s5—1

2 1 / ,
+@7‘22Z Ul_gs(m)|m| 2 K%(Qﬂm72)62mmﬁ s (585)

which is the Fourier expansion of f,(7, 7), traditionally derived using Poisson resummation (see e.g. [41],
Appendix A).

(iii)) When expressed in terms of inverse temperature and chemical potential, the generating set of
transformations of the modular group become

(L=t L -
TR 1k SRR 2 Ay AL D
) = 1, T (L_d) T o242

Under the first of these transformations, InZy; (5, «) in (5.84) is manifestly invariant, as required by
(2.14) for ¢ = 0,a = b = d = 1. For the second of these transformations, we get

(a® + 5%

In Zd,1<ﬂl, Oé/) = T In ZdJ(ﬁ, Oé). (587)
d
When transposing and using the explicit expression in (5.84) for the LHS, this gives
Va1 LqB o + 62 d—1
InZ = —[ d+1 d
1 d,l(ﬁ7a) (a2+ﬁ2>% 5( + )Oé2+62 +€( )( Ldﬁ )
OCQ + 52 a2 ! d Ldﬁ —2mim —gd%
+2( T3 ) 2 mze:z a_d(m)|m|2K%(27rma2 n 52)6 o2+57 | (5.88)

For a high temperature/large interval expansion, it is more convenient to use p rather than «, in terms of
which the previous expression becomes

Va1 [5(d+ 1)

L'+ Ll
B

+ 2(L_d)

() g g1+ )

In Zd,l(ﬁu M) = L,

d—2 ! d Ld 1 —omimkid 1 _
1+ p?) o_q(m)|m|2 K4(2rm——)e 72| (5.89)
( ) ;; (m)|m|> Ka( ﬁ1+ug

(]IS

The high temperature/large interval expansion is then defined by L% < 1 at fixed p. The leading contri-
butions are given by the first two terms, while the others are exponentially suppressed,

i VoL e Vg i
In Z2E (8, 1) = dﬁz Te(d+1)(1+ p2) % + #g(d)(l T (5.90)
d
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The associated expansion of the Casimir pressure is

high £(d+1) _an (d—1)¢(d) a1
Pai (B,M)Zw(lJFMQ) 514 A+p?)= +..., (5.91)
while for the entropy, one finds
i Va1 L Carr Vg a1
Sai (8 m) = =G+ DE+ D4+ )7 4 SEE@ 0+ ) 4 (5.92)
d

This can be written as

S (B.p) = (d+1 )Vacv(1+u2)* 1T (5.93)

pe

5.1.7 Massless scalar partition function on T?

In this section, we derive the well-known result [42, 43] (see e.g. [44) (12 45]] for reviews) for a torus
in Euclidean spacetime, that is to say we derive the partition function of a massless scalar field in a one
spatial dimension, d = 1, L; = L, with periodic boundary conditions. As we have seen in section
a naive application of the functional approach leads one to the divergent expression

1
In Z(1,7) = %fl(T, ). (5.94)

5.1.7.1 Canonical approach

No such divergences occur in the canonical approach. In the analysis of section|[I.4.1] the full Hamiltonian,
including the n = 0 mode, which is a free particle, is now given by

27|n|

H 1p2+12' (A% + anal) (5.95)
= ——+ = wy(aka, + ayal), Wy, = ) .
L2 22 O n L

After the conventional redefinition p = v/4may, the quantum Hamiltonian including the zero point energy
FE} in (3.34) can be written as

~ m 2T f it

H=—0+ (@5 + > Infata,). (5.96)
nez
Using (1.56), we get
71(8, ) = 66L H 3 T HnkriemNy L & H' ! . (5.97)
) 27-‘-6 1—e L T (—B|n|+ian)
neZ NnpeN ne
Defining

q= 627&'17 Cj — e—?wi?’ (598)

where 7 and 7 are given in (5.45)), we have

1
In Z(7,7) :—Eln(Qﬂ)%—%——ln To) Zln (1—¢")(1—=3q")]. (5.99)

neN*
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In terms of Dedekind’s eta function,

n(g) = ¢ [](1-q, (5.100)
neN*

and up to irrelevant numerical factors, the modular invariant partition function can then be written com-
pactly as

1

2T = e

(5.101)

5.1.7.2 Dimensional continuation

A different way to give a meaning the non-convergent expression of the partition function (5.94)) obtained
in the functional or heat kernel approach is to study the limit s — 1 of the real analytic Eisenstein series
fs(7,7) by starting from its Fourier expansion [41] given in equation (5.83)),

[(s— %)C(?S -1, .

I'(s) E

+2—72 Z Z y—|s—* 1 (27[nm|my) ™M (5.102)

neZ meZ

fs(1,7) = 2¢(28)15 + 2/

Only the second term diverges in the limit s — 1, while the first term on the right hand side becomes

71_2

e __1 g2, (5.103)

Using K1 (2) = e7*4/55. the term on the last line becomes

7_‘.2 : E ’ 727r|nm\7'2+27mn\m\7'1 — o § E 27rznm‘r 6727rmm7')

nEZ MmEZL meN* neN*

— 91 Z lIl 27rm7') + hl(l . 6_27””7—)}

neN*

==2rln [J—¢") JJ(1-7"). 5.104)

These terms combine into

—27In H q%l 1—q" H q%t(l —q") = —2rIn|n(q)|. (5.105)

neN* neN*

For the divergent term, we consider the expansion around s = 1 using

C(s) = % +y+0(s—1), (5.106)

so that

e e E o (LTS e NCOy

=3 i ; +7r(2’y— 2In2 —lnTg) +O0(s—1). (5.107)
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We thus get
s

lim (fS(T, T) — - 1) = 277(7 —In2—1In \/T_2|77(q)|2) (5.108)

s—1

Therefore, once we remove the divergence, the real analytic Eisenstein series for s = 1 contains the result
for the partition function of the d = 1 case. Note that the divergence in the second term of the expansion
in (5.102)), comes from the n; = 0 term in the mode expansion of the field (at fixed time), as shown in the
canonical approach in the previous section. In d > 1 this mode is a scalar field in d — 1 spatial dimensions.
For d = 1, it is a free particle, which gives the factor /7, needed for modular invariance. Associated with
the divergence, the finite, 7, independent term, is undetermined and needs to be fixed by a normalization
condition.

How this computation appears from the viewpoint of the integral representation connected to the
world-line approach is discussed in [43].
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5.1.8 Casimir effect at finite temperature. Alternative derivation

Casimir effect at finite temperature
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5.1.9 Low temperature limit. Alternative

Low temperature limit
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5.1.10 Poisson summation formula

Poisson summation formula
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5.1.11 High temperature limit. Alternative

High temperature limit
riday, January 24, 2020 4:00 PM
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5.1.12 Inversion symmetry
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5.2 1-loop effective action for scalar field

5.2.1 Effective potential

We start from the action
Sto) = [ dialy+ §8,00%6 + ymie + ot (5.109)

where the constant v, which does not change the dynamics, is introduced to clarify the discussion on
renormalization that follows. As we have seen above, the associated effective action is

] = S[¢] — %Tr In (0*(z,y) + D '(x, y)g¢2(y)) +O(R?). (5.110)

Using the Taylor expansion In(1 +z) =0+ = — %2 + ’”—; — =3 (=)™ we thus have

In (0*(z,y) + K(z,y)) = K(z,y) — /d 2K (v, 21)K(z1,y) + ...

dzy...dzp 1 K(x,21) ... K(2p-1,7).

In the particular case where K(x,y) = ﬁ [ d*pe@=%) K (p), the convolution product becomes the
ordinary product of Fourier transforms,

n (54(.1',1/) + K(l‘,y)) _ Z (_)n_l L)z; /d4peip(a:y)K(p)n

—~ n (2r

1
(2m)t

/d4peip(w_y) In(1+ K(p)).

For a constant classical field, this holds because K (z,y) = D~ (z, y)¢* and thus K (p) = 2%522_“ We
thus find

I'[¢] = ——/d4 / ~In (1+ K(p)) + O(h?). (5.111)

The effective potential is defined as minus the effectlve action evaluated for a constant classical field, i.e.,
a classical field that does not depend on z#, ¢(z) = ¢, up to a volume factor,

rlg) = / d'eViald] = —Veld)(27)15°(0). (5.112)

Taking the trace consists in putting = y and integrating over . We then find

_ g R [ d 952
Ilg) = —/d4x[v+;m2¢2+%¢4+2—2./ (27:;4[1n(1+p+%)]+0(h2) (5.113)

_ 1 - d'p . P°+ (m® + 5¢%) —ie
F[¢]:—/d4x[l/—|—2m2¢2+ =¢'+ — /(27r) In p2+m22_i6 [+ 0%,  (5.114)

or, when defining J(o?) = [ (glﬂ-p In (p® + 0% — ic), this gives

V@) = v+ ym?d* + %a_ﬁ‘* + %[J(;ﬁ) — J(m?)] + O(K?), (5.115)

with 1 = m? + £¢2.
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5.2.2 Computing the divergent integral

To compute J(o?), one replaces p® by ip’. One thus rotates the integration contour by 7/2 in the complex
p° plane. One thus goes from the space of p*’s with a Lorentz metric to the space of p’s with A = 1,...4
and an Euclidean metric. This gives

?

2
J(#);W/dp In (p"pp + 0?) 27T / dk/ dd)/ d@/ dX\ <15 )!ln(k2+a).
(5.116)

The Jacobian to go to spherical coordinates in 4 dimensions is given by |57 2—— FC ¢ ) | = k? sin” § sin  so that
the integral is

J(o?) =

om? / dkk* In (k* + o). (5.117)
(27T) 0

This integral diverges, but it can be made convergent by differentiating sufficiently many times with
respect to o2:

J'(0?) ! /OO dk i (5.118)
") =-— Py .
0 k‘2+0-27

82

diverges quadratically since the integrand is proportional to £,

. fo%s) ]{}3
Jo?) = ——— | dk—" 5119
(%) 82 J, (k2 + 02)%’ ( )

diverges logarithmically , and finally
4 0 1
J/// 2 — L/ dk k2
(o) 472 J,o (k%2 + 02)3

i 1 o 2%
S S dh—
il ot b +/0 4(k2+02)2>

, (5.120)
= —1 s
A2 4(k2 4 02) 0
- 1
~ 16m202"
When using (zInz — x)’ = Inx and (% Inx — %)’ = z Inx, one finds
J/l o
(.U )= 16
J'(0?) = 16;2 (0®Ino® — 0%) + Co® + 2iB, (5.121)
2
J(o%) = Tecld YIno? 4 2iCo* + 2iBo? + 2i A,
for constants (independent of ®) A, B,C,C that diverge. One thus finds
Y 1 o979 974 h 2
Vet[6] = v + 3m o+ Iqb + el *1np? + hCu* + hBp? + hA + O(R?), (5.122)

with A = A — 2.J(m?).
Defining renormalized coupling constants through
vp = v+ hA + m*hB + m*hC,

m% = m? + ghB + 2m?ghC, (5.123)
9r = g+ 6g°hC,
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one finds

h
i pgIn ps + O(R?). (5.124)

_ 1 _ _
Val] = v + 5md® + Li6" +

We thus see that Vg[¢] can be made finite to order 7 if the renormalized coupling constants are assumed
to be finite, which in turn means that the bare, starting point, coupling constants contain a divergent part,
v =vgr —hA —mihB — mihC + O(h?),
m? = m% — grhB — 2m%grhC + O(h?), (5.125)
g = gr — 6g%5hC + O(R?).

An equivalent point of view is to say that one obtains a finite result to order 7 for V,g[¢] by adding to the
Lagrangian infinite “counterterms” of order A,

v — vg — hA — mihB — m}{hC,

Im?¢? — L(m3, — grhB — 2m%grhC) >, (5.126)
9 H4 _y 9R— 6gRﬁC 74
LO° — o

These counterterms cancel the divergences in Vz[¢] produced by one-loop diagrams.

5.2.3 Renormalized coupling constant at 1-loop

In order to derive an explicit expression for gz and thus for C', one introduces an ultraviolet cut-off A, that
is to say an upper limit on the norm of the momentum space vector,

. A
Ta(0?) = —— / dkk? In(k? + 02). (5.127)
872 J,
Changing variables k = \/z, dk = 3 f’ one finds
i
2y _ 2
Jp(07) = 167?2/0 dxxzIn(z + o*)
7; A2 A2
= 163 (/0 dz(x + o*)In(x + 0%) — o /0 drln(x + 02))
- 2 2
Y P 1ot (5.128)
i (A% 4 0?%)? s o (A240%)?2 ot 5 ot
- In(A S VR 7
167r2< 7 Ao 1 7 o)+
— (A 4+ 0?)In(A® + 0%) — (A’ + 0% —o?Ino* + o ])

On account of (5.121)), 2iC can be found from the divergent term multiplying o in this expression. It is

given by — =15 In (A* + 0*), which implies
1 A2 +m?
C= = (5.129)
and, when using (5.123),
3 A% +mF,
9= 9gr + hg; In . (5.130)
R3o72 m%

Note that the finite part contained in C' is ambiguous. It is chosen here in such a way as to have a
dimensionless quantity in the logarithm.
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5.2.4 Structure of 1-loop divergences of effective action

We have shown that
[[¢] = S[g] + ArW[9] + O(R?), (5.131)

DO[g] =~ Trin{(z, ) + D (2, 9)V o))} (5.132)

More explicity, in d space-time dimensions,

T[] =| - %/dd;pZ%/d%l...ddzn_lD‘l(x, 2)V"[(21)| D (21, 22) V" [9(22)] . . -

D N zpr, 1)V [0(2)]

= AZH”_ /ddzl...ddznV”[qﬁ(zl)]D_l(zl,ZQ)V”[¢(22)],,.

n

D 21, 20)V[0(20)] D 2, 21) |, (5.133)

when setting z, = x. In terms of diagrams, with V" [¢(z)] = £¢*(z),we get

Figure 5.1: 1-loop contribution to effective action for %¢4

Introducing the Fourier transform of the propagators,

1« (=)' d'pr Ay o
IOl = —— - /dd .odiz, D oeipi(a1=22) | pipn(zn—21)
9= n eI (2r)d© ‘
n=1
1 1
e e e S ¢5V,/[¢<zl)] SV é(z)]. (5.134)
1 n
and using
) eipn(zn*m) _ eizl(plfpn)eizz(m*pl) - .eizn(Pn*pn—l)’

eipl (z1—22) N

DY

one can do the triangular change of integration variables with unit Jacobian p; = ¢, p2 = q¢ + @, .
Pn = q+ G2 + qn, Which yields

r0[g] = T Z )T /ddZ1 L d?z Vp(z)] V”WZ”)]/ (27r)2d U (2m)d
n=1
e—izl(q2+'“+q”)ei22q2 . eiZnQn fy(n) (q27 . 7qn)’
ddq 1 1 1

(n) - .
Y (q27~-7Qn) /(27T)dq2+m2_i€(q+q2)2+m2_Z'g (q+q2—|—qn)2+m2—25
(5.135)
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[One may also provide a more symmetrical form:

d'q dq, d’qy,

(2m)¢ (2m)¢ " (2m)

einngiznag et I (g 0y (5.136)

rg) = — 2y [ty Vet |

27 n
n=1

with
T g, qn) = 200N @+ g2+ A+ @)Y (g -5 G0) ] (5.137)

After going Euclidean, ¢° = iq?, with “spherical” coordinates of radius x, the integrand of Y™ (o, . . . , ¢,
behaves as ”‘:2;1 for large ~. The integrals are thus convergent ford — 1 — 2n < —1 orn > g.

In 4 spacetime dimensions, only v(*) and v are divergent. Furthermore, when doing a Taylor expan-

oy
g +....But

sion in terms of the external momenta ) (gy) = v (0) 4 ¢4'

n? _ / d'q 1 (=2)(¢" +a@) &
g5 2m)t > +m? —ie ((¢ + ¢2)? + m? —ig)? kKO
converges.
We thus have vV = A + 7221 and 7 (qy) = B + 'yj(szl(qQ) with A, B divergent constants. This gives

1

rl| = —5; [ atavislas g

d4(12
(2m)*
B

d*zid 2y e 1222 BV [¢(21) ]V [0(22)]

To first order in /& and for d = 4:

* the divergences are given by an integral of polynomials in the fields (and their derivatives in case
V'[¢] contains derivatives of fields),

* the effective action can be made finite by adding infinite counterterms of order & to the starting point
Lagrangian,

* if V[¢] is at most quartic, the canonical dimension of the divergences is less or equal to the canonical
dimension of the terms in the starting point Lagrangian.

If V[¢] = 6%, V"[¢] = $¢* and the 1-loop divergences can be absorbed by a redefinition of the mass
and the coupling constant.
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5.2.5 Regularization and renormalization through ultraviolet cut-off

Cut-off regularization and renormalization
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5.2.6 Dimensional regularization and renormalization

It follows from definition (2.98) that the divergent integrals are

B =~P(0) =i®(m,4 —2¢,2), A=~W =id(m,4—2¢1). (5.138)

In d dimensions, if ¢ = 1, from 2° = ¢t one deduces that the dimension of time is the dimension of
length, while if 7 = 1, the action is dimensionless, but [S] = [E][T], so the dimension of energy is the
dimension of inverse length, but £ = /p? + m? so the dimension of energy is the dimension of mass.
When everything is converted to the dimension of mass [m] = 1, x* has dimensions of inverse mass,
[z#] = =1, [p,] = 1, [0,] = 1. In order for the action S = —1 [ d?z[0,00"¢ + m*¢* + %¢"] to be

dimensionless, one needs [¢] = 452, [¢] = —d +2(d — 2) = d — 4.

Let us now suppose now that d = 4, where g is dimensionless. In dimensional regularization, one
works instead in d = 4 — 2¢ dimensions. It follows that [g] = —2¢. One introduces a parameter ;. with
the dimension of mass, [u] = 1, and replaces g by the dimensionless coupling gu?“. In other words, the

dimensionally regularized theory is defined by the action

2¢
5 — —% / A2 5[0,00" ¢ + m23? + %q%], (5.139)
which reduces to the standard theory when ¢ — 0. It then follows from (5.138) that
2e 2€)\2
gr _ gk B (g1™)
_9R _ _ he . 5.140
ZT TR T (140
When using (2.103)), this gives
9l
gr = (gp*) (1 = hoo— (g™ )™ =). (5.141)
32 €
In the same way, it now follows from (3.138) that —1m2% = —1m? — 29 When using (2.104), this
gives
2e),,—2¢ 1
m = m(1 — RO L) (5.142)

3272 €
Both of these results are in agreement with the previous computations in terms of an ultraviolet cut-off.

5.2.7 Exercises
5.2.7.1 Field renormalization and tadpoles

Study the 1-loop divergences of V' = §¢3 in d = 6. Show that there is a divergence that is linear in ¢.
This divergence is called a “tadpole” because it is associated to the diagram

4_0

Show that the other divergences can be absorbed by a renormalization of the mass, the coupling constant
and the field of the theory.
Answer:

Wil — [ 8 AT w9
r'Yigl d°z [gAg 1 (B¢® + CO,00"¢) + 3!D¢ |, (5.143)

with A, B, C, D divergent constants.
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5.2.7.2 No tadpoles in 4 dimensions for ¢*

Why is it not necessary to ask for the absence of tadpoles in d = 4 when V[¢] = £4¢* ? Hint: How does
the action behave under ¢ — —¢?

5.3 Renormalizable theories

On dit qu’une théorie est renormalisable si elle (ce qui veut dire 1’action effective) peut étre rendue finie en
rajoutant un nombre fini de contretermes différents au Lagrangien de départ. L’effet de ces contretermes
revient a redéfinir la normalisation des champs, et un nombre fini de masses et de constantes de couplages,
pour autant que toutes les constantes de couplage nécessaires aient été incorporées dans le Lagrangien de
départ, voir par exemple 1’ajout de la constante v pour le calcul du potentiel effectif.

Par exemple, pour le champ scalaire, ceci veut dire que si on calcule 1’action effective en utilisant
un cut-off ultraviolet A pour couper I’intégration sur les hautes énergies, et on remplace le champ ¢, la
masse m et la constante de couplage g(= A) par des quantités renormalisées, on obtient un résultat fini
['r[¢r, mr, gr| & la limite ot le cut-off ultraviolet est enlevé:

FR[¢Ra meg, gR] = Alglolo FA[Z1/2<A7 me, gR)¢R7 m(Aa me, gR)7 g(Aa me, gR)] . (5144)

On a vu que, a une boucle, ceci est possible en d = 4 pour V[¢] = I¢4 par une redéfinition de la
masse et et la constante de couplage uniquement. Donc, a cet ordre, ¢ = ¢g, Z = 1.
C’est aussi possible a une boucle en d = 6 pour V[¢] = gqﬁg’, si on rajoute un terme k¢ au Lagrangien

de départ. Explicitement, par exemple Z = 1 — hg?*TC. En effet, les termes comportant des dérivées du
champ dans S[¢] + T[] sont

9°C

I D, 00" 9]

/d%[ — 5 0,60" ) —
En remplacant ¢ par ¢ = Z'/2¢p dans I'[¢] ou S[¢] (ce qui revient au méme 2 cet ordre), on absorbe donc
cette partie divergente. De méme, k = kr — hgr A pour absorber la partie divergente linéaire en ¢.

5.4 Normalization conditions

Demander que I'r soit finie pour ¢r, mpg, gr fini ne fixe que la partie infinie de ¢, m, g et termes de
Or, Mg, gr, \. Par exemple, dans ¢ = gr + h;’fg In AQ;;;”Q, on peut modifier le terme en & par une
contribution finie tout en gardant I'; fini au premier ordre. Pour fixer cette ambiguité, on impose des
conditions de normalisations.

Pourd = 4, V[¢] = %gb‘l, on peut choisir par exemple que I'r est normalisée en termes des quantités
renormalisées de la méme maniere que S|¢] est normalisée en termes des quantités non-renormalisées de

départ:

Cr(z,y) = (O = mg)d(x,y), (5.145)
Lr(T1,. .. 24) = —gré(21, 22)0(21, 23)0 (21, 24). (5.1406)

Notons que la premiere équation impose 2 conditions de normalisations, une sur la masse et une sur la
fonction d’onde.
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Pour d = 6, V[¢| = ﬁgzﬁ?’, on impose des conditions analogues avec comme condition supplémentaire
I’absence de tadpoles:

Tr(z) = 0. (5.147)

On demande donc que qu’il ne reste dans 'y aucun terme linéaire en ¢ et que 'y, comme 1’action de
départ commence par des termes quadratiques. En particulier, ceci impose kg = 0 a I’ordre 0 en h et
A =~W alordre 1 en A.

5.5 Asymptotic behavior

5.5.1 Dilatation invariance

Si on regarde la théorie a plus petite échelle,

Y=g (5.148)
oV (') = Mg (), (5.149)

on a vu que I’action
5 — /d%; £, L= (20,000 + tm’¢ + g1 (5.150)

reste invariante si A, = 1 et si m = 0. La transformation infinitésimale associée est donnée par ds ¢ =
Mo+ - a%gb], et donc, si on regarde la théorie a plus petite échelle (0A = 1)

0
0= (1+x =)0, (5.151)

En présence du terme de masse, on trouve
o5 == [ dialo"60, (0 +5- -0+ S0+ 5L6) 4 mP(6+a- o)
a Ox 3! Ox Ox
g 0 1 1 g
—_— /d%[zawam +m?¢? + §¢4 2 (50400 + 5% + w‘*)

:/d4x (4+x~a%).c+/d4xm2¢2, (5.152)

ce qui donne

05 + miS =0. (5.153)
om

Comme la transformation est linéaire, on s’attend donc naivement a trouver pour I’action effective, 01" = 0
sim=0et

6T +m-2 T — 0, (5.154)
om

en répétant le raisonnement qui conduit aux identités de Ward. (Notons aussi que %F = %W[J ¢].) On
va montrer maintenant que la renormalisation, i.e., I’absorption des divergences, implique des corrections
quantiques.
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5.5.2 Callan-Symanzik equation

Pour respecter 1’analyse dimensionnelle habituelle on peut s’arranger, en ajustant la partie finie que 1’on
soustrait avec la partie divergente, pour avoir

A A m m

A
Z(A,mp, gr) = Z(m—RﬂR) g(A,mpg, gr) = 9( 7gR) —_— — (A, mpg, gr) = m—R(m—R7gR)7 (5.155)

et de méme pour les quantités renormalisées en termes des quantités nues. Définissons ['a x[¢, m, g] =
—maF—A[gé, m, g et varions m a g, ¢, A fixé dans la relation (5.144):

dm
lim 2—FAA[¢,m g] [dmRa +ng /d4$(5¢3(3§')(%¢j($) FR[qﬁR,mR,gR]. (5156)

A—o0

Comme I'g[¢r, mg, gr| est de dimension totale nulle (il n’y a plus de A qui peut invalider 1’analyse
dimensionnelle), on a aussi,

mngos + [ (e 2 om0 |Pnlo,ma, g = . (5.157)

En utilisant 0¢(z) = 0 = 1 Z72dZ¢p(z) + Z'/?6¢r(x) ce qui donne §¢p(z) = —1d(In Z)¢p(z), en
multipliant la relation (5.156) par 7 et en substituant (5.157), on trouve

om mp

A 2Dy Al 91
B Jgr 0 4 1 alnz ) )
=" G gn /d (1+5mrg— +x- £)¢R($)m]FR[¢R,mR,QR]~ (5.158)

Pour simplifier le membre de droite, on définit alors

o dgr Ogr 1 olnZz _ 1 olnZz
Blgr) =mrg = —AgE, 1(9r) = gmery, — = —5 A58 (5.159)

ou la limite A — oo est entendue.
Pour comprendre le membre de gauche, on couple a I’action de départ ¢*(z) avec une source externe
K(x),

Sic = [ d'al30,600 + Gt + (1 4+ K()(0) (5.160)

or 5{*
ce qui donne I'A o = lmiA — [d'z AK

car Vi [p(z)] = £6%(z) + m* K (z). On a donc,

} x—o- Dans le calcul de I'M[¢], il y a alors un nouveau terme

B

M0 = [ dia( = Vilola; + (o)) 5.161)

avec A, B des constantes divergeantes, ce qui donne

5K(§c) |K:o - g gm ¢ (f)4—2.- (5.162)

Le premier terme est absorbé par un terme du type [ d*zv K (x) dans le Lagrangien. Ce terme découple et
ne nous intéresse pas, cf. “constante cosmologique” dans le calcul du potentiel effectif ou discussion des
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tadpoles]. Le deuxieéme terme peut étre absorbée dans une redéfinition de K (x), K (x) = Zx Kr(x) avec
Zy = (1—hgZ). Onadonc aussi que la partie linéaire en K (z) de 'y i [Zx Kg(z), Z'2¢p(x), m(), 9()] =
I'rx[KRr, ¢r, Mg, gr| est finie a une boucle pour A — co. On définit alors

or
FR,A[¢RamR79R] = /d4 (5K§K ‘KR 0
or
_ / Bz SEE| = ZePa a2 0 m(),00], (5169
Le membre de gauche de (5.158)) devient alors 2 iT TR Zlk I'r.A[ér, MR, gr|. Sion définit
1 0 1 A0
1+0(gp) = 2 0~ 200 (5.164)

ZK m 8mR ZK m OA
I’équation (5.158)) devient

2(1+9(9r)) L' rAlOR, MR, 9R] =

0

~ | [Blam) o — [ ' (4 2lgn) +2- 2 )on(o) 50

on@) [r[¢r, mr,gr]| (5.165)

C’est I’équation de Callan-Symanzik. On voit que la relation naive est violée par les termes d(gr), Y(gr),
B(gr) qui sont d’ordres & et dus au fait que la relation entre quantités renormalisées et nues, nécessaire
pour absorber les divergences, fait intervenir A.

5.5.3 High energy behavior and massless theory

En termes de transformées de Fourier,

oT B [ d'p d'pn B
AR COIN C(xy...x,) = / (27r)4. . / 2n) expip12y . . . expipp, L' (p1, ..., pn) (5.166)

Regardons la transformée de Fourier de

Ta(z1, ... ) = —;mZ/d4x<0|T&?(w)$(x1> &(,)[0Y P =

d d* L
— / (2:)14. .. / (27]:) expip1xy - .. exp Pty Ua(0;p1, ... 0n) . (5.167)

En effet, dans 1’action, on a le terme

/d% — 5mP(1+ K (2))¢*(x) (5.168)

et

S K |K0, (5.169)

1 or or
Fan = —maA = /d4x A
ce qui donne, en transformée de Fourier,

Taa(p) = /d x exp —szdig(j\) (5.170)
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etdonc [y o = ['y A (0); I'insertion se fait 2 moment zéro. On utilise [ d*z ¢(z)T(z) = [ 2 2ﬂ)4 2o(—p)L(p)
et aussi

/ A1 +(gr) + 2 o)) 5

. 0 d4p . /55(17/) 0
= [ttt o ) [ G hrevine i) [ a3

= /d4 / (L4 (gr) +p- aexl;sz)qb( )/d4p’ exp —ip'x

e

9
5o(p')

9 . .
) =4 —p-5,)9(p) expipz / d'p' exp —ip'

5
3o(p')

0.\~ o
[ v(gfa PO
L’équation de Callan-Symanzik devient alors, en appliquant — o = et en annulant a(p),
5¢(_p1) R 6¢(_pn)

2(1+ 6(gr)TRA(0;p1, ..., pa) = [6(93)85% —n(1+7(gr)) = > _pr- %]fR(P17 -+, Pn) (5.171)
k=1

En utilisant Vi [6(21)] = —39¢%(21)—m* K (21), ¢*(21) = & d4p1 3 (27524 )& (—p2) exp —i(p1 + p2) 1,
[ d*z1expi(q1 — p1 — p2)z21 = (2m)*6*(q1 — (p1 + p2)), on trouve que

PO, pan) ~ T (014 P2, Dot +P2n) (5.172)
F(Al)(oﬂpla cee 7p2n) ~ A’Yi(n—i_l)(()vpl +p27 <oy Pan—1 + an) ) (5173)
Si tous les moments externes deviennent grands ensembles p — Ap, en utilisant §(Ap) = $6(p) et le
comportement de 7™, on trouve
T\ Apan) = O(5——) (5.174)
Py -5 AD2n) = >\2(n—1)+4 ) .
~ 1
F8 (041, Ap2n) = Ogr) - (5.175)

La renormalisation n’affecte que 3V (p1 ) gy = (27)46%(p1 )7 = OA) et 7 (p1, po)aiw = (27)40* (p1+

m)ygg( 0) = O(A™*) et ne change donc pas le fait que le membre de gauche de I’équation Callan-

Symanzik décroit plus vite et est donc négligeable a haute énergie. On dénotant par f“RS(pl, ey Pn)
le comportement dominant a haute énergie de I'z(p, . . ., pn), on trouve donc
a as J—
[8(97) 5, — 71+ 7(9r)) Zpk apr L5 (P1, . pa) =0 (5.176)

Comme I’analyse dimensionnelle usuelle s’applique pour la théorie renormalisée, faire p — Ap dans
I'%(pi; gr, mr) est équivalent, a un facteur global pres, a faire mpr — A~!mp. On peut alors considérer
les fonctions de Green '} (p;; gr) solutions de comme la définition des fonctions de Green de la
théorie de masse nulle.
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5.5.4 Running coupling constant

En oubliant I'indice R par la suite et en introduisant

9(N) /
A9 = BlgN), 9(1) = g <= A = exp / % (5.177)
d o\ _ _ o [XNY) Y g (g)
)\az()\) =7(g(N\)z(A), z(1) =1 <= z(\) = exp/1 — = exp/g 5g) (5.178)

I’équation (5.176)), qui est valable pour toutes les valeurs des moments externes et de g, se réécrit

A ) T O pig(N)] =0, (5.179)

ce qui est équivalent a

T (Api g) = A" (2(A) "I (pi; g(N)) (5.180)

A partir de 2’ = AN lo ¢ (2)) = A¢(x), on trouve qu’en transformée de Fourier, p’ = Ap, (E’(p’) =
A73¢(p). Au niveau quantique, on définit ¢'(p') = A 32(\)¢p(p), ce qui justifie la terminologie “dimen-
sion anomale” pour z(\). En termes de la fonctionnelle

! d'p, I
o an/ o '/27]:> S(=p1) - d(—p)T(P1, -, D3 9) (5.181)

I’équation (5.180) s’exprime par

[[¢; 9] = T[g5 g (V)] | (5.182)

On a donc montré que I’invariance par dilatation de la théorie de masse nulle peut étre rétablie au niveau
quantique en introduisant une dimension anomale pour les champs, sans importance pour les éléments de
matrice S, et une “constante de couplage” qui varie avec 1’énergie.

Le comportement de la constante de couplage en fonction de 1’énergie est déterminé par la fonction

B(g):

* Singularité a énergie finie: 3(g) > 0 et croit suffisamment rapidement pour que [~ % < 00,
par exemple 3(g) = ¢°. Dans ce cas, g(\) croit de 0 a oo et atteint ¢ = oo pour une valeur finie de
I’énergie, Ao, = exp fg B(g
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* Singularité a énergie infinie: 5(g) > 0 et f > dg — 00, par exemple, ((g) = /g. Dans ce cas,
g(\) croit de 0 a oo et atteint g = oo pour une Valeur infinie de I’énergie, A\, = oco.

* Point fixe ultraviolet: 5(g) > 0 pour 0 < g < ¢* B(¢9*) = 0, B(g) < 0 pour ¢g* < g, par

exemple, 5(g) = —g(g — 2). Dans ce cas, g(\) croit pour 0 < g < g¢g* et g(\) décroit pour
g° < getg(\) — g*, peu importe de quel coté de ¢g* on commence. Si le zéro de [(g) est
simple, alors 3(g) — —a(g — ¢g*) pour g — g* avec a > 0. La solution de )\dAg = —a(g — g%)
est g(A) — ¢* = (g(1) — g*)A~*. En supposant que y(g) — 7(g*), on trouve comme dimension

anomale a haute énergie z( ) =AY

* Liberté asymptotique: 3(g) = —bg", b > 0, n > 2 pour g petit. En intégrant 1’équation différen-
tielle, on trouve g(\) = g[1 + ¢" '(n — 1)bln )\}_ﬁ. On a donc g(A) — 0 pour A — oo. Dans ce
cas, I’hypothese sur laquelle se base le calcul perturbatif, a savoir que g est petit, est valable a haute

énergie.
Pour le champ scalaire avec V[¢] = —%¢*, on a montré que
IR :g—h32W2g21nA2+hﬁnite+0(h2). (5.183)
Ceci implique que
d 3, )
B(gr) = —ATrgr = hoes g+ O(h?). (5.184)

On est donc dans le cas 1. Ce cas s’applique également a 1’électrodynamique quantique, ol on trouve

2

en = e[l — h——In(A/p)] + O(1?), (5.185)
1272
avec 4 un cut-off infrarouge, et donc
e,
Bler) = h12 + O(R?). (5.186)

Pour les théories de Yang-Mills basée sur le groupe de jauge SU (N ), par contre, on peut montrer que

11
=gl +h— (=N —-L)In(A O(R* 5.187
r = gl1 + 5N = ) (A )]+ O(8), (5.187)

ou ny le nombre de fermions. On en tire que
Blgr) = hg—R(— — —N) + O(R?). (5.188)

472 6

Pour ny <5N, ona f(gr) < 0 et on est donc dans le cas 4 de la liberté asymptotique. En particulier, ce
cas s’applique pour la chromodynamique quantique, avec ny = 6 et N = 3. Ainsi, comme gr(\) — 0,
les quarks se comportent a haute énergie comme des particules libres.

5.5.5 Exercises
5.5.5.1 Callan-Symanzik in momentum space at tree level

Vérifier I’équation de Callan-Symanzik pour la théorie %qﬁ“ en transformée de Fourier a I’ordre 0 en 7 et

vérifier que les termes en m? s’annulent séparément.
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5.5.5.2 Dimensional regularisation and renormalization group

Discuter le groupe de renormalisation dans le contexte de la régularisation dimensionnelle en étudiant la
dépendance de la théorie renormalisée en le parametre d’échelle p. Voir par exemple chapitre 9 de [16]
ou page 650, 651 de [9].

5.6 Summary

En physique des particules, on s’intéresse, entre autres, aux éléments de la matrice de diffusion. Les
formules de réduction nous permettent de construire ces éléments de matrices a partir des fonctions de
Green de la théorie.

Les fonctions de Green se calculent de maniere perturbative en utilisant les régles de Feynman. On
peut réorganiser la somme sur tous les diagrammes de Feynamn en organisant tous les diagrammes en
des parties connexes. Les diagrammes connexes sont constitués de diagrammes en arbre avec vertex
remplacés par des vertex propres qui contiennent toutes les boucles.

Les divergences ultraviolettes d’une théorie se trouvent dans les vertex propres et sont absorbées en
redéfinissant les constantes de couplages et fonction d’onde du Lagrangien de départ. Cette procédure
affecte, entre autres, le comportement d’une théorie sous les changements d’échelle.

5.7 Heat kernel and zeta function regularization

ctf. [10], Appendice A.9, [46], [47],[48].

5.7.1 Schwinger proper time

L’intégrale de chemin en Euclidien est donnée par

exp —%W[J] — /ng exp —%(Sf" + Jag™), (5.189)

avec
P = / 0[5 0u00°¢ + sm>¢* + V3], (5.190)
pour le champ scalaire ou les indices sont descendus et montés avec d,;, et son inverse. Cette action ressem-

ble donc *’ un Hamiltonien a d dimensions avec les moments remplacés par des vitesses. L’approximation
semi-classique pour I’action effective devient

A 2GE 2GE
T(¢] = Sz [¢] + §Tr(ln (édfsg [¢] — In ‘;f;z) [0]) +O(h?), (5.191)
Sj
l / — 6255 _ 2 " d /

la contribution a une boucle peut s’écrire comme une intégrale sur le temps propre de Schwinger,

P = — L / T (o= _ g=rhiDly (5.193)
0

2 T
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On utilise
o dt
Inz= —/ — (e —e™h),
O t

(mé&me développement en série de Taylor autour de 1 et puis on pose z =
variable t — ty.

z

, eton effectue le changement de

Les divergences a grand moment correspondent a des divergences en 7 — 0 dans la représentation
de Schwinger. Une maniere de régulariser consiste alors a couper la borne d’intégration inférieure. Pour
faciliter la discussion on pose M [¢] = H[¢] + m?* et 'action régularisée devient

Il = —3 / e Ty O] T (5.194)

T

5.7.2 Heat kernel

Si on pose de plus V"[¢(z)] = U(z), H = —A + U(x) est 'Hamiltonien hermitien d’un probleme de
mécanique quantique a d dimensions. Pour paramétriser les divergences, on a besoin du comportement de
(w,e"™M7'y = Ky (x,2';7) au voisinage de 7 = 0. On doit alors résoudre 1’équation de la chaleur (reliée

a I’équation de Schrodinger si 7 = it) pour le noyau Ky (x,2';7),

—%KH(I,@“'; 7)= HKy(z,2';7), Kpg(x,2';0) =62, 2) | (5.195)
Pour le Laplacian, H = —A, la solution de cette équation est
K A(z,2'57) = ! ex Gt (5.196)
SN T ) df P 4t '
Pour I’Hamiltonien H = —A + U(z) on fait I’hypothese
7—0 1 (I B x,)Q n
KH(.T,[L'/;T) — Wexp (—T)<;an(a£,x’)7 ) . (5197)

Les coefficients a,(z, ') sont appelés coefficients de Seeley et satisfont o (z, z') = a,(2', ) a cause de
I’hermiticité de H et aussi ag(x,2’) = 1 pour satisfaire a la condition intitiale.
On pose aussi Ky (x,2';7) = exp —o(z, 2; 7). L’équation de la chaleur est alors équivalente a
oo Jo Oo

= Ao

E - @Tl‘a +U(I) (5198)

o(x,x'; ) peut étre développé comme

1 2 d n
oz, 2';7) = E(x—x’) +§ln (477) —ln(1+7;an(x,x’)7' )
1

d
_ N2 nN,.-m
= —(z—2)+ §ln (4rT) + E by (, 2")T™.

4t
m=>1



5.7. HEAT KERNEL AND ZETA FUNCTION REGULARIZATION 181

Injecté dans (5.198), on trouve

., Oby

0bs
o — AT —
b+ (z—2) 9pa U(z), 2bz+ (x—2a") 9ga Aby,
by, 2 9by Obg1
e — — >3.
kby + (z — ') pe Abg 1 2 90t oz, k=3
8U / _ /
En utilisant (z — 2/)® (@ giff 2) _ 5955 U(z' + s(x — 2”)), ceci donne

bl(x,x')z/o dsU(z' + s(z — 2')), bg(a:,x’):/o dss(1 — s)AU (2’ + s(x — 2')).

car

1
8xb1 :/0 ds(lJrs%)U(x'Jrs(x—x')) =U(x),

9 ! 9
%y + (2 — )5 b — Aby :/ ds [s(1 - 5)(2 + 55-) — %] AU = 0.
0

by + (x —2')

0] 0 0
cgr (1 +ts52 W = 75 (sU) et [25(1—s)+ s*(1— s)a —$?]AU = [2s(1—s) +—2s(1 —s) +s? — s2| AU +
s (s%(1 — s)AU), [(s*(1 — 5))]3 = 0 et les autres termes se compensent.

Pour les éléments diagonaux, on injecte la premiére expansion de o(x,2’;t) en les coefficients de
Seeley dans (5.198)) pour trouver la relation de récurrence

1
ap(z,z) =1, ap(z,z) = —EHak,l, k>1.

(5.199)
En effet, on trouve
Oay, Oay, Oay

S N A T ol

1+a,m™ 024 1+a,m  1+apm™ 1+ apym™
En particulier,

1
am =-U, ay= %(—AU +U?), a3 = 6(_NU + AU? + UAU - U?), (5.200)

En injectant dans (5.194)) et en négligeant les termes aux bords, on retrouve alors la forme générale des
divergences a une boucle pour le champ scalaire.

5.7.3 1-loop divergences in scalar field theory

Pour d < 6, les divergences a une boucle sont paramétrisées par

W L1 dre™ 7 [ a0 [_ 122 Lo 0UOU. 4 4
I = 2(47r)d/2/ D dzx[ UT+2UT 6(U +axaa%)7 +O(7 )]

1 1 el—d/2 1 €242

=35 - dd — dd 2 2 2 o '2 1

sl 1 [ U g [ O emE) — 200
_1 e3—d/2 /ddx (U3+3m2U2+3m4U+ ou oU )} + fini
63—d/2 )

0x® Oz,
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N , . . P N . 0
ol on a gardé la contribution de la borne inférieure dans la derniere ligne et ;- = Ine.

En particulier, pour d = 6,V = §¢3, ete = %

1 A A2
ng (9] = 27—7T3/d695 [7%5 - 7(9%2 + 2gm*¢)+

T %m %(g%?’ + 3¢*m*¢* 4+ 3gm o + ¢20,00"9) | |, (5.202)

pourd =4,V = £44,

1
0000 = s [ @2 [a2060 - 2Lt gmea?)]| (5.203)
et pour d = 2 quelque soit V'[¢],
1. A
T [g] = yed el REAMC] (5.204)

5.7.4 Zeta function regularization

Soit A\, les valeurs propres réelles de ’opérateur hermitien H et ¢, (x) un ensemble orthonormée et
complet de vecteurs propres,

Ho.(x) = Aopn(2), /dd:c () o (1) = 8%, @ (2)pu(a’) = 0%, 2'). (5.205)
Le noyau chaleur est alors donné par
Ky(z,2';7) = (x,e 772y = e W7 3" (2)p,(2). (5.206)

Pour des opérateurs H appropriés (différentiels elliptiques sur une variété compacte, nombre fini de
valeurs propres négatives), on définit la fonction zeta par

Cu(s)=TeH " |= > A7 (5.207)

Ar#£0

avec A\, ° remplacé par sgn ()| A,| % pour A, < 0.
En particulier,

—(0) = Inde Mo =) In M = Indet'H, (5.208)
Ax#0 A 70

ol la notation det’ dénote le déterminant aprés avoir enlevé de 1’espace les vecteurs propres de valeur
propre zéro.

On va montrer que (y(s) converge et est holomorphe pour Re(s) > d/2 et admet une continua-
tion analytique en une fonction méromorphe dans C avec au plus des péles simples en s = d/2,d/2 —

/2[4

Puisque {A., A\; < 0} est un ensemble fini, ), _;sgn (A.)[A;|* existe pour tout s € C, on peut
se limiter au cas ou les A\, > 0. Comme le spectre )\, n’est en général pas connu de maniere explicite, on
établit la représentation suivante:

Cu(s)|= ﬁ/ dr 7°~ Ze *T —dim Ker H)| = ﬁ /000 dr ' Tr(e”™ — P)|, (5.209)
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ou P est la projection orthogonale sur Ker H.

En effet, a partir de
o
I'(s) = / drri e T,
0
on trouve par changement de variable 7 — A7 que
I(s) = )\5/ dr 7Y™ Re()\), Re(s) > 0,
0

et puis on utilise (5.207)) pour conclure.
En particulier, on trouve la relation suivante entre la fonction zeta et le noyau chaleur,

1 o0
Cu(s) = I )/ dTTS_l[/ddZE Ky(x,x;7) —dimKerH]. (5.210)
S) Jo
En séparant I’intégrale en 2 morceaux,
Cu(s) ! /1d STTr(e™ — P) + ! /Ood Tr(em™ — P) (5.211)
5) = = TT r(e — — TT r(e - P), .
TT6) Jo L(s) /i

la deuxiéme intégrale est de la forme (I'(s))™* [ dr 75-10(e=>), avec A la premiere valeur propre

strictement positive. Elle converge et définit une fonction holomorphe de s car I'(s) ne s’annule jamais.
De plus comme, ﬁ = s+ O(s?), la deuxieéme partie donne 0 pour s = 0.

Pour la premiere intégrale on peut utiliser que

) 1 n—d/2 _ 4 (T, 7)
Ky(z,z;7) = i ;an(az,x)T .| A = /d T i) (5.212)
etsi N > d/2,
1 [ al
—/ dr 75_1<2Ak7k_d/2 + O(rN 1742y _ dim Ker H) = (5.213)
I'(s) Jo =0
N .
1 Ay dim Ker H
= — 214
r(s)(kz;sm—d/z s )| EG) (5:214)

avec R(s) une fonction bornée de s. Si Re(s) > d/2 cette expression converge. Les poles se trouvent en

s=d/2,d/2—1...,d/2—[S]. Pour s = 0, le pdle de la somme se simplifie avec le zéro de ﬁ et on
trouve
C(0) = J ddxaa;g/’? — dim Ker H si d est pair (5.215)
" —dim Ker H si d est impair ' '
Pour
Ty = / D exp —% / Az () Ho(x), (5.216)

on a ¢(z) = a"p.(x). Faisons I’hypothese qu’il n’y a pas de mode zéro. Comme on effectue une
transformation orthonormée de Jacobien unité D¢ = [ [, da”. L’intégrale de chemin devient

Zy = H/da“ew ~11 \/% - (det(%))_é. (5.217)
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On a donc aussi
1
InZy = 5(}{/%(0) (5.218)

Notons encore que sous une transformations d’échelle, H — H/u?, ou i a la dimension d’une masse si
on veut que H’ soit sans dimensions, on a

1, 1
In Zpgj2nu2 = 5 G (0) + 5 In (2m1%)Cr (0), (5.219)

puisque C/p2(s) = k**Cpr(s) et donc (2 (s) = k*°(jy(s) + 2Ink (g (s). En fait, il faudrait comprendre
tous les déterminants que I’on veut définir par la fonction ( dans ce sens car seul des quantités sans
dimensions peuvent €tre continuées analytiquement.

5.7.5 Partition function of massless scalar field

Pour le champ scalaire libre sans masse a 4 dimensions,
Slél = —5 / d*z 0,00" 0, (5.220)

qui satisfait des conditions aux bords spatiales périodiques dans une boite rectangulaire de dimensions L?,
onaH=-A,z'=r71

op(x) = €™ K= SIOR n® € Z, (5.221)
avec L* = B3. Ceci implique que )\, = K k* = (2”%)2 + k2 ala limite continue pour une boite (spatiale)
grande, la densité de valeurs propres pour n = n* # 0 est % [ @k et (2‘;)3 [ d®k pour n = 0 en tenant

compte de la dégénérescence des valeurs propres. La fonction zeta vaut donc

. 47V > 2—2s e 2 2n9-2,2 2\—s
Coals) = (%)3[/0 dk k +2nz>0/0 dk k(472602 + k?) ] (5.222)

La premiere intégrale diverge pour k petit et Re(s) > 3/2. Cette divergence infrarouge est régularisée
en mettant une borne inférieure a I’intégrale justifiée par le fait que la boite est grande mais finie. On a
alors [ dk k> = —(3 — 2s) te* 2.

On trouve/]
AV 1 3-95| 87V -1 —1)3-2s 2s—a (s = 5)T'(s — 5)
C-ale) = ~ o3 = 28)6 | - (2 = 28y 2 (s - 3L

211y a une coquille dans le calcul de I’intégral de [46] eq. (3.7).
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En effet, le deuxieme terme est intégré par parties et donne

1V o _ s _
Gy Z/ dk (47237202 + k%)t (2 — 25) 7L
n>0 0

En effectuant le changement de variables k = 27nj3 ~lginh 1, on trouve

_ &V
(2m)?

(2 —2s)7" Z(Qwﬁ_ln)_QH?’ /OC dy (coshy)37%.
0

n>0

Dans Gradshteyn, formule 3.512, on trouve

o0 v—1
I(/iv,a):/0 dx (Cc(ffjgﬁy: B(v+§,u—§), Re(v+ 8> 0,a>0,3> 0); B(a,ﬂ)i((z)i(g)),

ce qui donne

oo B 00 hy 1 _ F(S_l)r(s_é)
d h325:/dL:17 —1,1) = 224 2 2/
/0 b (coshy) 0 y(coshy)Q(Sfl) (278 b ['(2s —2)

Comme [['(2s—2)] 7! = 45+ 0O(s?), on trouve {_(0) = 0 ce qui implique que la fonction de partition
ne dépend pas de I’échelle . De plus

H

w

3
no

(Ca(0) = =mVB(R(=3)0(=5)T(=5) = VB~

On trouve donc pour la fonction de partition

2
InZ A= g—0v5-3. (5.223)

ce qui donne comme énergie, entropie et pression de radiation

olnZ_n T 4 2% .
E=— = — =[fE+InZ A=— 5.224
0B 30‘/6 , S=pBE+InZ_A 15 V52, ( )

_ n-1 olnZ_x . 7T2 _4
P=p v %B . (5.225)

do the discussion in any dimension as in the canonical part, comment on independence of bound-
ary conditions in this way of computing, add the discussion of the Casimir effect as in Hawking’s
CMP

5.7.6 Exercises
5.7.6.1 Laplacian on the circle

Trouver les vecteurs et valeurs propres du Laplacien A sur le cercle. Trouver le noyau chaleur et montrer
que

—n?t T
6 j— —_—
Lne L—0, m>0, (5.226)

lim
t—0 tm

en comparant les noyaux chaleurs du Laplacien sur R et S*. Montrer pour le cercle que (_a(s) = (r(2s)
ol Cr(s) est la fonction zeta de Riemann (cf. [48] section 1.1).
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5.7.7 High temperature expansion of partition function for massive scalar field

to be done, compare Laine section 2.3 with e.g. Zinn-Justin

5.7.8 Bose-Einstein condensation

5.7.9 Scalar field theory and Ising model



Chapter 6

Classical gauge fields

cf. [49]

6.1 Group theory background

Soit {t,},a = 1,...,d une base d’une algebre de Lie g a d dimensions et f¢, les constantes de struc-
ture, [tq, 1)) = fSte. Les matrices (t2)¢ = f¢, forment une représentation a d dimensions de g, appelé
représentation adjointe. La métrique de Killing est définie par g% = Tr(tAt) = fLf£,.

D’une maniere invariante, la représentation adjointe est définie par ad : g — Endg, x — ad,,
ad,y = [z,y] et la métrique de Killing par g™ (z,y) = Tr(ad, o ad,).

Pour une somme direct &,,g,, d’algébres de Lie, on peut choisir une base {t,,}, avec {t,} pour n
fixé une base de g, tel que [t,q, tims] = f:&mﬁth avec Tleﬁ =6 fggh.

* gest abélienne si [g,g] =0

e iC gestunidéaldegsi[i,g] C g

g est simple si elle est non abélienne et n’admet pas d’idéal non trivial (distinct de 0, g)

* une représentation p : g — EndV est réductible s’il existe un sous-espace W C V non trivial et
invariant: W distinct de 0, W et p(g)W C W

* une représentation p : g — EndV est completement réductible si pour tout W C V invariant, il
existe W' invariant et supplémentaire: W = W & W' avec p(g)W' C W’

* une représentation p : g — EndV est fidele si p est injectif
* la forme de trace de p est définie par Trp(e,)p(ep) = kqp. elle est invariante, f¢,kqp + fokae =0

* dans une algebre de Lie fini-dimensionnelle simple, tout tenseur symétrique invariant est propor-
tionnelle a la métrique de Killing, et donc Trp(t,)p(ty) = Mgt avec A € R ou C

* une algebre de Lie fini-dimensionnelle semi-simple g est définie par les conditions équivalentes
1. la métrique de Killing est non-dégénérée
2. g est somme directe d’idéaux simples

3. g n’admet pas d’idéal abélien (£ 0)

4. toute représentation fini-dimensionnelle de g est completement réductible

187
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e la complexification g d’une algebre de Lie g sur R est sem-simple ssi g est semi-simple
* si g est simple alors g est simple, contre-exemple pour la proposition inverse: s0(3, 1)

* une algebre de Lie fini-dimensionnelle réductive g est définie par les conditions équivalentes
l. g=Z; ® ¢ avec g’ semi-simple. Z; est I’idéal abélien défini par [Z;, g] = O et g’ est I’idéal
de g défini par g’ = [g, g
2. la représentation adjointe de g est completement réductible
3. g admet une rerésentation fini-dimensionnelle fidele avec une forme de trace non dégénérée

4. g admet une rerésentation fini-dimensionnelle fidéle completement réductible

* une représentation p d’une algebre de Lie réductive g est completement réductible ssi les transfor-
mations p(Z,) sont réductibles

* une algebre de Lie fini-dimensionnelle g sur R compacte est définie par les conditions équivalentes

1. g admet un produit scalaire (-, -) invariant défini négatif, c-a-d les valeurs propres de g,, =
(tq,ty) sont strictement négatives

2. gest somme direct d’un idéal semi-simple compact avec Z,; g est donc en particulier réductive

3. il existe une base dans laquelle les constantes de structure sont completement antisymétriques

Pour g compacte, il existe une base adaptée a la décomposition en somme directe avec bases %, tel
qQUE Gnamp = —g%énmdaﬁ avec 0 < gi € R. En utilisant I’invariance, les constantes de structure sont en
effet completement anti-symétriques dans cette base.

6.2 Global symmetries of matter fields

Soit Ly (y',d,uy") le Lagrangien pour les champs de matiere. Par exemple, y° = ¢°, (¢%), des champs
scalaires réels ou complexes, 7' = %, ¥, £, £9, des fermions de Dirac ou de Weyl.
On fait I’hypothese que L, est invariant sous les transformations

oy’ = —k“T, "y’ (6.1)

avec k = ke, k* des parametres constants, e, les générateurs d’une algebre de Lie g sur R et 7,"; les
générateurs d’une représentation matricielle,

[eav eb] = f;beca f[CébeE]d = 07 [5k17 5k‘2]yZ = 5[k1,k2]yi' (62)
Cette condition d’invariance s’exprime explicitement par

i0Lm i
Tyi + @Léky

8L]\/[ o z(SLM ,-(’)LM
oy oY 5y + 0, (Y aa“yi). (6.3)

D’apres le ler théoreme de Noether, les courants conservés sont

. i OL i 0Ly, .
J&(y, 0y) = —0e,y 38#1‘;- =T/ aaji , Oy = 0. (6.4)
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Par exemple, le Lagrangien

N
Ly (¢!, 4, Z (@ +m)y (6.5)

est invariant sous les transformations ¢)" = (U~'4)! avec U une matrice unitaire agissant sur les différents
fermions de Dirac,

LM (z//l’ 1/_}/17 a/ﬂ//l) = LM (¢l7 1;[7 8H¢l)' (66)
SiU = 1+kT,+O(k?), avec T, des générateurs des matrices antihermitiennes, on a Spt = — kT, ™
et I’invariance sous forme finie implique I’invariance sous forme infinitésimale, o5 L), = 0.

6.3 Gauge principle and covariant derivative

La question qu’on se pose alors est : Comment faut-il modifier la théorie pour avoir invariance sous les
transformations locales ? On voudrait donc que k% — ¢%(x), avec €*(x) des fonctions arbitraires sur
I’espace-temps.

Ona

~8LM

5eL]V] — —¢? (Taijyg 8LM

88

les 2 premiers termes s’annulent en vertu de 1’invariance sous transformations globales.
La réponse consiste & introduire de nouveaux champs, les potentiels de jauge A7 (), et de définir les
dérivées covariantes des champs de matiere par

Duy' =8y’ + AST, /. (6.8)

’La 8 aTZ

aLM ) - = g, 6.7)

oy’

La loi de transformation des A¢ () est alors choisie de manigre a ce que le Lagrangien Ly (y*, D,y") soit
invariant. C’est le cas si 0.D,y" = —eT," ;' Dy’
En effet,

o oLM , OLM
6 LM (y,D,y) = —€° aljyjaiyi (y, Dy) — €T," ;0,9 90 - (y, Dy) = (0xLar)|k—e(y, Dy) = 0.

Ceci fixe la transformations de potentiels de jauge,
0. A% = D, + frAbe. (6.9)
En effet, on veut que

0eDuy = —€"To" 10,7 — 0ueTa' jy7 + 6 AGT, jy7 — AT, ;T 1y
= _EaTalj (8Hyi + AszJkyk).

Les termes en d,y’ s’annulent et en bougeant le terme en 7 dans le membre de droite on voit apparaitre le
commutateur des matrices, ce qui donne le résultat.

6.4 Finite gauge transformations

Supposons le Lagrangien invariant sous une transformation globale ¢ = (g!)° jyj . L(y'0y") = L(y, 0,v)
avec ¢' ; la représentation matricielle d’un groupe de Lie G. Si cette transformation devient locale,
(97")"; — (¢71)";(2), 1a dérivée covariante définie par

Dy’ = 0.y + AT, (6.10)
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ouT; ; est une représentation matricielle de ’algebre de Lie g associée a G, se transforme comme 3/’,
(Duy') = (971)';(2) Dy’ (6.11)

et laisse donc le Lagrangien L(y, D,y) invariant ssi A, = AZT; ; se transforme comme

A =g '0.9+9 A (6.12)

En effet

(Dy) =0y + Ay = (9™ y) + (9709 + 97 Aug)g ™'y = 97 Dyy.

De plus, si g ;= 5;- + €*T" ., on retrouve les transformations infinitésimales.

aj’

6.5 Yang-Mills fields

Pour simplifier les calculs, on introduit une notation condensée: y = y‘e; dénote un vecteur colonne,
A, = Alda, € = €70,, avec 0, le générateur d’une représentation fidele (matricielle ou abstraite) de g, qui
n’est pas fixée a priori, mais dépend de I’objet sur lequel A, agit.

Dans ce cas, la dérivée covariante s’écrit comme D, = 9, + A+, par exemple D,y = 0,y + AT,y
et une transformation de jauge infinitésimale comme 6. = —e-, par exemple o,y = —e*T,y et aussi
0D,y = —e- D,y ou D,y se transforme dans la méme représentation que y.

Dans cette notation, on peut écrire (6.9) comme

0cAu = (0eA})00 = Op€ + [Ay, €] = Dye (6.13)

en sous-entendant que € se transforme dans la représentation adjointe.
Pour le commutateur de 2 dérivées covariantes, on trouve

[Dy, Dy = (0p + Ap)(0y + AV)y — (1 > v) = (0, A, — O, A, + [Ap, Ay = Fu -y, (6.14)
ou le champ de Yang-Mills est
Fu = F0a, Fi, = 0,AL — 0,A% + fr AV AS. (6.15)

Pour établir la loi de transformations des champs de Yang-Mills, on utilise d’un coté que 6.[D,,, D, |y =
—e - [Dy, D]y et de I'autre c¢dté que 3.(F), - y) = (0cF ) -y + Fl - (—€ - y), ce qui donne 6. F), -y =
—[e, Flu] - y, ce qui donne
0cFu = —le, Fu) = —€- Fuy, 0F%, = —fe'FS, (6.16)
en sous-entendant que F),,, se transforme dans la représentation adjointe.
Les identités de Bianchi sont des relations entre dérivées covariantes des courbures qui sétablissent a
partir des identités [D,,, [D,, D,||ly + (cyclique)(u, v, p) = 0 pour donner
D,F,, + cyclique (p,v,p) =0, O, F; + fLAbFe + cyclique (u, v, p) = 0. (6.17)

p utvp

Notons encore que et (6.17) peuvent aussi directement se démontrer en composantes.
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6.6 Yang-Mills Lagrangian

Une conséquence de la construction d’un Lagrangien invariant sous des symétries locales est I’introduction
d’interactions:

0Ly (y, D i 8L
LM(y7Dy) = LM(yaay) + Ll(yaayaA)7 Jwa(ja y) T aaAZ (yv Dy) g(yaDy)a (618)
m

ou encore, Ly (y, Dy) = La(y, Oy) + A%jk(y, dy) + O(A?). Dans le Lagrangian obtenu par substitution
minimale dy — Dy, le couplage au potentlel de jauge Aj, se fait au courant de Noether de la symétrie
globale de départ au premier ordre en les potentiels.

On introduit également un terme cinétique pour les potentiels de jauge. Exigeant que ce terme soit

invariant de jauge, on trouve qu’il ne peut dépendre que des courbures et de leurs dérivées covariantes.
En effet, on peut considérer un changement de variables triangulaire entre les potentiels de jauge et leurs
dérivées A;, (?VAZ, 5‘V.l 5‘,.,2 A, et AZ,G(HAg (1, Oy A“)7 D F? ATERE ou les parentheéses indiquent
une symétrisation des indices.

,um

On a alors 6. A7, = D€, 553(MA$) = 0 Dyye?, 0:0,, 0., AZ) = O, 0u, D)€, Le résultat suit car on peut
choisir les parametres de jauge €* et leurs dérivées de maniére indépendante en un point, il en est de méme pour
D€, 0(,,0,,D,)€?, ... (par un autre changement de variables triangulaire), donc un Lagrangien invariant de

jauge ne peut pas dépendre de A, 9, A, 8(1,1 8,,2 Au)’ .... Notons encore que les transformations de jauge sur

les variables restantes sont donnees par (5 = — I bF,w» ) D(pFS)u = —f,;‘cebD(pFS)y, e

Le Lagrangien le plus général donnant un terme cinétique quadratique et invariant de Lorentz (Li) a
4 dimensions est

Lyn = my, Fo ™ +m2 Fo F e P (6.19)

L’invariance de jauge o, Lyy = 0 exige alors que
d, i d, i -
fcaleb + fcbm:zd = 07 L= 17 2. (620)
Le deuxieme terme peut étre négligé car c’est une dérivée totale,

mabFﬁngae“”p" = 4m2,0, (e“”p"Ai(apAf’, + % deA;Af,l)> , (6.21)
qui n’affecte pas les équations d’Euler-Lagrange. On peut également montrer qu’il n’affecte pas la théorie
quantique au niveau perturbatif.

On veut que chaque Aj; ait un terme cinétique, donc on exige que m}, soit non dégénéré. De plus on
exige que ce tenseur symétrique invariant soit défini négatif pour que I’Hamiltonien soit borné inférieure-
ment. Ceci implique que g est une algébre de Lie compacte. Dans une base appropriée {t,,,}, on trouve
donc que m}lb = Omans = —ﬁdm%ﬂ avec m constantes de couplages différentes g,, associées aux
différents facteurs simples et abéliens.

Dans la base {t,,,}, le Lagrangien de Yang-Mills est donné par

1 " 1 mao
Lyt = {TeF" B = =5 B F (6.22)
en choisissant les générateurs t,,, tel que Tr(t,atns) = —g%émmag.

La redéfinition A’ — g, A}’ permet d’absorber la constante de couplage devant le terme quadra-
tique. Elle apparait alors devant le terme cubique et quartique. De maniere équivalente, on peut prendre
Gmons = —Omn0ap Si en méme temps on prend féi/”)a — fﬁ(;n)a dans le Lagrangian de Yang-Mills et
tma — 9mtme dans le Lagrangien des champs de matiere.
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6.7 Conserved currents for coupled equations

Pour un facteur simple ou abélien, et L[A, y| = Lym[A] + L]y, Dy], en utilisant (6.18) on a

5L
s A

=0 <= D,F'+gjh(y, Dy) = 0, (6.23)

ou [V* se transforme dans la représentation co-adjointe. Comme les constantes de structures sont com-
plément antisymétrique dans cette base,

D, D,F* = %[DN, D,JFo* = F,6,F = F, 5 Fi* =0, (6.24)

ce qui implique
D/,ng(y, Dy) ~ 07 (625)

ou ~ veut dire “quand les équations du mouvement sont satisfaites”, c’est-a-dire quand = 0. En

0A%

nw
contractant les équations du mouvement sous la forme 9, F** — g A? fgaFv” * 4+ gjk(y, Dy) = 0 avec 0, et
en définissant J# = j*(y, Dy) — AffgaFl/’“, on trouve aussi

o Jh =~ 0. (6.26)

Le champ de Yang-Mills est sa propre source si I’algebre de Lie est non-abélienne. Méme en I’absence

de champs de matiere, il y a des interactions et les équations sont non-linéaires.
p . .. 0L oLM N .
Notons encore que les équations des champs de matiere 5 = oy (y, Dy) = 0 sont obtenues a partir
oL

des équations libres en effectuant la substitution mimimale 0,y — D,y et que J* = %( 5Ac 0, F¥") est
"

un courant trivial dans le sens ou la charge de Noether associée s’annule sur toute solution si les champs
décroissent a I’infini spatial.

6.8 Exercises

6.8.1 Adjoint and coadjoint representation

Montrer que les matrices (¢7)°’, = f2, a = 1,...,d forment une représentation matricielle d x d de
I’algebre de Lie g : [t )] = f /. Cette représentation s’appelle la représenation adjointe.
~ . , . . . L . . C\ ¢ c
Méme question pour la représentation co-adjointe définie par les matrices (¢ ), = —f5,.
Montrer que si v® se transforme dans la représentation adjointe, J,0° = —(t4)° ¢, alors v. = gv°
. . . . . b
avec ¢, invariant, se transforme dans la représentation co-adjointe, OqUe = —(tac)c Vp.

6.8.2 Gauge covariant variables

Montrer explicitement que si AZ, d,AZ, 0y, 0y, AZ sont des variables indépendantes, alors AZ, o HAZ), F/j,/,
0,0, Az), D(pFl‘j)V le sont aussi.
Méme question pour €%, 9,,e%, 0y, 0y, €, 0,4, 01y Opuy €@ €t €%, D€, Oy D) €%, Oy Oy D iy €7

6.8.3 Lagrangien de Chern-Simons

Montrer que le Lagrangien de Chern-Simons a 3 dimensions

1
Los = " g AL (0, Ay + 3 faaALAY), (6.27)
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est invariant a une dérivée totale pres.
En termes de formes Logd3x = éTr(AdA + 24%),avec A = Abdxtd,, d = dz*0y, Tr(0a0s) = 9Gab,
F = iF2 datdz”s, = dA + 1[A, A] = dA + A% Montrer que Tr(FF) = dTr(AdA + 2A?) (ce qui est

2 v
équivalent a I’équation (6.21])) a toute dimension n.

6.8.4 Lorentz invariance of the Yang-Mills Lagrangian
Montrer que Ly y;d"x est invariant sous une transformation de Lorentz de Ll qui agit comme
ot =t =AY, AL AT = NVAD (6.28)

ou les indices sont montés et descendus avec 7).

6.8.5 Gauge invariance and coupling constants

Montrer que pour un facteur simple, I’invariance de jauge du Lagrangien de Yang-Mills et des champs de
matiere requiert que tous les champs de matiere se couplent avec la méme constante de couplage. Est-ce
vrai pour les facteurs abéliens ?

6.8.6 Gauge invariant operator of dimension 5

Montrer qu’une interaction de la forme
950" V" AV Tt (6.29)

est invariante de jauge si g;; est un tenseur invariant et vérifier qu’elle est de dimension canonique 5.

6.8.7 Hamiltonian for the Yang-Mills field

Calculer, sur la surface des contraintes, 1’Hamiltonien associé a Ly, = —ﬁFl‘ijgj". Montrer que
I’énergie est bornée inférieurement.
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Chapter 7

Quantum gauge fields

Le chapitre suit de pres les chapitres 15 et 17 du [25] (voir aussi [10] et I’introduction de [50]).

On fixe d’abord la jauge en utilisant le formalisme des antichamps appliqué a la théorie Chern-Simons
et de Yang-Mills. Le potentiel effectif de la théorie de Chern-Simons (voir p.ex. [S1] pour les regles de
Feynman) s’annule ce qui implique que la fonction beta est nulle. On montre ensuite que I’indépendance
des amplitudes physiques de la fixation de jauge est une conséquence de 1’identité de Ward associée a la
symétrie BRST et on discute 1’équation de Zinn-Justin.

La jauge du champs de fond est introduite. Des cancellations supplémentaires au niveau de 1’action
effective de la théorie de Chern-Simons sont discutées. Pour la théorie de Yang-Mills, 1’invariance de
jauge de fond permet de la relier la renormalisation de la constante de couplage a celle du champs de
jauge de fond qui peut se calculer de nouveau par le potentiel effectif.

Les fonctions [ de I’électrodynamique quantique et de la chromodynamique sont calculées explicite-
ment. L’interprétation physique du résultat est trés brievement discutée.

7.1 Non-invertibility of quadratic kernel and gauge invariance

195
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7.2 BRST invariance
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7.3 Gauge fixation and propagators



5.3 Fixation de jauge et propagateurs
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7.4 Black body partition function from path integral

L’action du champ électromagnétique libre est donnée par

1
S[A,] = / d%(—ZF“”FW). (7.1)
Laction fixée de jauge est

_ 1 _
S[A,,C,C,B] = /d%(—ZF“”FW +0,C0"C + Bo, A" + §B2). (7.2)
Dans la jauge de Feynman ¢ = 1, ceci donne apres 1’élimination du champs auxiliaire B,

S[A,,C,C] = / 0 (— 50, A 0% A" + 9,00"C). (7.3)

Dans ce cas, on trouve pour la fonction de partition

Do = (det(Q;iz))_Q (det(Q;iQ)), (7.4)

qui est le méme résultat que pour 4 copies d’un champ scalaire et une intégrale fermionique complexe.
Pour In Z,,,, on trouve donc le méme résultat que pour 2 champs scalaires réels,

| (7.5)
45
et aussi
FE = —alnzem = 7T_2V5_4, S = BE +1InZ,, = 4_7(2‘/6_37 (76)
B 15 45 )
P = Bflalgéem — Z_5ﬁf4. (77)

NB: L’argument qui mene a I’équation ne tient pas compte du signe + inhabituel dans I’exponentielle
pour le terme quadratique en Ag, qui n’est donc pas vraiment une intégrale gaussienne. Les détails
de la cancellation de la contribution des photons longitudinaux et temporels et des fantdmes en termes
d’oscillateurs a travers le “quartet mecanisme” au niveau de I'intégrale de chemin sont discutés dans [11].

7.5 Vanishing of Chern-Simons beta function



5.4 Annulation de la fonction beta en théorie de Chern-
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7.6 Gauge independence and Zinn-Justin equation



5.5 Indépendance de jauge et équation de Zinn-Justin
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(i) We now turn to the case of generic gauge theories in the presence of sources. In this case, Sy =
(6,6 + 55)-
Let us first show that expectation values of BRST exact operators (Sy, Y') vanish. Indeed,
oSy LY 0RSy 6tY

Dé(Sy,Y)ers = [ D — =

h 5L i 5LY 5LY i
= /DQS((_)A;W[MS‘P]&%Z + (—)lyl(AH)WS\I/QﬁAeﬁSW).

The first part can be written as a total derivative up to contact terms, and thus vanishes. In the second part,
after integrating by parts and neglecting contact terms, one remains with

Jeir

(7.8)

5LS,,

5 et (7.9)

()i [ Do Vsas?

which vanishes when taking into account antifield dependent BRST invariance of the gauge fixed action

in the form sig
1
8@¢A5¢:)=:§Ghu5w)=(h (7.10)

It follows in particular that expectation values of operators X [¢, qz*] that are BRST closed,
(Sy, X) =0, (7.11)

do not depend on the choice of gauge fixing. This sometimes goes under the name of ”Fradkin-Vilkovisky
theorem”.
Indeed, if ¥ and ¥ + §V are two different gauge-fixing fermions,

. _ : . SRqQ 5L
/'ng <€%S\D+N _ 6%5‘1’> X = K /'D(b B%Swé ~S‘l/ 0 61:IIX + O((5\IJ)2)
h o0y 00 (7.12)

— L Dot (s,.5w) 0o

One may then move X inside the antibracket since it is BRST closed. The term of first order in 0¥ thus
vanishes on account of the previous result.

Remark: These are formal arguments that hold at tree level. They may be violated by h-correction
when taking renormalization into account. Some of these h-corrections are captured in an elegant way by
the so-called quantum BV formalism. However, this formalism remains formal as well unless due care is
devoted to renormalization.

More details on the Batalin-Vilkovisky formalism for generic gauge theories can be found in the
reviews [11, 152, [53]].



7.7. BACKGROUND FIELD GAUGE 223

7.7 Background field gauge



5.6 Jauge du champ de fond
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7.8 Effective action in Chern-Simons theory



5.7 Action effective a une boucle en théorie de Chern-Simons
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7.9 Structure of Yang-Mills divergences in background field gauge



5.8 Structure des divergences en théorie de Yang-Mills
dans la jauge du champ de fond
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7.10 Yang-Mills coupling constant at 1 loop



5.9 Constante de couplage a une boucle
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7.11 QED and QCD beta functions
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7.12. HILBERT SPACE STRUCTURE

7.12 Hilbert space structure

7.12.1 Generalities

7.12.1.1 Constrained Hamiltonian systems

7.12.1.2 Classical Hamiltonian BRST formalism
7.12.1.3 From Hamiltonian to Lagrangian path integral
7.12.1.4 Operator quantization

7.12.2 Dirac-Fock quantization
7.12.2.1 Operator formalism
7.12.2.2 Path integral implementation

7.12.3 Application to Yang-Mills and Chern-Simons theories
7.12.3.1 Hamiltonian formulation

7.12.3.2 Mode expansions

7.12.3.3 Partition functions
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Chapter 8

Chiral anomalies

cf. [25], chapitre 22, [47] chapitre 5.

Les anomalies apparaissent quand les symétries de la théorie ne peuvent €tre maintenues au niveau
quantique due a la renormalisation. En effet, la procédure de régularisation peut violer la symétrie et des
traces de cette violation peuvent subsister méme apres avoir enlevé le régulateur a la fin du calcul. On
a déja vu un exemple avec I’équation de Callan-Symanzik ou le comportement de la théorie sous une
dilatation est affecté par la renormalisation.

8.1 Transformation chirale

Considérons, en Euclidien, ¢ = (:):i, ixo), les fonctions de Green que 1’on obtient en théorie de Yang-
Mills en intégrant sur les fermions,

Z|A,) = / DDy el 72 —9PY = Det I, (8.1)

Les matrices v, = (;, i7°) sont hermitiennes et les générateurs T, antihermitiens. Pour rappel, ¢ = 9f~,,

v5 = 7' y2y3~4 satisfait {75,7} = 0,72 = 1, Trys = 0, 7 = .
On considere un changement de variables, ¢ (z) — U(x)t(z). La mesure se transforme comme
DYDY — DYDY(Det UDet U) ™, (8.2)

uxn,ym - U<x)nm54<x» y)7 uxn,ym - (74U($)T’Y4)nm54($ - y) (83)

et les indices n, m couvrent a la fois les indices de saveurs et les indices spinoriels. Pour une transforma-
tion unitaire non chirale,

U(z) = exp fit, (8.4)
avec ¢ une matrice antihermitienne dans I’espace des saveurs et 5 un parametre arbitraire, on trouve

U =1 (8.5)

253
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et la mesure est invariante. Pour une transformation chirale,
U(z) = expysat, (8.6)

avec, de nouveau, ¢ une matrice antihermitienne dans I’espace des saveurs et o un parametre arbitraire,
on trouve

U=u. (8.7)
La mesure n’est donc pas invariante sous la transformation chirale mais
DyYDyp — DYDY (DetU) 2. (8.8)
Pour une transformation infinitésimale de parametre «, on a
U = Uz my = a¥5t]nmd" (2 — y). (8.9)
Utilisant DetM = expTrln M etIn(1 + z) = z + O(2?), on trouve

DYDY — DYDi) exp / d*rg a(z)AF (2), (8.10)
AP (x) = —2tr(y5t)0* (z — ), (8.11)

la trace se faisant a la fois dans 1’espace spinoriel et dans I’espace interne.
Dans I'intégrale de chemin on a [ DyDy exp —%Sf , et la non invariance de la mesure et une action
invariante est équivalent a une mesure invariante avec un Lagrangien non invariant se transformant comme

LE = LF — ahAP(z).

8.2 Calcul par fonction zeta

Pour calculer A” () il faut régulariser car A” (z) = 0 x co car la trace spinorielle vaut zéro. Une maniére
de calculer A (z) est de calculer le Jacobien en utilisant la définition régularisée des déterminants donnée
par la fonction zeta. Tout d’abord, pour 1’opérateur antihermitien ) , on définit

Det ) = exp (— 3¢ pa(0)), (8.12)
ce qui se justifie par (Det D )(Det Ip )* = Det (Ip P T) = exp (—¢". p2(0)).
Si Jp[a] est le Jacobien de la transformation ¢'(z) = U(xz)i(x), U(z) = expysa(x)t, P1(z) =

YU (x), on a a partir de (8.1),
Det ) = / DYDY exp / d*z — ' Py (8.13)
= Jpla /Dzﬂ)w exp/d4x —pU(z) P U(x)p = Jpla]Det UDPU), (8.14)
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et donc

~ Deth) Det I
" DetUDU)  Det (P + {ayst, P })

Jplal :exp/d4xE a AP (z), (8.15)

pour « infinitésimal.
On a donc

In Jp[a] = In(Det 1P ) — In(Det () + {aryst, D)) = _dis)soi (C-p2(s) = Cp2_5p2(s)), (8.16)

0Pp? = {ayst, P?} + 2D aystp, (8.17)
et encore,

4
ds

1

ln Jp {Oé} = 5:05

[Tr(—1p2) " = Te(—P* — 5 ?)~ (8.18)

Puisque Tr(A 4+ §A)™* = TrA—* — sTrA~*"1§ A, on trouve en utilisant la cyclicité de la trace,

d
InJpla] = ——| 2sTr(—IP?) *ayst. (8.19)
ds ls=0
Notons aussi que
Det — )2
J_pela] = —— D" _ Tplal. (8.20)

Det (U(=*)U)

Eneffet, §(—1P %) = {ayst, (P %)} et

InJ_p:la] = _4

ds (C—p2($)7<—102_§p2(8)):—£

s=0 ds

L opérateur —ID ? est hermitien. On a donc un ensemble complet et orthonormée de vecteurs propres
o1 (x) avec valeurs propres )y, réelles, voir (5.203). Comme dans (5.210), on trouve

2sTr(—1P 2) " ayst.
0

s=

Tr(—D ) *aryst = /d4xE A tr (0" (z) st ()]

1 o @]
= —/ d7751/d4xE tr [K,pz(x,x;T)a’yg,t]. (8.21)
I'(s) Jo

Ici la trace tr porte sur les indices spinorielles et les indices internes. Tout comme pour la fonction zeta
discutée précédemment, cette fonction peut étre prolongée en une fonction réguliere en s = 0 et a au plus
des podles simples en s = 1,2. En effet, on coupe de nouveau I’intégrale en deux morceaux, de 0 a 1 et
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de 1 a co. Le deuxiéme morceau ne contribue pas car I’intégrale converge et =~ = s + O(s?) et pour le

I'(s)
premier morceau on utilise I’expansion du noyau chaleur. On a donc

9 1
/d4xE aA”(z) =InJ_p2a] = ——/ dr 75_1/d4xE tr [K_pe(z, z;7)oyst]
L'(s) Jo 5=0
as(z,x
= —2/d4x5tra'y5t 24(17'()2>7 (8.22)

car Ker [p 2 = 0. A partir de la relation de récurrence pour les coefficicents de Seeley diagonaux (5.199)
et en utilisant (8.15]), on trouve

as(z,x) = %LD{ AF(z) = —@tr[%tﬂ 1. (8.23)

1 a x x 1 a x xX 1 a X xX
Lpi = 5{7 Da:’YbDb} =357 {Daa’YbDb} - 5[’7 a’YbDb]Da =

1 a xX X 1 a xX xr 1 X xX a 1 X xX a
37105 Dy = 50 A IDE D = {05, D2} + (D%, Dill, ]

1
= Di+ JFataly" ") (8.24)

Le seul terme qui contribue de ) 2 est celui qui fait intervenir le produit de 4 matrices de Dirac et

trp (95 [Va: W) [Ves val) = 16€apea. (8.25)
On trouve donc finalement
1 aoc: [e7
AP (z) = _Wm (totst)e" @ FSFP. (8.26)

En termes de formes, avec d*xp = dz' A --- A da?, F¥ = $F,da® A dz® , on trouve

Yma N aEiaa L E 5 E
o( h,C d'rp) = aA”(x)d "z = (QW)QtII(QtF N F7). (8.27)

Le Jacobien en Minkowskien pour I’anomalie se calcule en passant en Euclidien et est donc le méme.
On a donc

5(%&1495) = —#trl(aw AF)| (8.28)
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8.3 Divergence anomale du courant axial

Une autre maniére d’écrire le résultat est en termes du courant de Noether j£ associée a la symétrie axiale
globale de 'action S = [d*z L, L = —wLD ¥ de départ. En effet, pour ¢ antihermitien commutant avec
les générateurs t,, 610 = atys), 1) = 1ysta implique 6L = 0 et donc, en vertu du théoréme de Noether,

L= gyratysh, Bt = atysi 5 +¢7504t (8.29)

170

En vertu de la version locale du théoréme de Noether (cf. sous-section et en tenant compte de la
non-invariance du Lagrangien, on trouve alors

9 h,. i th
o V5 () ' = (L))" = (g sytri(atF A F))?, (8.30)
DYDYO(x en’s
(O(x))"! = J DvDuoL 35 (8.31)
| Dy Dypen
Notons que si la représentation est irréductible alors ¢ = i1. Dans ce cas tr; (t,tst) = —iCsg,s. Dans
le cas plus général, on suppose que tr; (t,tst) = —iNg,p et on peut définir un courant non invariant de
jauge, le courant de Chern-Simons,
GF = 26" g [A20, AL + SAJATAL], 0,GM = %EWW sFSFY (8.32)

avec €123 = 1. Ceci permet d’écrire comme une loi de conservation,

0" =0, K(x) = ({7 t150) — g ()| (8.33)

8.4 Phénoménologie

En se limitant aux quarks légers u et d que 1’on suppose pour faciliter les calculs sans masse, le Lagrangien
de la chromodynamique quantique pure est donné par

Lquark,gluon = —’[_LLD Gu - JLD Gd, (834)
D =10, + g.Giita. (8.35)

Ici g est la constante de couplage forte, G} sont les champs de jauge correspondant aux 8 gluons et Z,
des générateurs antihermitiennes sans trace de la représentation fondamentale de 1’algebre su(3). On peut
les choisir comme £, = 5' A\, avec A, les matrices de Gell-Mann, ce qui implique tr (tatg) = —%504/3- En
termes des matrices de Pauli o;,

01 0 — 1 0
01:(1 O>, Uzz(i OZ), agz(o _1>, (8.36)
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on a
o 0 00 1 00 —i
N\ = 0 000 M=100 0],
0 0 0 100 i 0 0
00 0 00 0 = 0 0
=100 1), X=]00 —i|], X=]0 J% 0 (8.37)
—2
010 0 i 0 0 0 2

On choisit les générateurs antihermitiennes sans trace t; de la représentation fondamentale de su(2)
comme ¢; = S'o; de sorte que tr (t;t;) = —18;;, [t;, ¢;] = €%ty Si

A u

le Lagrangian (8.34)) est invariant sous les transformations globales SU(2) x SU(2),
0q = =0y tiq — Oytiysg = =0ty g — 0t q, (8.39)

avec ty; = t;Py, Py = 3(1 £ 5) et 0}, , = 3(0", =6"). Aucune de ces symétries n’est anomale: pour
les symétries vectorielles il n’y a pas de 5 et pour les symétries axiales, tr (t,tst;) = 0 car les ¢, et les ¢;
agissent dans des espaces différents et tr¢; = 0.

Lorsqu’on considere le couplage des quarks au secteur électro-faible, et en particuliers aux photons,
la situation change. Le Lagrangien est

_ 20
Lowarky = =GP "¢, P* =1d, +eQA,, Q=—i @ J). (8.40)

3

Cette fois-ci, en tenant compte du fait qu’il y a trois couleurs, i.e., que la taille des colonnes u et d est 3,
on a tr; (Q%*t;) = (—62)<—%)(5§((§)2 - (%)2) X 3 = i%éfe?

Si on choisit la symétrie du = iysu, 0d = —iysd et donc a = —6% = —2, on a en vertu de (8:28),

he 2
0 Lguarkry = o —— Fu Fpe | (8.41)

a faire: processus 7' — 2+ dans le cadre des théories effectives

8.5 Théoreme de I’indice d’Atiyah-Singer

L opérateur i) = (0, + A%t,)y* est hermitien dans I’espace Euclidien. Divisons les spineurs en leurs
composantes de chiralité positive et négative,

Sy 3 ¢u(x) = Pup(x), vsvhs(x) = 247 (). (8.42)
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et introduisons les opérateurs de Weyl

i)y =ipPe:S:— Sy, (i) =i+ (8.43)

Les Laplaciens hermitiens associées sont définies par

Ai = (ZD i)Tz'LD + S:t — S:t. (844)

On a donc 2 ensembles complets et orthonormées de vecteurs propres ¢, . (z) avec valeurs propres A

réelles, voir (5.205).

Les valeurs propres non-nulles A, de A, et A_ sont identiques. Il en est de méme de la dégénéres-
cence des espaces propes associées Sy .,

dim S, , = dim S_,, A, #0. (8.45)

En effet, si Ayt o(2) = Apptx(x), avec A, # 0, alors en définissant x_ .(z) = i) o4+ (), on a
A_x_ o(@) =GP )l i) Loy o(x) = (i) ) Neps (@) = AX— .« (z) et vice-versa. L’application i)
qui associe & ¢4, le vecteur x_ . (z) estinjective: si x_ . (z) = 0alors 0 = (i) )i 14 o(7) = Aeipr x(T)
ce qui implique que ¢ . (z) = 0. L’application inverse consiste & prendre % X—, et ay appliquer ¢I) _ ce qui
donne ¢ . (x). Comme cette application est également injective, I’application de départ est bijective.

Les modes zéro de i) sont également divisés en modes de chiralité positive S, et négative S_,

Si03 wro(r) =Prpo(x), D pio(x)=0, vpro(r)=xpio(x). (8.46)

Notons par ¢4 g,(z), u = 1,...,n,, un ensemble complet et orthonormée de vecteurs de S, o et par
©_ov(x),v=1,...n_, un ensemble complet et orthonormée de vecteurs de S, _.
L’indice de I’opérateur de Weyl ) . est défini par

indexil) . = dim Kerilp ; — dim Ker (i) ;)" = dim Kerilp , — dim Kerilp _
= ny—n_. (8.47)

Ona

Ker Ai = Ker ZLD +. (848)

En effet, si i) 1p(z) = 0 alors Ayp(z) = 0. Si App(z) = 0 alors 0 = [d*z p(x)Asp(z) =
J 4 (i +)plw)]iD + () et donc i) 4o(z) = 0.

On a alors

index i) 4 = Trg, e ™A —Trg e ™A, Wr > 0. (8.49)
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En effet, si

Trg, e 78+ —Trg_e 72 = T [/d4$ Y (z) ot k(@) — /d4$ XE(2)X— ()]

=> e 7™ [dim Sy, — dim S_ ]

En vertu de (8.49)), il y a cancellation pour tous les termes de la somme mise a part les modes zéro, ce qui donne
le résultat.
On a encore

index Z],D + = TTS+ e*”'(il)-#)]\ip-;- — Trg_ ef'r(il)_)’fil)_
=Trs, e_T(_DQ)PJr — Trg_ TP p = Trse_T(_pg)%,

Or cette derniére expression est reliée a (8.2I). En calculant directement les ééments diagonaux du noyau chaleur
pour petit 7 et en utilisant la discussion sur les traces en dessous de (8.21)) en tenant compte de (8:26) on trouve le
résultat final:

Le théoreme de I'indice d’ Atiyah-Singer permet de calculer 1’indice de 1’opérateur de Weyl a partir
d’une fonctionnelle des champs de jauge,
1 F
= | trp(==)*
2 /R4 rl(zﬂ' )

Ceci montre aussi que la fonctionnelle ne peut pas varier de maniere continue quand les champs de jauge
varient, mais uniquement par des entiers. On peut montrer quelle est déterminée par la topologie des
champs de jauge.

(8.50)

1
indexil) . |=ny —n_ = We“b"’dtr[ (tatp) /d4x oo 3

8.6 Calcul direct des anomalies

cf. [25]
Posons A = 1 et considérons un Lagrangien du type

L=-UDV, D=9 +A°P,=9P +D., P =9+A°T, 8.51)

avec T, antihermitien. Ceci signifie que le propagateur est le propagateur usuel pour les fermions de
Dirac, mais que seulement les fermions de chiralité positive y = P, V¥ couplent aux champs de jauge.
Si on a des fermions de Dirac 1, on définit

_( P\ _ ([ Py

avec nyl:fC ~!1 = 4, pour que toutes composantes de x soit de chiralité gauche et appartiennent a la
représentation I''/>° du groupe de Lorentz. Pour une transformation de jauge ordinaire des fermions de



8.6. CALCUL DIRECT DES ANOMALIES 261

Dirac, on a

5 = 0%(PytE + P_t%)y, (8.53)
oy = 0°T, 7= (t« 0 (8.54)

X = aXs a= 1y _(tg)T . .

Si
. (S _
@) = st = ~XTa"x (8.55)
I

on s’intéresse a la contribution a une boucle de la fonction a 3 points,

Lo (@, 2) = (i ()5 ()75 (2), (8.56)
et a sa divergence 07 1"" . Le résultat naif pour cette divergence est
Ol (2,y, 2) = 16" (& — y) a5 (9)74(2)) + 6" (x — 2) f2, (G5 ()5 (2))- (8.57)
En effet,
‘ R _stc 5 Y L7 _stc
it = 7WTO<X + XTQW — AJfl538 == Dyujh = *WTQX + xTaW.
R L

0 0
Avec §, = —a Tox + )ZT(X8—>Z on ad, jg = flzﬁ J~ ce qui donne le résultat en adaptant la dérivation de (3.70)

et en annulant les champs de jauge externes a la fin du calcul.

En particulier, deux diagrammes en triangles contribuent,

(figure extraite de [25]]).
Ces diagrammes donnent
D8 i = ter [(=0)Se(x — y) Ty Pe(=i)Sp(y — 2) Ty Pr(—i)Sp(z — 2)Ta" Py
+tr; [(=i)Sp(z — 2)Toy? Py (—i)Sk(z — y) Ty Py (—i) Sp(y — 2)Tay" Py ]. (8.58)

En vertu de (2.230), (2.232), le propagateur fermionique est donné par Sp(z) = ﬁ [ dp=5lbucive,

p2—ie
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En choisissant les moments comme k1, p, ko avec e!P—F1ta)(@=y) cilpta)(y=2) eilpthata)-(2=2) poyr a
premiére expression et ¢/ (P—F2+b)-(@=2) " pilptb)-(2-y) ilpHhi+b)-(y=2) poyr 1a deuxieme,

v 1 —3 -x _tkyy tko-z
FZB’;\Mz——@W)u / d'kyd" ey e~ i) ethry gike / d'p

b—Fki+h ., bth , hrEath 147
[trs((]? — ki +a)*— ie | (p+a)?— e ! 0+ kst a)? — i trg[TT, T,

b—Fath p+h y b tEi+p L+
p_k2+b)2_ievp(]9+b)2—i€7 (p+k1+b)2—z'eW 2 )trG[TvTﬁTa]}a (8.59)

+tr S ( (
ou les constantes a*, b* sont arbitraires et n’affectent pas I’expression a ce stade. En effet, I’intégrale en p

semble diverger de maniere linéaire. Le facteur de I'intégrand qui diverge linéairement est

o V_T 1 + 5
PaDrPAts (V7Y ’YP’Y’\’Y“T) = 0.

Il en est de méme du facteur qui diverge de maniere logarithmique car il fait intervenir un nombre impair

de matrices 7.
On veut maintenant calculer J7; Fgg’;. Pour ce calcul, on utilise I’identité

fitko=0+Fkat+p)—@p —Fk1+a)=0+F1+h)— @ —F2+p), (8.60)

ce qui donne

v . 1 —1i -x tk1-y tka-z
a;ajFZﬁmtm 22(2@12 /vd4k1d4]€26 (ki tha)z ik y ik /d4p

b=kt o, pHp 14
(p—k1+a)2—i67 (p—l—a)Q—iefy 2 )

b+ p b Hkatp y I+
(p—l—a)Q—i«;y (jo—i-krg%—a)Q—z'efy 2 )

b—Fath  , pHL T+
(10—]{:2—|—b)2—ie7 (p—kb)?—iefy 2 )

+ » + L1+ p1+”)/5
(pfb)f—ie (pﬁkll—%i—b);b—z’e 7)) .61

[tl"g [TBTPyTa]trS (

—tI‘G [ngTwTa]tI‘S(

—|—trG [TngTa]trs(

—trG [TyTﬁTa]trs (

Pour le facteur de group,
1 . 1
trg(TgT,yTa) = itrg({Tﬁ, T,Y}Ta + [Tﬁ, Tfy]Ta> = _ZDaﬁ'y — §Nfa57, (862)

avec —iD,3, = %trg({T 3, T, }T,) completement symétrique et trg(757,) = —Nd,s. En regroupant le
premier avec le quatrieme et le deuxieme avec le troisieme, les termes avec les constantes de structures
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donnent le membre de droite de (8.57)). Les autres donnent

T vp 1 1 2) T LUR1Y LIR22
8MFZﬂ7|m,anom = WDO[/B’Y d k1d4k’ e i1 +ko): € k Ye k
1+ e 1+
[trs(’y“”y”’y’\fy 275)[KA(a —b— k1,0, b+ ki) + trs (v "y T%)I,{A(b —a—ky,a,a+ kg)]
(8.63)
avec
If@/\(kja ¢, d) = /d4p<fﬁ)\(p + k7 ) d) - fﬁ)\(pa ¢, d)a (864)
(P +¢)u(p + d)x
K ) 7d = : - 8.65
o) = (e il + 7 — i (569
Pour calculer les intégrales, on considere 1’expansion en série de Taylor autour de £,
un 0" frx(ps e, d
Fox(p+ ke, d) = Z ki M (8.66)

Puisque le terme d’ordre zéro ne contribue pas a I, (k, ¢, d), tous les termes sont des dérivées totales.
Apres une rotation de Wick dont I’effet est de donner un facteur ¢, ils peuvent donc étre écrits comme une
intégrale de surface sur une 3-sphere de rayon P en vertu du théoréme de Stokes. L’aire de la 3-sphere
est 22 P3, tandis que la dérivée n-ieme de f.\(p, c,d) donne I'intégrale de surface d’une fonction qui
se comporte comme comme P~2~(~1 car on perd une dérivée en utilisant le théoreme de Stokes. A la
limite P — oo, seul les termes avec n = 1, 2 contribuent et

_ 4 afﬁ)\(pa C7d) 1 v 4 a2fﬁ>\(pa C, d)

On trouve par calcul direc(]

]HA(IC, C, d) = %7’(’2 [k‘,.ik}\ + 2]{?)\CK + Qki,idA - k}\dn - k,iCA - 77,0\]{7 : (k‘ +c+ d)} . (868)

'l y a une coquille dans [25]] eq. (22.3.19) ol le premier terme manque.
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En effet, regardant d’abord le théoréme de Stokes en coordonnées sphériques. [dk = [d*zd;k" =
[ r?sin 0d9d¢[§; % + 59; % + gfl 8%]16’ Posons z; = re; et considérons la surface r = cte. On trouve
[ dPzd;k" = [ r?sin0dod[e;k'].

En utilisant la variance des intégrales sous les transformations de Lorentz, on établit d’abord les identités bien

connues
/ d*ppx, ... paf(*) =0, pour k impair (8.69)
/ d*ppapuf(p°) = % / d*pp®f(p*), (8.70)
[ oniapaonf@?) = 51 non+ g + i) [ ' 621G, 871

Puis on utilise d*p = idPP3d3$) en Euclidien et, [ d3Q) = 272 pour conclure que si p,, = pe,,,
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/d3Q éx, ---€x, =0, pour k impair (8.72)

/ BQere, = 2in? ”Z“ (8.73)

91
/d3Q ELErELEN = 2271'2%(77“”7’%))\ + NupTox + ’[7“/\771,;)), (874)
TG DR ont :
Comme [ d*p opn J d&*Qe, k" f en vertu du théoréme de la divergence, on a
p5 < 4
k”/d3Q4e#[(e+ plrlet P _
P et gP(e+ £
2
—(kulc+d)x+ka(c+d)s + k- (c+d))], (8.75)

= (2im? )[1(k,\c,€+k dy) — 53

et aussi

1 P (e + 2)5 +77Au(6+ )

~ LMLV 3 s P

2k:k;/dQeu[P4 AT

P e Bhele e+ $)a <e+%>u+(e+%)ﬁ(e+%>x(e+%)u)]
P et pilet D e+ £)%(c + D)

1 2 4
5(2177 )[4kKkA 24(2k kx+Ek n,\,g)] 0O (8.76)

Etablissons encore

Iox(k,c,d) + I (k,c,d) = — 72 [Qk‘,ﬁkk +hx(ct+d)s +kalc+d)r — 200k - (E+c+ d)] , (8.77)
VAT (K, e, d) = %w%wﬂ(/ﬂcﬁ + kedy). (8.78)
Pour la trace spinorielle, on effectue d’abord celle avec 1. Puisque
(8.79)

trs (V) = 4™ — n* " + nten)

est symétrique en x, A et en v, p, les intégrales apparaissent comme

[H,\(a—b—k‘l,b,b+k‘1)+[M(a—b—k:1,b,b+k1)—|—f,$,\(b—a—k2,a,a+k2)+[AN(b—a—k2,a,a+k2)

_ éﬁ [(@—b—Fi)w(a —b— ki) + (a—b—k)r(2b+ k1) + (@ — b — k1) (20 + K1)y

- 2775)\(a_ b— kl) : (a+b) + (b—a— ]{Q)H(b— a — kg))\ + (b— a — k’g))\(Qa—{—k’Q),i

+(b—a—ko)u(2a 4 ko) — 2nia(b—a — ko) - (a +b)]. (8.80)
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Cette expression s’annule ssi b = —a.

Lon(2a—ky, —a, —a+ky)+ . (2a—k1, —a, —a+Fky)+ T (—2a—ka, a, a+ ko) + I (—2a—ko, a, a+ ko)
)
= 67]'2 [(2& — k1)5<2a — kl),\ + (2& — /{1))\(—2& + kl)ﬁ + (2@ — /{1)”(—261 + k1>/\+
(—2a — ka)u(—2a — ko)x + (—2a — k2)x(2a + k2) + (—2a — k2),(2a + k2),] = 0. (8.81)

Il faut maintenant considérer la trace spinorielle avec y; utilisant
trg (7“7"’%7”1:,) = i 1B — 1, (8.82)

Ceci donne

T 4 1 —1 x _tk1y iko-z
aquﬁth’anom = WDCWW d4/{31d4]€2 e (k1+k2) eth1y pika
(8.83)
(—20)exr e [IM(Qa ~ky—a,—a 4+ k1) — Lo(—2a — ks, a,a + 1@)] .
Utilisant on trouve
TP KUAp 71'2 4 4 —i(k1+k2)-z ik1-y ika-z
8ura,8'y|t7”i,an0m =€ (27r)12 Doz,B'y d k’ld k?g e e €
[(Qa — E)a(=a)e + (20 — F)u(—a + By — (=20 — ko) aan — (—2a — ko)n(a + kg)A] (8.84)
_ 272 Do A ey d ey e~ i tha) pikry gika-z [Enu,\p%(kl 4 k2),\].
(271’)12 v

On pourrait choisir a || k1 + ko pour enlever I’anomalie ou méme a = 0. Mais alors elle apparaitrait dans
la divergence 9 ou 05: pour éviter I’anomalie dans 0, il faut a + k; || k1 et dans 07, il faut @ — &y || ko.
Les 3 conditions ne peuvent étre satisfaites pour k1 }f k».
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Pour évaluer la divergence 0¥, on utilise I’identité

Fi=@+a)—@ —ki+a)=0G+F1+p)— B +p), (8.85)
ce qui donne au lieu de un expression du type

b =k +han @ +Fat @)V Py = +Fat gV (b +a)7 Py
T +h) D —F2th)Pr— (b —F2+p)" (0 +E1+p)7V Py (8.86)

On obtient alors les intégrales I,;x(a — b — ki + ko, b — ko, b+ k1) et Ia(b — a — ka,a + ko, a) et le calcul se
ramene au calcul précédent en posant

b— kQ = b/, a+ kz = a’, (887)
ki + ko = k1, ko = —Kj. (8.88)
L’anomalie dans la partie non chirale de la divergence 0¥ s’annule donc ssi a’ = —b’ ce qui est équivalent a
a = —b, comme précédemment. L’absence de la partie chirale de 1’anomalie dans la divergence 0Y implique
a' || k) + kb et donc a + ko || k1. Le choix a = 0 = b n’enléve donc pas non plus 1’anomalie de la divergence 0¥
car ko Jf k1.
Pour la divergence 97, on utilise ’identité
Fo=@+katp)=(p+a)=0+p)—(p —Fk2+p), (8.89)

ce qui donne au lieu de une expression du type
B+ =k +a)V"Pr =@ — k1 +a)y" (b +F2+ )7 Py
@ =kt p) D +EL ) Pr— (b +F1+p)V (B +p)y Py (8.90)

On obtient alors les intégrales I,;x(a — b — k1,b + k1,b) et [ua(b — a — ko + k1,a — k1,a + k2) et le calcul se
ramene au calcul précédent en posant

b+ kl = b//, a — kl = a”, (891)
ki = —kY, ki + ko = kY. (8.92)
L’anomalie dans la partie non chirale de la divergence 07 s’annule donc ssi a” = —b" ce qui est équivalent a
a = —b, comme précédemment. [’absence de la partie chirale de 1’anomalie dans la divergence 8j implique

a’ || ki + ki etdonc a — ky || ke.

On peut donc donc shifter I’anomalie d’un courant a un autre, mais

Il n’y a pas de choix qui I’enleéve partout si Dy, # 0 |.
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Remarque: Intégrales divergeantes et shift de variables cf. [47]. Considérons

“+oo

Ma)= [ dolf(e+a) - fla) (8.93)

400 a2
_ / de fof (@) + 51" @)+ . ] (8.94)

a2 / /

= a[f(+00) = f(=00)] + S [f'(+00) = fi(=o0)] + ... (8.95)
Si I'intégrale converge ou diverge au plus de maniere logarithmique, alors f(+o00) = f(—o0) = f/(+00) =
f'(—00) =---=0et A(a) = 0 et on peut shifter  — = — a dans I'intégrale. C’est le cas de 1’expression (8.59).
Si I'intégrale diverge de maniére linéaire, f(£o0) # O et f/(+00) = f'(—00) = --- = 0, alors A(a) peut créer

un terme de surface non nul qui dépend du shift a,
A(a) = a[f(+00) — f(=00)]. (8.96)

C’est ce que 1’on a trouvé pour I’intégrale dans (8.61).

8.7 Anomalie "'singlet"

Supposons maintenant que j* est une symétrie de Noether de la théorie, 0, j4 ~ 0, c-a-d que T,, commute
avec les autres générateur, f_, = 0 pour « fixé et quelque soit 3, . Les courants ji(z), j2 () sont couplés
a des champs de jauge.

Dans ce cas on ne veut pas d’anomalies dans la divergence (covariante) de 97,d; pour garantir
I’invariance de jauge du résultat, ce qui impose

a = kl — kQ, (897)
et on obtient
THYp (27)? 4y, 147, —i(ki+ka) @ Jikiy ikoz kvApp.l7.2
aufamhri,anom = WDOC&Y d k’ld k’g € 1R T LILY 2 2 ¢ pknk’/\ (898)
o 1 KUAp 354(y - I) 854(2 - y)
—= —WDOCB»YE ay” az)\ . (8.99)

Si on considere (j#(x))* calculé avec I’action (8.51)), c-a-d en présence des autres courants couplés a des
champs de jauge externes, le résultat pour les diagrammes de triangles peut s’exprimer comme

. 1 v
(h@)a =5 / dhy d'=ThE (x,y, 2) AL (y) A) (=), (8.100)
1
(036(@)) & anom = — 575 D™ 0 A ()0 A} (). (8.101)

Il y a d’autres diagrammes a une boucle qui contribuent
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H ~
.- e A~ -
|
~~
S~

Figure 222 One-loop diagrams for the anomaly in a current indicated by the
dashed line. Solid lines are fermions; wavy lines are gauge fields with which they
interact

(figure extraite de [25]]).
L’invariance de jauge du résultat final implique que

. 1 »
(07:76(0)) tnom = — 353 Dapr€™ > F, (1) F}, (). (8.102)

Pour des fermions de Dirac, on a en vertu de (8.53))

. 1 1
—iDagy = Stta({ts, t5}t)) — sta({ta. t5 ). (8.103)
Dans la section précédente, on a calculé la divergence d’un courant axial j' avec t© = —tf = ¢ ce qui est
I’effet de
Vs = (ém _Oi“ ) (8.104)
2x2 2x2

dans (8:33)) avec des courants jj, j° pour lesquels t; = tf = tzettl =t = ¢, On a donc que
—iDggy = trg({t, tp}t,) = ra({tp, t,}1) et

<a§jg<m)>fnom = —1

3%2%({%, tYt) e D (x) FY (). (8.105)

en accord avec (8.30).

8.8 Anomalie non-abélienne

Supposons maintenant qu’aucun champ de jauge ne couple aux courants j% (), j5(y)j2(z) associés a des
symétries globales, mais que les générateurs de ces symétries sont de la forme (8.53) et soit vectoriels
tft = tL ou axiaux, t® = —t%. ’équation (8.103) implique alors que les graphes triangulaires anomaux
sont ceux avec un courant axial et deux courants vectoriels ou avec trois courants axiaux.

Dans le premier cas, si jk () est le courant axial et j;(y)j(2) les courants vectoriels, on choisit a tel
que la divergence des courants vectoriels soit non-anomale et donc comme précédemment a = k; — ko
avec comme résultat (8.99).
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Pour trois courants axiaux, il n’y a pas de raisons d’en privilégier I’un d’entre eux et on voudrait
respecter la symétrie entre ces courants en choisissant a = ak; + Sk, de maniere appropriée.

Pour 8fj, I’anomalie est proportionnelle a

€M a (ks + ka)x = € (o = B) (K1) (k2)a, (8.106)
pour Y 2
—€*PMal (k] 4 k)a = ="M (aky + (B + ko) e (k1)x = =M (8 + 1) (ko) (K1), (8.107)
et pour 95 a
—e NVl (K 4 ky)x = = ((a = 1)ky 4 Bko) o (ko)n = =€ (o = 1) (k1) (k2) - (8.108)
Ceci implique « = —f3 = 1,
_ %(;Cl k) (8.109)

et donc :

L’anomalie dans le courant axial pour une amplitude avec trois courants axiaux est un tiers de
I’anomalie pour une amplitude avec un courant axial et deux courants vectoriels.

De nouveau, les autres diagrammes contribuent a la divergence du courant. On voudrait calculer
I’anomalie pour la symétrie chirale SU(3) x SU(3) des interactions fortes, en choisissant que les courants
vectoriels sont conservés et que les graphes avec seulement des courants axiaux sont symétriques.

Il s’agit donc de symétries globales agissant sur les saveurs des quarks et non les couleurs. Malgré

cela, il est pratique de coupler les courants a des champs de jauge fictifs V7, A et d’exprimer I’anomalie
comme la non-invariance d’une fonctionnelle T'[V, A|. Le Lagrangien associé

(@ +V + A0, (8.110)

est invariant de jauge sous
0 = (—a(x) = Blx)p)Y, 0 =d(alz) — B(2)7), (8.111)
0Vy = O + [Vma] + [Auvﬂ]a 0A, = 0ub + [Ama} + [Vﬂaﬁ]a (8.112)

avec les lois de conservation pour j# = Yyt et jE = Pytystaab

Hja fba fbaAu.]Sc ~ O (8113)
#j5a fba j5c fbaAp]c : (81 14)
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Remarque: Pour découpler les transformations SU (3) x SU(3), on peut définir
AR =V, + A, AR = o+ 8, (8.115)
" Lo "
G0 =50k k), Dttt 0. (8.116)
Les transformations de jauge des potentiels sont alors générées par

b o a b a b
i = [deat@Vala) ) + [ de s X V), .117)
b a b a b
0A,(y) = /d4xoz (z)Ya(2) A} (y) +/d4xﬁ (2) Xa(z)AL(Y), (8.118)
avec
_ 0 0 ey O g abgy O
Ya(x) T Ok 6V/?(x) aqu (ZL‘) 6V;f($) abA;L(w) 514,3(33) ) (81 19)
_ 0 b ey O e g 5
Xa<m> T Ok 5Az(x) aqu (:E) 6A;Cz(x) abAp(x) 5V,f(a:) : (8120)
et on exige que
Yo (x)T'[V, Al = 0. (8.121)
Un calcul long et difficile donne
i LV po 1
Xo(@)D[V, A] = =Tt |ta (B, )y + S F
_ 2( AyAJFY + AFY A, + FY A AL) + %AMA,,APAO)} . (8.122)
avec
Ey, =0V, =0,V + Vi, V] + [Au, A, (8.123)
Fi = 0uAy = 0,A, + Vi, A] + [A,, V] (8.124)

Le facteur 1/3 dans le 2eme terme a déja été expliqué comme conséquence du choix différent de a dans
les AVV etles AAA graphes. Dans la section suivante, on va donner des conditions de cohérence perme-
ttant de déterminer les termes cubiques et quartiques a partir des termes quadratiques que 1’on a calculés
explicitement.

Lorsqu’il n’y a que des courants axiaux, on fait le choix symétrique (8.109) et I’inclusion de tous les
diagrammes complete (8.100) en

1 1
T A KU
(Dpda(@))anom = —€ 5 T [taan(AﬁAAp + §AVAAA,))] (8.125)
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De nouveau, on a déja calculé le terme quadratique et les autres termes seront déterminés par la condition
de cohérence.
Dans ce cas, les transformations de jauge (fictives) 0Af, = 0, + fg‘wAﬁeV sont engendrées par

SAL(y) = [ d*z e (x)Ta(x)Al(y) avec

Tale) = —5r 5A;(m) - gﬁAﬁ(q:)M;(x) (8.126)

Si Z[A] = e, avec Z[A] basé sur le Lagrangien (831), (j*(z))* = 5(20[1(2) et I’anomalie se manifeste
alors de la maniere suivante, '

Ta(2)T[A] = D5 (jh(x))" = Galz; A]. (8.127)

8.9 Condition de cohérence de Wess-Zumino

8.9.1 Commutateurs

Par calcul direct, on peut vérifier que les générateurs 7, (x) forment un représentation de 1’algebre de Lie
dans le sens ou

[Ta(), Ta(y)] = f150" (2, y) T (). (8.128)

En agissant avec cette relation sur I'[A] et en utilisant la définition de I’anomalie (8.127)), on déduit la
relation de cohérence de Wess-Zumino

Ta(@)Galy: Al — To(y)Galu: Al = £1,0%(2, )G la: A] (8.129)

Dans le contexte original de la symétrie SU(3) x SU(3) des interactions fortes, on trouve les relations
de commutation suivantes:

[Ya(2), Yi(y)] = 5664<:c,y) (), (8.130)
[Ya(2), Xo(y)] = fard" (2, y) Xe(2), (8.131)
[Xa<:c>,Xb<y>] o o )Velo) (8.132)
En appliquant sur I'[A, V] et en utilisant et X, (x)['[A, V] = G,(x) avec G,(z) défini par le

membre de droite de (8.122)), on trouve les Conditions de cohérence

Ya(2)Gi(y) = fa,0' (2, y)Ge(2),  Xa(2)Gily) — Xp(y)Galz) = 0. (8.133)

La premiere équation exprime le fait que I’anomalie se transforme dans la représentation adjointe sous
une transformation SU (3) ordinaire. On peut vérifier que la deuxiéme est aussi satisfaite pour le membre
de droite de (8.122)).

Nous allons nous concentrer sur le cas symétrique de 1’équation (8.123). On a explicitement calculé
le terme quadratique en les champs de jauge. On va montrer que les autres termes sont déterminés par la
condition de cohérence.
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8.9.2 Fantomes et cohomologie

Comme pour la fixation de jauge, on remplace ¢*(z) — C*(z), avec C*(x) un champ fermionique
externe. La transformation BRST est définie par

« (6% (6% 1 (0%
sAY = D,C*,  sC* = —§fﬁ705m, (8.134)

et est nilpotente, s*> = 0. Définissant G[C, A] = [ d*z C“G,[x; A], la définition de I’anomalie et
la condition de cohérence (8.129)) se réécrivent, en réinstaurant /i, comme

sT[A] = KG[C, A],  sG[A,C] = 0. (8.135)
Ceci it i ¢ 1) i ¢ 52
€C1 S€ Vo1t en appliquan W respectivemen W .

Si I’anomalie peut s’écrire comme G/[A, C| = sF[A] avec F[A] une fonctionnelle locale en les Af,
la condition de cohérence est automatiquement satisfaite car s> = (. Dans ce cas, on peut 1’absorber en
redéfinissant I’action de départ .S par un contreterme fini d’ordre 4. Pour des champs de jauge externes,
ceci revient a redéfinir ’action effective par le méme contreterme, I''[A] = T'[A] — hF'[A], de maniere a
ce que sI"[A] = 0. De la méme maniere, ce genre de contretermes permet de modifier I’expression de
I’anomalie.

a faire: des choix différents de a correspondent a de tels contretermes

Sur les exemples que 1’on a vu, les anomalies G[A, C] sont des fonctionnelles locales en A, C. On
peut montrer que c’est vrai en général. Dans le contexte présent, les anomalies non triviales sont donc des
classes d’équivalences de fonctionnelles en A, C, linéaire en C' et ses dérivées, qui sont BRST fermées
et deux fonctionnelles sont équivalentes si elles different par un terme BRST exact,

sG[A,C] =0

G[A,C] ~ G'[A,C] < G[A,C] = G'|A,C] + sF[A]. (8.136)

[G[A, O] € H'(s) : {

Les anomalies non triviales sont des représentants de H'(s).

En termes des intégrands, il faut admettre des dérivées totales comme pour les symétries, G[A, C] =
[d*z G, sG = 0,k", G =G + sF + 9,1

On va maintenant utiliser les conditions de cohérence pour calculer les termes cubiques et quartiques
dans (8.125)). En choisissant la dimension canonique de C* nulle, la transformation BRST ne modifie pas
la dimension canonique et celle de G[A, C] doit étre zéro, tout comme celle de I'[A]. En mettant tous le
termes possibles avec des coefficients arbitraires, on a donc

1
GIA,C) = — 5 e / &'z Tr(C’[@,{A,,&\Ap + 10 A AVA, + A, ANA,

T s AyOhAy + i AAAVA, ). (8.13T)
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On simplifie le calcul en travaillant avec des formes, A = AZ‘T adzt et C = C°T,, d = da"0, et
on considérant que les dz* anticommutent entre eux et avec les C'*. Dans la suite, on omet le produit
extérieur des formes. On a alors

sA=—dC —{A, C}, sC = —C?, d*> =0, {s,d} = 0. (8.138)

Le calcul direct de sG[A, C] = 0 donne alors

1 1 .3
GIA, €] = —55Tr(Cd[AdA + 547, (8.139)
comme annoncé dans (8.123). On ne fait pas explicitement le calcul ici car on va le voir comme con-

séquence d’une méthode plus générale pour dériver des solutions de I’équation de cohérence.

8.9.3 Equations de descente

Considérons F' = dA + %AZ = %F iwtadrtdz” dans I’algebre “universelle” des polynémes en A, C, dA,
dC. Un autre ensemble de générateurs est A, sA,C, F', avec sF = [F,C],dF = [F, A]. Sous quelles
conditions on peut travailler librement avec une telle algebre est discuté par exemple dans la section 10.2
de [50].

Considérons les “classes caractéristiques” Tr F"*1. On a dTr F"*! = (. Dans la base A,dA de

N N , . 3]
1’algebre des polynomes en A, d A, ’homotopie contractante pour d est 0 = A—— eton a

0dA
(doy=A2 a1 2 (8.140)
’ 0A ddA’ '
Un polyndéme w(A, dA) peut s’écrire
bod bt
w(A,dA) —w(0,0) = dtaw(tA,tdA) = 7[{6[, olw](tA,tdA). (8.141)
0 0
Sidw = 0etw(0,0) = 0, alors on trouve w = dn avec
Lt
n = / 7[0w](tA, tdA). (8.142)
0

En particulier,
1
TrF™ ™ = dQgpy1 (A, F), Qony1 (A, F) = (n+1) / dt Tr A(tF + (1% — t) A%)™. (8.143)
0

Pour n = 2, on trouve
o 13 L s
Qs5(A, F) =Tr [AF® — SAF+ A ]. (8.144)
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A partir de la condition de “horizontalité”
(d+s)(A+C)+(A+C) =F, (8.145)

on déduit ensuite que
Tr F"™ = (d 4 5)Qon1 (A + C, F) (8.146)

et donc aussi, si Qo1 (A+C, F) = Qo1 (A, F)+ Q4 (A, C, F) + -+ Q2"(C),
sQ (A, C, F)+dQs, (A C F)=0. (8.147)
Pour n = 2, on trouve
OYA,C,F) = Tr(c[F2 — 5 (A°F + AFA+ FA%) 4 %Aﬂ) —Tr [Od(AdA + %A:”)], (8.148)

comme il faut.

8.9.4 Résultat a tous les ordres et antichamps

Les résultats discutés jusqu’a présent sont des résultats valables a une boucle. Dans une théorie de Yang-
Mills avec champs de jauge quantifiés, une anomalie de jauge se manifeste par le fait que 1’équation de
Zinn-Justin naive

1
5(1“, F)¢7¢7* =0, (8.149)
est violée par des anomalies. A une boucle, en utilisant que I' = S, + Al + O(h2), et
1
§(ng’ ng)¢7$* =0, (8.150)
on trouve
(Sgr, T 450 = Gh. (8.151)

On peut montrer que (G; est une fonctionnelle locale en les champs ¢ et les antichamps 5* En appliquant
(Syf 7) 5.5+ €ten ,utilisant I’identité d(? Jacobi gradué pour I’anticrochet ainsi que (8.150), on obtient la
condition de cohérence pour I’anomalie

(Syf,G1)y 5 = 0. (8.152)

b0

De nouveau, si I’anomalie est de la forme triviale, G; = (S,y, F1) 5.5 avec F71 une fonctionnelle locale des
champs et antichamps de nombre de fantdome 0, I’anomalie peut €tre absorbée en rajoutant un contreterme
fini a ’action fixée de jauge.

On trouve donc encore une fois que les anomalies non triviales sont des représentants de H'(s), mais
cette fois-ci la différentielle est la différentielle BRST fixée de jauge s = (5,, ) 4.5~ dans I’espace des

fonctionnelles locales en les champs et antichamps ¢, (Z* Comme le changement vers les ¢, ¢* de la
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base invariante de jauge est une transformation anticanonique, la cohomolgie est isomorphe a celle de la
différentielle associée a la solution non fixée de jauge de I’équation maitresse. En utilisant une homotopie
contractante analogue a celle pour d, on montre facilement que la cohomologie est indépendante des
champs B®, C* et leurs antichamps. Puis on peut montrer [50] que pour un groupe semi-simple, les seuls
candidats pour les anomalies sont de la forme

> enTra, (Cd[AdA + 5 A7), (8.153)

avec des coefficients c,, a déterminer pour chaque facteur simple G,,.

On va voir qu’il y a des groupes de jauge pour lesquels D,g, = 0 pour tout contenu fermionique.
Dans ce cas, H!(s) est vide, ce que I’on supposera par la suite. Il ne peut donc pas y avoir d’anomalie
non triviale a une boucle. Il pourrait y avoir une anomalie a 2 boucles,

(S, 1) 45 =0, (8.154)
1
(S T?) g0 + 5 (1T, 5o = Go. (8.155)

et de nouveau, on peut montrer que (G5 est une fonctionnelle locale de nombre de fantdmes 1. On trouve

alors, en appliquant (S, -) .5~ @ la deuxieme équation et en utilisant la premicre que

(Sop: Ga)y 3 = 0. (8.156)

Puisque la cohomologie est vide, Gy = (S, ¢, F») .5~ beut &tre absorbée par un contreterme. Par récurrence
on peut montrer que c’est le cas a tous les ordres et on peut donc établir I’équation de Zinn-Justin (8.149)
a tous les ordres par un choix approprié de contretermes locaux.

8.10 Théories sans anomalies

L’anomalie chirale est proportionnelle au tenseur symétrique invariant
. 1
—1Dagy = iTr({Ta,Tﬁ}TV). (8.157)

Si les courants sont couplés a des vrais champs de jauge, une condition suffisante pour ne pas avoir
d’anomalie dans une symétrie de jauge est que ce tenseur s’annule,

D,s, = 0. (8.158)

Cette derniere propriété est désirable car si I’invariance de jauge ne peut étre préservée dans la théorie
quantique, on rencontre des problemes avec I'unitarité: la théorie quantifiée n’est pas équivalente a
une théorie pour laquelle on ne quantifie que des degrés de libertés physiques. a faire: montrer que
I’équation de Zinn-Justin implique I’unitarité.
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T, est la représentation de 1’algebre de jauge sur tous les fermions et anti-fermions gauches.
Pour certains groupes de jauge, (8.158)) est valable pour toute représentation des fermions. C’est le
cas si la représentation est équivalente a sa complexe conjuguée,

T: = ST,S'. (8.159)
Puisqu’on considére des représentations antihermitiennes, 71 = —T,, <= T* = —T7, ceci est équiva-
lent a
7" = —ST,57*. (8.160)
En insérant cette derniére relation dans la définition (8.157)), on trouve alors Dogy = —Dqog+.

Une telle représentation est soit réelle (s’il existe une matrice R non dégénérée R tel que 7! =
RT,R™! avec T/ réelle et antisymétrique) ou pseudo-réelle (si une telle matrice R n’existe pas). Par
exemple, la représentation irréductible de SU(2) a 3 dimensions est réelle (matrices (—:Zk), mais celle a 2
dimensions est pseudo-réelle (matrices 7; = —%ai, S = ioy).

Il n’y a donc pas d’anomalie pour les algebres de jauge n’ayant que des représentations réelles ou
pseudo-réelles. C’est le cas pour les algebres de Lie de SO(2n + 1) y compris SU(2) = SO(3), SO(4n)
pour n. > 2, USp(2n) pour n >3, Go, Fy, E7, Fg et leurs sommes directes. D’autres algebres n’ont que
des représentations pour lesquelles (8.158) est valable méme si certaines de leurs représentations ne sont
ni réelles ni pseudo-réelles. C’est le cas des algeébres de SO(4n + 2) (mais pas SO(2) = U(1)).

De méme, s’il n’y a que des fermions de Dirac dans la théorie se transformant comme (8.53) avec
th =ty =tl,

ta 0
T, = (o —(ta)T>' (8.161)

la représentation est (pseudo-)réelle avec
01
S = (1 O) , (8.162)
et (8.158)) est valable.

Les anomalies ne sont donc que possibles pour des algébres de jauge contenant des facteurs SU(n)
avec n > 3 ou U(1) et des couplages a des fermions chiraux. C’est justement celle-la qui sont importantes
en physique des particules ou le groupe de jauge est SU(3) x SU(2) x U(1) et le couplage aux leptons
est chiral. Il faudra donc utiliser des cancellations entre les fermions de la théorie pour garantir 1’absence
d’anomalies.

Avant de passer a la jauge unitaire suite a la brisure spontanée de symétrie, on a comme groupe de
jauge SU(2)r, x U(1)y pour le Lagrangien leptonique du secteur électrofaible du modele standard:

Wy = (?) , (8.163)
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ou [ dénote le type (e pour électronique, 4 pour muonique et 7 pour tauonique) et

Llept - = Z %l (’y#Df’C)zﬁl

l:e7ﬂ/77_

avece
DI = (0, + 9Bl + ¢'Cuy)in,

%i% y=—i[P3 ((1) (1)>+P‘(8 g)]

Notons que la charge électrique est associée au générateur

(0 0
qzt§—y=—z(0 _1).

Pour les quarks, onat, = %i)\a, q =u,c,t,d,s,b,quisontregroupés comme ¢* = (u,c,t),q
et

tzL:P-i-

=P (g Vo)
T thﬁqq

avec Vg +,- une matrice unitaire 3 X 3, la matrice de Kobayashi-Maskawa, et

Lquarks = - Z ( MDG q - Z@/Jq#)’ gBlt + g Cuqu q+ ZQR’V g C,uquQRa

q qt q

avee

DSq = (80, + 9:Giita)q,

1
i — (75 O dh— -2 i — gt
vi—-i(g D) iR i)

Ceci explique la table suivante extraite de [25] pour une génération:

(8.164)

(8.165)

(8.166)

(8.167)

= (d,s,b)

(8.168)

(8.169)

(8.170)

(8.171)
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Table 22.1. First-gencration left-handed fermion and antifermion ficlds of the
standard modcl.

Fermions SU(3) SU(2) U) [v/g"
u -\
3 2 -1/6

(a), /

Up 3 1 +2/3

dy 3 1 —1/3

‘l

¢/

ex 1 1 1

Comme les anomalies avec 1 facteur SU(3) ou 1 facteur SU(2) sont proportionnelles a trt, = 0 =
tr¢;. On doit vérifier les cas suivants pour chaque génération:

* SU(3) — SU(3) — SU(3): pas d’anomalie car couplage non-chiral

SU(3) — SU(3) — U(1):

1 1 11 2 1
tr [{ta,tﬁ}yq] = —iéaﬂtryq = —5(5@,3(—6 - 6 + g - g) =0. (8172)

SU(2) — SU(2) — SU(2): pas d’anomalie car représentation réelle ou pseudo-réelle

SU(2) — SU(2) — U(1):

tr [{t:, 1}y + )] = —5 8t (7 + ) = —;(Sij[?)(—é) + %] ~0. (8.173)
- U(1) = U(1) = U(1):
tr[(y% +y™ + y)®] = 6(%1)3 + 3(%)3 + 3(%1)3 + 2(%)3 +(=1)?*=0. (8.174)

On trouve donc que le modele standard est exempt d’anomalies chirales de jauge et la cancellation dépend
de I’organisation des quarks et des leptons a I’intérieur de chaque génération.

Des anomalies supplémentaires sont dues au couplage a la gravitation. On peut montrer que 1’anomalie
en présence d’un champ de gravitation externe est proportionnelle a

tr(T%) € RuverRoo™. (8.175)
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a faire par le heat kernel
Le seul cas non trivial a vérifier est U(1). Or

tr(y?s 4 iR 4+ ) = 6(—%) + 3(%) + 3(—%) + 2(%) +(-1) =0, (8.176)

etil n’y a donc pas non plus d’anomalies gravitationnelles dans le modele standard.

8.11 KExercices

8.11.1 Théoreme d’Atiyah-Singer a toute dimension

En commengant en d = 2, montrer que le théoreme de I’indice pour d = 4 donné par (8.50), se généralise
en dimensions paires d = 2n de la maniere suivante: si

F
ch (F) = tr; exp —|, (8.177)
2T
alors
: . 1 F
indexil) . = / ch(F)|= = try(=—)". (8.178)
May, n: May, 2
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