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Chapter 1

Canonical quantization of free fields

In this chapter, selected chapters of quantum mechanics and of canonical quantization of free fields are
reviewed in order to better appreciate the path integral treatment that follows. It follows corrresponding
sections of [1] and of [2].

1.1 Time evolution
The dynamics of a quantum system is determined by the Hamiltonian Ĥ[q, p]. The time dependence of a
matrix element of an operator Â[q, p] is determined by

iℏ
d

dt
⟨ψ|Â|ϕ⟩ = ⟨ψ|[Â, Ĥ]|ϕ⟩. (1.1)

This equation is sufficient, since physical information is encoded in matrix elements. One may then
choose to represent the time evolution of states and operators in different ways, compatible with the
above: if Ĥ = M̂ + N̂ , with M̂, N̂ hermitian, one may define

iℏ
d

dt
Â = [Â, M̂ ], iℏ

d

dt
|ψ⟩ = N̂ |ψ⟩. (1.2)

1.1.1 Schrödinger pricture

In this picture, all time dependence comes from the states, M̂ = 0, N̂ = Ĥ . It follows that

ÂS(t) = ÂS(t0), |ψ(t)⟩S = e
−i
ℏ Ĥ(t−t0)|ψ(t0)⟩S. (1.3)

Note that this (formal) solution is valid for an Hamiltonian that does not depend explicitly on time.

1.1.2 Heisenberg picture

In this case, all time dependence lies with the operators, M̂ = Ĥ, N̂ = 0, so that

ÂH(t) = e
i
ℏ Ĥ(t−t0)ÂH(t0)e

−i
ℏ Ĥ(t−t0), (1.4)

|ψ(t)⟩H = |ψ(t0)⟩H . Note that ĤS = ĤH and that one may choose to identify |ψ(t0)⟩S = |ψ(t0)⟩H ,
ÂS(t0) = ÂH(t0).

9
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1.1.3 Dirac picture

In case the Hamiltonian may be decomposed in a free (quadratic) piece, and an interaction, Ĥ = Ĥ0 + V̂ ,
the Dirac or interaction picture consists in transforming operators with the free Hamiltonian Ĥ0, and
states with the interacting Hamiltonian V̂ , M̂ = Ĥ0, N̂ = V̂ . Operators in this picture are written as
ÂI(t). When Ĥ0 is time independent,

ÂI(t) = e
i
ℏ Ĥ0(t−t0)ÂI(t0)e

−i
ℏ Ĥ0(t−t0), (1.5)

while states |ψ(t)⟩I satisfy iℏ d
dt
|ψ⟩I = V̂I |ψ⟩I , with

V̂I(t) = e
i
ℏ Ĥ0(t−t0)V̂I(t0)e

−i
ℏ Ĥ0(t−t0). (1.6)

Again, operators and states in different pictures are identified at t0.
To find the solution for the evolution equation of states, define

|ψ(t)⟩I = ÛI(t, t0)|ψ(t0)⟩I . (1.7)

This implies that ÛI(t, t) = 1̂ and d
dt
ÛI(t, t0) =

−i
ℏ V̂I(t)ÛI(t, t0).

Integrating and iterating, one finds

ÛI(t, t0) = 1̂− i

ℏ

∫ t

t0

dτ V̂I(τ)ÛI(τ, t0) =
∑
N=0

(− i

ℏ
)N
∫ t

t0

dτ1· · ·
∫ τN−1

t0

dτN V̂I(τ1) . . . V̂I(τN ).

To show that this gives

∑
N=0

(− i
ℏ )

N

N !

∫ t

t0

dτ1· · ·
∫ t

t0

dτN T{V̂I(τ1) . . . V̂I(τN )},

one realizes that for t = t0, the expression gives 1̂ and that the derivative with respect to t of this expression gives
− i

ℏ V̂I(t) times the expression itself. The expression thus satisfies the same first order differential equation with
the same initial condition than ÛI(t, t0), so that both are equal.

One then finds

ÛI(t, t0) = Te
− i

ℏ
∫ t
t0
dτV̂I(τ) . (1.8)

Identifying |ψ(t0) >I= |ψ(t0) >H= |ψ >H , one gets from H < ψ|ÂH(t)|ψ >H= I < ψ(t)|ÂI(t)|ψ(t) >I

that ÂI(t) = ÛI(t, t0)ÂH(t)ÛI(t0, t).
The evolution operator satisfies Û−1(t, t0) = Û(t0, t) = Û †(t, t0).

1.1.4 Decoupled harmonic oscillators
Consider a collection of n decoupled harmonic oscillators with frequencies ωa, a = 1 . . . n. The system
is described by the Lagrangian

L =
1

2
q̇aq̇a −

1

2
ω2
abq

aqb, a, b = 1 . . . n, ω2
ab = ω2

(a)δab (1.9)

where a sum over repeated indices is understood, while a parenthesis indicates the absence of summation.
Indices are lowered and raised with the Kronecker delta δab and its inverse δab. Canonical momenta are
pa = q̇a, the Hamiltonian is

H =
1

2
pap

a +
1

2
ω2
abq

aqb. (1.10)
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If oscillator variables are defined as

âa =

√
ω(a)q̂

a + i p̂a√
ω(a)√

2ℏ
, (1.11)

with inverse transformation

q̂a =

√
ℏ

2ω(a)

(âa + âa†), p̂a = −i
√

ℏω(a)

2
(âa − â†a), (1.12)

the canonical commutation relations

[q̂a, p̂b] = −iℏδab , [q̂a, q̂b] = 0 = [p̂a, p̂b], (1.13)

are equivalent to
[âa, â†b] = δab, [âa, âb] = 0 = [â†a, â†b], (1.14)

while the Hamiltonian is given by

Ĥ = ℏωab(â†aâb +
1

2
δab) , ωab = ω(a)δab (1.15)

The system may be quantized in terms of a complete set of orthonormal states of the form

|n1, . . . nn⟩ =
1√
n1!

. . .
1√
nn!

(â†1)
n1 . . . (â†n)

nn|0⟩, âa|0⟩ = 0. (1.16)

1.2 Canonical quantization of the real scalar field
In this section, we briefly recall canonical quantization of the free scalar field. It is not really needed
for the course itself, but it allows one to better appreciate the relation between path integral and operator
quantization. We set ℏ = 1.

1.2.1 Mode expansion and Hamiltonian
Action:

SKG =

∫
d4x[−1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2]. (1.17)

Canonical momenta: π(x⃗, t) = ∂0ϕ(x⃗, t),
Poisson brackets: {ϕ(x⃗, t), π(y⃗, t)} = δ(x⃗− y⃗).
Hamiltonian:

H0 =

∫
d3x[

1

2
π2(x⃗, t) +

1

2
∂kϕ(x⃗, t)∂

kϕ(x⃗, t) +
1

2
m2ϕ(x⃗, t)2] (1.18)

Fourier transform:

ϕ̃(k⃗, t) =

∫
d3x e−ik⃗x⃗ ϕ(x⃗, t), (1.19)

π̃(k⃗, t) =

∫
d3x e−ik⃗x⃗ π(x⃗, t). (1.20)
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Oscillator variables:

a(k⃗, t) =
1

(2π)3/2
[

√
ω(k⃗)

2
ϕ̃(k⃗, t) +

i√
2ω(k⃗)

π̃(k⃗, t)], (1.21)

ϕ(x⃗, t) =

∫
d3k

(2π)3/2
1√
2ω(k⃗)

[a(k⃗, t)eik⃗·x⃗ + h.c.], (1.22)

π(x⃗, t) = −i
∫

d3k

(2π)3/2

√
ω(k⃗)

2
[a(k⃗, t)eik⃗·x⃗ − h.c.] (1.23)

with ω(k⃗) =
√
k⃗2 +m2.

quantization : [â(k⃗, t), â+(k⃗′, t)] = δ(k⃗ − k⃗′).

: Ĥ0 :=

∫
d3k ω(k⃗)â+(k⃗, t)â(k⃗, t) . (1.24)

Why does one need to normal order ? When keeping expressions symmetric in a and a∗ before
quantization, one finds Ĥ0 =

∫
d3k ω(k⃗)[â†(k⃗)â(k⃗)+ 1

2
]. The last term does not depend on the oscillators.

When going to spherical coordinates in momentum space, it is given by 1
2
(4π)

∫∞
0
dkk2

√
k2 +m2, which

diverges. If the system would be in a box with periodic boundary conditions, one would find instead
Ĥ0 =

∑
k⃗ ωk⃗[â

†
k⃗
âk⃗ +

1
2
]. The 1

2
corresponds to so-called “zero point energy” of an oscillator. In this case,

the sum diverges. Normal ordering avoids the appearance of these divergences. For most questions we
are interested in, only energy differences are relevant and normal ordering is a choice that we can do.

1.2.2 Dynamics
Equations of motion :

d

dt
â(k⃗, t) = −i[â(k⃗, t), : Ĥ0 :] = −iω(k⃗)â(k⃗, t) =⇒ â(k⃗, t) = e−iω(k⃗)t â(k⃗), (1.25)

ϕ̂(x) =

∫
d3k

(2π)3/2
1√
2ω(k⃗)

[
â(k⃗)eik·x + h.c.

]
(1.26)

= ϕ̂(+)(x) + ϕ̂(−)(x), (1.27)

ϕ̂(+)(x) =

∫
d3k

(2π)3/2
1√
2ω(k⃗)

â(k⃗)eik·x, ϕ̂(−)(x) = (ϕ̂(+)(x))†, (1.28)

where k · x = kµx
µ and k0 = ω(k⃗) = −k0. One says that ϕ̂(+)(x) contains positive frequencies, while

ϕ̂(−)(x) contains negative frequencies.

1.2.3 Two-point function
2-point function:
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1

i
∆F (x− y) ≡< 0|T ϕ̂(x)ϕ̂(y)|0 > =< 0|ϕ̂(+)(x)ϕ̂(−)(y)|0 > θ(x0 − y0) + (x↔ y),

=< 0|
[
ϕ̂(+)(x), ϕ̂(−)(y)

]
|0 > θ(x0 − y0) + (x↔ y). (1.29)

[ϕ̂(+)(x), ϕ̂(−)(y)
]
=

1

(2π)3

∫
d3kd3k′eik·xe−ik

′·y 1

2

√
ω(k⃗)ω(k⃗′)

δ(k⃗ − k⃗′)

=
1

(2π)3

∫
d3k

1

2ω(k⃗)
eik·(x−y). (1.30)

It follows that

< 0|T ϕ̂(x)ϕ̂(y)|0 >= 1

(2π)3

∫
d3k

1

2ω(k⃗)
[eik·(x−y)θ(x0 − y0) + (x↔ y)]. (1.31)

Note that

θ(t) = − 1

2πi

∫ +∞

−∞
ds

e−ist

s+ iϵ
.

Indeed, if t > 0 one closes the integration contour in the lower half-plane of the complex plane of s, and
one catches the contribution from the pole in s = −iϵ. If t < 0, one closes the contour in the upper-half
plane, there is no pole and the result is zero.

s,   t > 0 s,  t < 0

Injecting this expression gives

∆F (x− y) = − 1

(2π)4

∫
d4k

1

2ω(k⃗)

1

k0 + iϵ
e[−i(k

0+ω(k⃗))(x0−y0)+ik⃗·(x⃗−y⃗)] + (x↔ y)

= − 1

(2π)4

∫
d4p

1

2ω(p⃗)

1

p0 − ω(p⃗) + iϵ
eip·(x−y) + (x↔ y)

= − 1

(2π)4

∫
d4p

1

2ω(p⃗)
(

1

p0 − ω(p⃗) + iϵ
+

1

−p0 − ω(p⃗) + iϵ
)eip·(x−y)

=
1

(2π)4

∫
d4p

1− iϵ/ω(p⃗)

p2 +m2 − 2iϵω(p⃗)
eip·(x−y)

=
1

(2π)4

∫
d4p

1

p2 +m2 − iϵ
eip·(x−y) . (1.32)
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The last line follows from the fact that only the pole for p0 matter. These poles are determined by
(p0)2 = p⃗2 +m2 − iϵ and thus p0 =

√
p⃗2 +m2 − iϵ and p0 = −

√
p⃗2 +m2 + iϵ. If x0 − y0 > 0, one

closes the contour in the lower half-plane, and one catches the first pole. If x0 − y0 < 0, one closes the
contour in the upper half-plane, and one catches the second pole. This gives back the expression from two
lines before.

pº,   xº-yº > 0 pº,  xº-yº < 0

The expression (1.32) allows one to easily verify that ∆F (x − y) is a Green’s function for the Klein-
Gordon operator, (2 − m2)∆F (x − y) = −δ4(x − y). Furthermore, if x0 − y0 > 0, one sees from
(1.31) that ∆F (x − y) only contains positive frequencies, while if x0 − y0 < 0, there are only negative
frequencies. One says that ∆F (x− y) satisfies boundary conditions of radiation type.

1.3 S-matrix

In an interacting theory, Ĥ = Ĥ0 + V̂ , the problem is in general no longer linear and cannot be solved
exactly. In particle physics, one is interested in scattering processes, with free particles far from each
other, that interact, and that become free again later on.

To describe this situation, one assumes that the Fock space of the interacting theory is the same as the
Fock space of the free theory associated with Ĥ0. In Heisenberg picture, one assumes that, inside matrix
elements, the field operator is proportional to the one of the free field if one goes sufficiently far to the
past or the future:

ϕ̂(x⃗, t)
t→±∞−→ Z1/2ϕ̂out

in
(x⃗,±∞),

where Z1/2 is a proportionality factor and ϕ̂out
in

are the free fields explicitly defined in the previous para-
graph1.

Let us denote by |α, outin > orthonormal basis vectors of Fock space in the far future and far past,
respectively, that is to say the Fock space created by (â+)outin (k⃗). In Heisenberg picture, these states
describe the system for all times, but an observer analyzing a state |α, in > at t → −∞ does so with
âin(k⃗). This state may appear for instance as describing a simple set of free particles, prepared in advance.
If an observer analyzes the same state at t → +∞, he will do so with operators âout(k⃗), and now it can
appear like a complicated superposition of free particles that is the result of a scattering process at finite t.

1A way to implement this idea is to consider spacetime dependent “coupling constants” g(x) in V̂ that vanish in the far past
and the far future. In a next step this requires one to discuss the “adiabatic” limit g(x) → g , cste [3].
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The S matrix is defined by

Sβα =< β; out|α; in > . (1.33)

It describes the probability amplitude to go from a free particle state in the far past to a free particle state
in the far future. Unitarity of the S matrix is a direct consequence of the fact that the bases |α, outin > are
orthonormal:

∑
γ < β; in|γ; out >< γ; out|α; in >= δβα implies that

∑
γ S

†
βγSγα = δβα.

Let us introduce in addition |α⟩, a basis for the Fock space of the free theory with Hamiltonian Ĥ0 in
Heisenberg picture. The states |α⟩, ⟨β| have the same particle content as the states |α; in⟩, ⟨β; out|. The
Ŝ operator is then defined as the operator of the Fock space of the free theory that satisfies

Sβα =< β|Ŝ|α > . (1.34)

NB: As will appear in the discussion below, there are now two types of identifications: the identification
of states for different pictures at a given time as discussed before, and also how to identify states of the
free theory with states of the interacting theory.

It is then natural to use the Dirac picture for the interacting theory and the Heisenberg picture for the free theory,
because then the time evolution of operators is the same in the free and the interacting theory. One chooses to
identify states of the Heisenberg and Dirac picture of the interacting theory at time t = 0. In the absence of
interactions, at t → |∞|, states in the Dirac picture no longer move, so that |α(−∞)⟩I = |α⟩, I⟨β(+∞)| = ⟨β|.
This implies

< β|Ŝ|α > =< β; out|α; in >= I⟨β(0)|α(0)⟩I
= I⟨β(+∞)|ÛI(+∞,−∞)|α(−∞)⟩I = ⟨β|ÛI(+∞,−∞)|α⟩. (1.35)

An alternative proof in Schrödinger picture proceeds as follows. One identifies |α; in(−∞)⟩S = |α(−∞)⟩S ,

S⟨β; out(+∞)| = S⟨β; (+∞)| with i
∂

∂t
|α; in(t)⟩S = Ĥ|α; in(t)⟩S and i

∂

∂t
|α; (t)⟩S = Ĥ0|α; (t)⟩S . Introduc-

ing the notation Û(t′, t) = e−iĤ(t′−t) and Û0(t
′, t) = e−iĤ0(t

′−t), we have

< β|Ŝ|α >=< β; out|α; in >= S⟨β; out(0)|α; in(0)⟩S = S⟨β; out(+∞)|Û(∞, 0)Û(0,−∞)|α; in(−∞)⟩S
= S⟨β; (+∞)|Û(+∞,−∞)|α(−∞)⟩S = S⟨β(0)|Û0(0,∞)Û(+∞,−∞)Û0(−∞, 0)|α(0)⟩S . (1.36)

This gives
Ŝ = ÛI(+∞,−∞) = lim

t→∞,t0→−∞
eiĤ0te−iĤ(t−t0)e−iĤ0t0 . (1.37)

The two expressions are compatible since

ÛI(t, t0) = eiĤ0te−iĤ(t−t0)e−iĤ0t0 = Ω̂†(t)Ω̂(t0), Ω̂(t) = eiĤte−iĤ0t. (1.38)

Indeed, the right hand side satisfies the same initial condition and the same first order differential equation
as ÛI(t, t0),

d

dt
ÛI(t, t0) = eiĤ0t[i(Ĥ0 − Ĥ)]e−iĤ(t−t0)e−iĤ0t0 = −iV̂I(t)ÛI(t, t0).

In particular, we deduce that

|β; out >= Ω̂(+∞)|β >, |α; in >= Ω̂(−∞)|α > . (1.39)

Combining with the first equality of (1.37) with (1.8), we have also shown the Dyson series for Ŝ,

Ŝ = Te−i
∫+∞
−∞ dτV̂I(τ) . (1.40)
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1.4 Partition function for massless scalar in d spatial dimensions

1.4.1 Mode expansion
Consider a massless scalar field ϕ in d spatial dimensions, whose Lagrangian action reads

S[ϕ] = −1

2

∫
dx0

∫
Vd

ddx ∂µϕ∂
µϕ, (1.41)

while the first order Hamiltonian action is

SH [ϕ, π] =

∫
dx0[

∫
Vd

ddx ϕ̇π −H], H =
1

2

∫
Vd

ddx
(
π2 + ∂iϕ∂

iϕ
)
, (1.42)

with associated canonical Poisson brackets

{ϕ(x0, x), π(x0, x′)} = δd(x− x′). (1.43)

Our conventions for indices and their ranges are as follows: the spacetime and spatial indices are µ =
0, ..., d, and i = 1, ..., d, respectively. Besides the Hamiltonian, the other observables that are relevant for
us here are linear momenta in the xi direction,

Pi = −
∫
Vd

ddx π∂iϕ. (1.44)

Our aim is to discuss analytic expressions in terms of Eisenstein series and associated modular properties
of partition functions of the type

Zd(β, µ
j) = Tr e−β(Ĥ−iµj P̂j), (1.45)

and generalizations thereof. In order to take advantage of techniques in complex analysis, we use purely
imaginary chemical potentials iµj, µj ∈ R, as in 2-dimensional conformal field theory and also for in-
stance in [4, 5, 6].

In order to evaluate such partition functions, a standard procedure is to put the system in a hyperrectan-
gular box of volume Vd =

∏d
i=1 Li and to choose periodic boundary conditions in all spatial dimensions,

ϕ(x0, x1, ..., xi, ..., xd) = ϕ(x0, x1, ..., xi + Li, ..., x
d). (1.46)

The appropriate orthonormal basis vectors {eki} are plane waves,

eki(x) =
1√
Vd
eikix

i

, ki =
2πni
Li

,
(
eki , ek′i

)
=

∫
Vd

ddx e∗ki(x)ek′i(x) =
∏
i

δni,n′
i
. (1.47)

The fields ϕ, π admit the mode decomposition

ϕ(x) =
∑
ni∈Zd

ϕkieki(x), π(x) =
∑
ni∈Zd

πki(x)eki , (1.48)

with reality conditions ϕki = ϕ∗
−ki , πki = π∗

−ki . In terms of the Fourier components, the observables are

H =
1

2

∑
ni∈Zd

(πkiπ
∗
ki
+ ω2

ki
ϕkiϕ

∗
ki
), Pi = −i

∑
ni∈Zd

kiϕkiπ
∗
ki
, (1.49)

where ωki =
√
kjkj , while the non-vanishing canonical Poisson brackets become

{ϕki , π∗
k′i
} =

∏
i

δni,n′
i
. (1.50)
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The zero mode is denoted by ϕ0 = q, π0 = p and, for the Fourier components with ni ̸= (0, . . . , 0),
one defines standard oscillator variables,

aki =

√
ωki
2

[
ϕki +

i

ωki
πki
]
. (1.51)

In these terms,

ϕ = Vd
− d−1

2d q +
1√
Vd

∑
ni∈Zd

′ 1√
2ωki

(akie
ikjx

j

+ c.c.),

π = Vd
− d+1

2d p− i√
Vd

∑
ni∈Zd

′
√
ωki
2
(akie

ikjx
j − c.c.),

(1.52)

where the prime indicates that the term with ni = (0, . . . , 0) is excluded from the sum and q, p are
dimensionless. The observables are given by

H = Vd
− 1

d
p2

2
+

1

2

∑′

ni∈Zd

ωki(a
∗
ki
aki + akia

∗
ki
), Pi =

1

2

∑′

ni∈Zd

ki(a
∗
ki
aki + akia

∗
ki
), (1.53)

while the non-vanishing Poisson brackets become

{q, p} = 1, {aki , a∗ki} = −i
∏
i

δni,n′
i
. (1.54)

1.4.2 Canonical approach to partition function in large volume limit
Throughout this section, where we will consider all spatial dimensions to be large, we will also take the
chemical potentials µj to vanish. How the final result changes when they are turned on will be discussed
from a more general perspective later.

1.4.2.1 Zero mode contribution

It follows from the expression of the Hamiltonian (1.53) that the zero mode sector of the theory corre-
sponds to a free particle with Hamiltonian H0 = Vd

− 1
d 1
2
p2. Therefore one may quantize the full theory in

a Fock space for which the vacua |p⟩ are labelled by the continuous eigenvalues p of p̂,

p̂|p⟩ = p|p⟩, âki|p⟩ = 0. (1.55)

It follows that

Z0(β) = Tr e−βĤ0 =

∫ +∞

−∞
dp e−

b
2
p2⟨p|p⟩ =

√
2π

b
δ(0), b = Vd

− 1
dβ. (1.56)

lnZ0(β) contains a finite and an infinite part. In most of the problems, one discards both of them, but in
some problems, one keeps the finite part.

1.4.2.2 Oscillator contribution

For the oscillator modes quantized in Fock space, one may directly evaluate the trace using the normal
ordered Hamiltonian : Ĥ ′ : so that no divergences occur. If Nki denotes the occupation number of the
oscillator associated to ki, we have,

Z ′
d(β) = Tr e−β:Ĥ

′: =
∏′

ni∈Zd

∑
Nki

∈N

e−βωki
Nki =

∏′

ni∈Zd

1

1− e−βωki

, (1.57)
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and thus
lnZ ′

d(β) = −
∑′

ni∈Zd

ln(1− e−βωki ). (1.58)

For large Li, the sums can be approximated by integrals using dki = 2π
Li

dni. After performing the
integrals over the angles in hyperspherical coordinates, one finds

lnZ ′
d(β) = − Vd

(2π)d

∫
ddk ln(1− e−βωki ) = − Vd

(2π)d
Vol(Sd−1)

∫ ∞

0

dkkd−1 ln(1− e−βk). (1.59)

Since the contribution of the zero mode lnZ0(β) ∼ lnVd is subdominant in the large volume limit, it may
be neglected unless otherwise specified.

On the one hand, Vol(Sd−1) = 2π
d
2 /Γ(d

2
) while, on the other, the integral becomes after the change of

variables x = βk and a standard integrations by parts,∫ ∞

0

dkkd−1 ln(1− e−βk) = − 1

dβd

∫ ∞

0

dx
xd

ex − 1
= − 1

dβd
Γ(d+ 1)ζ(d+ 1). (1.60)

One thus ends up with the “scalar black body” partition function

lnZd(β) =
Γ(d)ζ(d+ 1)

2d−1π
d
2Γ(d

2
)

Vd
βd
. (1.61)

Furthermore, using the reduplication formula

Γ(z)
√
π = 2z−1Γ(

z

2
)Γ(

z + 1

2
), (1.62)

at z = d, and the definition of the completion of the zeta function,

ξ(z) =
Γ( z

2
)ζ(z)

π
z
2

, (1.63)

at z = d+ 1, the result can be written as

lnZd(β) = ξ(d+ 1)
Vd
βd

=


π
6
L1

β
for d = 1

ζ(3)
2π

L1L2

β2 for d = 2
π2

90
L1L2L3

β3 for d = 3
...

. (1.64)

Remarks:
This result for the partition function is independent of the choice of boundary conditions in the large

volume limit. For instance, for Dirichlet conditions ϕ(t, x1, ..., 0, ..., xd) = 0 = ϕ(t, x1, ..., Li, ..., x
d),

the appropriate basis is eki =
√

2d

Vd

∏
i sin kix = e∗ki , ki =

πni

Li
. In particular, there is no mode at ni =

(0, . . . , 0) that has to be dealt with. All mode expansions are the same except that sums and products are
restricted to ni > 0. In the evaluation of the partition function after (1.58), this is compensated by the fact
that dki = π

Li
dni. Equivalently, the sums can be extended to Zd/(0, . . . , 0) while dividing by 2d, because

the summands are even functions of the ni, and the computation proceeds as before.
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1.5 Canonical quantization of the free electromagnetic field

1.5.1 Gauge potentials and Lagrangian formulation

When using units such that c = 1 = ϵ0, Maxwell’s equations for the electric and magnetic fields E⃗(xµ),
B⃗(xµ) are

∇⃗ · E⃗ = ρ, (1.65)
∇⃗ × B⃗ − ∂0E⃗ = j⃗, (1.66)

∇⃗ · B⃗ = 0, (1.67)
∇⃗ × E⃗ + ∂0B⃗ = 0, (1.68)

where ρ(xµ) is the electric charge density and j⃗(xµ) the electric current density.
In particular, taking the gradient of (1.66), i.e., applying ∇⃗· to this equation gives −∂0∇⃗ · E⃗ = ∇⃗j⃗.

When using (1.65), this gives the continuity equation ∂0ρ+ ∇⃗ · j⃗ = 0, which expresses local conservation
of electric charge.

When introducing the electric four-vector current density jµ and the antisymmetric electromagnetic
field F µν tensor defined through

jµ =


ρ
j1

j2

j3

 , F µν =


0 E1 E2 E3

−E1 0 B3 −B2

−E2 −B3 0 B1

−E3 B2 −B1 0

 , (1.69)

Maxwell’s equations and the continuity equation can be written in the equivalent (manifestly Lorentz
covariant) form as

∂νF
µν = jµ, ϵµνλρ∂νFλρ = 0, ∂µj

µ = 0 , (1.70)

where ϵµνλρ is the Levi-Civita pseudo-tensor defined to be completely antisymmetric in the exchange of
µ, ν, λ, ρ with ϵ0123 = 1, and one remembers that indices are lowered and raised with ηµν and its inverse
ηνλ (so that ηµνηνλ = δλµ), where

ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 = ηµν . (1.71)

First, we note that
ϵ0ijk = ϵijk, ϵijkϵ

lmk = δliδ
m
j − δmi δ

l
j , ϵijkϵ

ljk = 2δli.

In components, the electromagnetic field tensor is determined by F 0i = Ei, F ij = ϵijkBk, and ∂iF 0i = j0 is
(1.65), while ∂0F i0 + ∂jF

ij = ji is equivalent to −∂0Ei + ϵijk∂jBk = ji which is equivalent to (1.66). For the
second set of equations, one starts with µ = 0. In this case, they reduce to 0 = ϵijk∂iFjk = ϵijk∂i(ϵjklB

l) =
2∂iB

i, and thus to (1.67). If µ = i, we get 0 = ϵi0jk∂0Fjk + ϵij0k∂jF0k + ϵijk0∂jFk0 = ϵ0ijk(∂0Fkj + ∂jF0k +
∂kFj0) = 2(−∂0Bi − ϵijk∂jEk) which is equivalent to (1.68).

On R3 with suitable fall-off conditions, every vector field v⃗ admits a unique decomposition into a
longitudinal and a transverse part,

v⃗ = ∇⃗ψ + ∇⃗ × w⃗. (1.72)

For a divergence-free vector field, the longitudinal part vanishes, while for a curl-free vector field, it is the
transverse part that vanishes.
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When the Laplacian ∆ is invertible (which we assume to be the case and which holds if one considers fields on
R × R3 that decrease at least as fact as r−1 when r → ∞) the decomposition of a v⃗(x) into its longitudinal and
transversal components follows from ∇⃗ × (∇⃗ × v⃗) = ∇⃗(∇⃗ · v⃗)−∆v⃗:

v⃗ = ∇⃗ψ + ∇⃗ × w⃗, ψ = ∆−1(∇⃗ · v⃗), w⃗ = −∆−1(∇⃗ × v⃗).

(if ∆−1 commutes with the gradient ∇⃗ and the curl ∇⃗×). NB: These properties can be explicitly checked when
using that ∆ϕ(x⃗) = −δ(3)(x⃗ − y⃗) iff ϕ(x⃗) = 1

4π
1

|x⃗−y⃗| so that ∆ϕ(x⃗) = j(x⃗) ⇐⇒ ϕ(x⃗) = − 1
4π

∫
d3y j(y⃗)

|x⃗−y⃗| ,
which provides an explicit expression for ∆−1.

Equation (1.67) then implies the existence of a vector potential A⃗ such that B⃗ = ∇⃗ × A⃗. When injecting
into (1.68), this implies ∇⃗ × (E⃗ + ∂0A⃗) = 0, and in turn that E⃗ = −∂0A⃗− ∇⃗ϕ for some scalar potential
ϕ.

NB: the vector and scalar potentials that give rise to a given electric and magnetic field are not uniquely
defined. If B⃗ = ∇⃗ × A⃗′, E⃗ = −∂0A⃗′ − ∇⃗ϕ′, it follows by substraction that ∇⃗ × (A⃗′ − A⃗) = 0, so that
A⃗′ = A⃗+∇⃗χ for some χ, and then, when subtracting the two expressions for E⃗, that ∇⃗(∂0χ+ϕ

′−ϕ) = 0,
so that ϕ′ = ϕ − ∂0χ up to a function of time alone, which needs to vanish on account of the boundary
conditions imposed on the fields.

Defining
Aµ = (−ϕ,A1, A2, A3), (1.73)

it follows that
Fµν = ∂µAν − ∂νAµ , (1.74)

while gauge transformations of the potentials giving rise to identical electric and magnetic fields can be
written as

A′
µ = Aµ + ∂µχ . (1.75)

Indeed, F0i = −Ei = ∂0Ai + ∂iϕ, as it should. For the other components, we have Fij = ϵijkB
k by definition,

and Fij = ∂iAj − ∂jAi according to (1.74). Contracting both with ϵljk on the other gives 2Bl = 2ϵljk∂jAk as it
should.

In these terms, equations (1.65) and(1.66), which have been shown to be equivalent to ∂νF µν = jµ read
explicitly ∂µ∂νAν − 2Aµ = jµ, or ∂0(���∂0A

0 + ∂iA
i) − ����

∂0∂
0A0 − ∆A0 = ρ and ∂0(∂iA0 − ∂0Ai) +

∂j(∂
iAj − ∂jAi) = jj . When taking into account that ∂j(∂iAj − ∂jAi) = ∂j(ϵ

ijkϵklm∂
lAm) these can be

written as
−(∂0∇⃗ · A⃗+∆ϕ) = ρ, ∂0(∇⃗ϕ+ ∂0A⃗) + ∇⃗ × (∇⃗ × A⃗) = j⃗. (1.76)

The important point is that while equations (1.67) and (1.68) have been solved by the introduction of
the potentials, the remaining equations (1.65) and(1.66) derive from the action principle,

S[Aµ; j
µ] =

∫
d4x LM =

∫
d4x (−1

4
F µνFµν + jµAµ) . (1.77)

Indeed, varying the gauge potentials and neglecting boundary terms in the action gives∫
d4x [−1

2
Fµν(∂µδAν − ∂νδAµ) + jµδAµ] =

∫
d4x δAµ(x)[−∂νFµν(x) + jµ(x)].

The action principle then requires that

0 =
δS

δAµ(x)
=
δLM

δAµ
(x) = [

∂LM

∂Aµ
− ∂λ

∂LM

∂∂λAµ
](x) = [−∂νFµν + jµ](x). (1.78)
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1.5.2 Hamiltonian formulation of electromagnetism
In the electromagentic case, it is not so easy to directly pass to the Hamiltonian formulation. Indeed, the
canonical momentum associated to A0 vanishes identically, π0(x⃗) = δL

δ∂0A0(x⃗)
= 0, so that one cannot

perform the standard Legendre transform. We will first get rid of A0 altogether before passing to the
Hamiltonian formalism. Note first that

S =

∫
d4x [−1

2
F 0iF0i −

1

4
F ijFij + Aµj

µ]

=

∫
d4x [

1

2
∂0Ai∂0A

i − 1

2
BiBi + Aij

i + A0(∂0∂jA
j + j0 − 1

2
∆A0)],

(1.79)

by using spatial integrations by parts and dropping the boundary terms under the assumptions that fields
decrease at infinity.

The Euler-Lagrange equations of motions for A0 imply that

A0 =
1

∆
(∂0∂jA

j + j0). (1.80)

Because the equation of motion for A0 can be solved “algebraically” for A0 without invoking initial
conditions, one is allowed to inject the solution for A0 into the action. This gives rise to an equivalent,
reduced, action principle whose solutions agree with the original one. More concretely, the reduced action
reads

S =

∫
d4x [

1

2
∂0Ai∂0A

i +
1

2

1

∆
(∂0∂jA

j + j0)(∂0∂kA
k + j0)− 1

2
BiBi + Aij

i]

=

∫
d4x [

1

2
∂0A

T
i ∂0A

i
T − 1

2
BiBi +

1

2
j0

1

∆
j0 + ATi j

i
T ] =

∫
dtL,

(1.81)

where we have used that
∫
d3x viw

i =
∫
d3x(vTi w

i
T + vLi w

i
L) and the continuity equation ∂iji = −∂0j0.

Note also that B⃗ = ∇⃗ × A⃗ = ∇⃗ × A⃗T , so that the reduced action principle only involves the transverse
vector potentials. The associated equations of motion are

∂20A⃗
T = −∇⃗ × (∇⃗ × A⃗T ) + j⃗T = ∆A⃗T + j⃗T , (1.82)

and agree with the equations obtained when inserting the solution of the first into the second set of equa-
tions in (1.76).

From the point of view of gauge transformations, the above formulation, which does no longer involve
A0 = −ϕ nor A⃗L, is referred to as the Coulomb gauge. When choosing the time dependence of χ such
that ∂0χ = −A0 and also χ = − 1

∆
∇⃗ · A⃗ in (1.75), it follows that

A′
0 = 0, ∇⃗ · A⃗′ = 0 =⇒ A⃗′ = A⃗′

T . (1.83)

It is now straightforward to pass to the Hamiltonian formulation. The conjugate momentum is

πiT (t, x⃗) =
δL

δ∂0ATi (t, x⃗)
= ∂0A

T
i (t, x⃗), (1.84)

and

H =

∫
d3x [

1

2
πiTπ

T
i +

1

2
BiBi −

1

2
j0

1

∆
j0 − ATi j

i
T ] . (1.85)

Note also that E⃗ = −∂0A⃗+ ∇⃗A0 so that E⃗T = −π⃗T , E⃗L = ∇⃗( 1
∆
j0), which implies that the Hamiltonian

may also be written as

H =

∫
d3x [

1

2
EiEi +

1

2
BiBi − ATi j

i
T ]. (1.86)
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1.5.3 Electromagnetic radiation in a box
In the absence of sources, electromagnetic theory reduces on the classical level to the free wave equation
for the transverse vector potential. We now proceed to canonically quantize this system in the case of
periodic boundary conditions.

When using that

δH =

∫
d3x [δπTi π

i
T − δAkT (∆A

T
k −������

∂k(∇⃗ · A⃗T )], (1.87)

the Hamiltonian equations of motion are

ȦiT (x) = {AiT (x), H} =
δH

δπTi (x)
= πiT (x), π̇Ti (x) = {πTi (x), H} = − δH

δAiT (x)
= ∆ATi (x). (1.88)

Substituting the first into the second gives the wave equation ∂µ∂µAiT = 0, which is also what one gets
when taking the transverse part of the second of equation (1.76) in the absence of sources.

In a box with sides of lenght Li and periodic boundary conditions, one decomposes Ai(x) in Fourier
components,

Ai(x) = Āi(t) +
∑
k⃗ ̸=0⃗

(
ℏ

2ω(k⃗)L3
)
1
2 Ãi(k⃗, t)e

ik⃗·x⃗, (1.89)

with ki = 2πni

L(i)
, ni ∈ Z, and ω(k⃗) = k =

√
k⃗2. The unusual factor ( ℏ

2ω(k⃗)V
)
1
2 in the definition of Ãi(k⃗, t)

is chosen in such as a way as to simplify subsequent formulae. Imposing the condition ∂iAi = 0 implies
kiÃi(k⃗, t) = 0, whereas the fact that Ai is real implies Ãi(−k⃗, t) = Ã∗

i (k⃗, t). Before quantizing the
system, note that the general solution to the wave equation, which in modes translates to ∂2

∂t2
Āi(t) = 0,

( ∂
2

∂t2
+ω2)Ãi(k⃗, t) = 0, is given by Ãi(k⃗, t) = ci(k⃗)e

−iωt+c∗i (−k⃗)eiωt, with ci(k⃗) ∈ C arbitrary for k⃗ ̸= 0⃗,
and Āi(t) = Āi+ π̄it with Āi, π̄i ∈ R arbitrary. In what follows we will discard the zero mode, Āi, π̄i = 0.

The divergence-free condition is implemented by introducing polarization vectors, that is to say an
orthonormal frame emi (k⃗), m = 1, . . . , 3, with e3i (k⃗) = ki

k
parallel to k⃗ and esi , s = 1, 2 two orthormal

vectors orthogonal to k⃗, in such a way that
∑

m e
m
i (k⃗)e

m
j (k⃗) = δij: ci(k⃗) = as(k⃗)e

s
i (k⃗). Explicitly, one

may for instance choose e1i = (k⊥)
−1(k2,−k1, 0), e2i = (k⊥k)

−1(k1k3, k2k3,−k2⊥), with k⊥ =
√
k21 + k22 .

The classical solution can then be written as

Ai(x) =
∑
k⃗ ̸=0⃗

(
ℏ

2ω(k⃗)V
)
1
2 [as(k⃗)e

s
i (k⃗)e

ik·x + c.c.]. (1.90)

with k · x = kµx
µ = −ωt+ k⃗ · x⃗. The associated electric and magnetic fields are

Ei(x) = i
∑
k⃗ ̸=0⃗

(
ℏ

2ω(k⃗)V
)
1
2 [ω(k⃗)as(k⃗)e

s
i (k⃗)e

ik·x − c.c.], (1.91)

Bi(x) = i
∑
k⃗ ̸=0⃗

(
ℏ

2ω(k⃗)V
)
1
2 [ϵijkkjas(k⃗)e

s
k(k⃗)e

ik·x − c.c.]. (1.92)

The energy of the electromagnetic field in vacuum is given by

H(t) =
1

2

∫
cube

d3x[Ei(x)Ei(x) +Bi(x)Bi(x)]. (1.93)
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By substituting the previous expansions and using that∫
cube

d3xei(k⃗−k⃗
′)·x⃗ = V δ3

k⃗,⃗k′
, (1.94)

one gets

H =
∑
k⃗ ̸=0⃗

ℏωa∗s(k⃗)as(k⃗). (1.95)

The time dependence of as(k⃗, t) ≡ as(k⃗)e
−iωt, d

dt
as(k⃗, t) = −iωas(k⃗, t) is compatible with the Hamilto-

nian equations

d

dt
as(k⃗, t) = {as(k⃗, t), H}, (1.96)

if the following Poisson brackets

{as(k⃗), a∗s′(k⃗′)} = − i

ℏ
δk⃗,⃗k′δs,s′ , {as(k⃗), as′(k⃗′)} = 0 = {a∗s(k⃗), a∗s′(k⃗′)} (1.97)

hold. They can be shown to be equivalent to the canonical Poisson brackets of ATi (x) and πiT (y).

The free electromagnetic field in a box appears as an infinite countable collection of non-interacting
harmonic oscillators; for each vector k⃗ there are two separate oscillators, one for each transverse polar-
izationion s.

1.5.3.1 Canonical quantization

Canonical quantization is now straightforward: one substitutes the oscillator variables by operators,
as(k⃗) → âs(k⃗) with non-vanishing commutation relations given by

[âs(k⃗), â
†
s′(k⃗

′)] = δk⃗,⃗k′δs,s′ . (1.98)

The Hilbert space H is the Fock space generated by the creation operators â†s(k⃗) for each mode k⃗, s:
H = ⊗k⃗,sHk⃗,s, a basis of Hk⃗,s being

|nk⃗,s⟩ =
(â†s(k⃗))

n
k⃗,s√

nk⃗,s!
|0⟩. (1.99)

For the Hamiltonian operator, we choose the normal ordered form:

Ĥ =
∑
k⃗,s

Ĥk⃗,s, Ĥk⃗,s = ℏω(k⃗)â†(s)(k⃗)â(s)(k⃗) . (1.100)

1.5.3.2 Black body radiation

Description Black body radiation (see e.g. [7, 8] is the name given to an electromagnetic field in thermal
equilibrium with a reservoir at a temperature T .

The black body itself is an idealized object that absorbs all electromagnetic radiation. In a laboratory,
it can be modelled by a small hole in a cavity whose walls are at temperature T . Before being able to
emerge, light that enters the hole is reflected multiple times by the wall and will be absorbed in the process.
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According to the rules of statistical mechanics, if the coupling between the field and the reservoir is
sufficiently weak, the electromagnetic field can be considered as free and the thermodynamical properties
can be derived from the partition function

Z(β) = Tr e−βĤ , (1.101)

where β = 1/(kBT ), kB is the Boltzmann constant and Ĥ is the Hamiltonian operator of the free electro-
magentic field discussed above.

Partition function and thermodynamics Since the Hamiltonian is a sum of non-interacting terms and
the Hilbert space a direct product, the partition function factorizes,

Z(β) =
∏
k⃗,s

∑
n
k⃗,s

⟨nk⃗,s|e
−βℏĤ

k⃗,s|nk⃗,s⟩

=
∏
k⃗,s

∑
n
k⃗,s

e(−βℏω(k⃗)nk⃗,s
)

=
∏
k⃗,s

(1− e−βℏk)−1, (1.102)

where the last equality follows by summing the geometrical series. It follows that

lnZ(β) = −2
∑
k⃗

ln (1− e−βℏk). (1.103)

In order to perform the sum over the integers ni ∈ Z, one notes that, when the box becomes large,
L1 → ∞,

∑
n1 →

∫ +∞
−∞ dn1 = L

2π

∫
dk1. One then finds

lnZ(β) = − 2V

(2π)3

∫
d3k ln (1− e−βℏk)

= − V

π2

∫ ∞

0

dk k2 ln (1− e−βℏk)

= −β
−3V

ℏ3π2

∫ ∞

0

dx x2 ln (1− e−x)

=
β−3V

3ℏ3π2

∫ ∞

0

dx
x3

ex − 1
. (1.104)

The last line follows from an integration by parts and the fact that limx→+∞
x3

3
ln (1− e−x) = 0. Using

that ∫ ∞

0

dx
x3

ex − 1
= Γ(4)ζ(4) = 3!

π4

90
, (1.105)

we finally get

lnZ(β) =
β−3V π2

45ℏ3
=

1

3
bV β−3, b =

π2

15ℏ3
. (1.106)

The internal energy U is given by,

U = ⟨H⟩ = − ∂

∂β
lnZ(β) = bV β−4. (1.107)
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Inverting gives β as a function of U ,

β(U) = (
U

bV
)−

1
4 . (1.108)

The entropy is the Legendre transform of the logarithm of the partition function with respect to β,

S(U, V ) = (1− β
∂

∂β
) lnZ(β)|β=β(U) =

4

3
bV β−3|β=β(U) =

4

3
(bV )

1
4U

3
4 . (1.109)

The free energy F (β, V ), defined by
e−βF (β,V ) = Z(β), (1.110)

is given by

F (β, V ) = −β−1 lnZ(β) = −bV
3
β−4, (1.111)

and the radiation pressure

P (T, V ) = −∂F
∂V

=
U

3V
. (1.112)

Re-introducing factors of c, the velocity of light, and starting from

U =
(∂βF )

∂β
=

∂

∂β

V

π2

∫ ∞

0

dk k2 ln (1− e−βℏck) =
V ℏc
π2

∫ ∞

0

dk
k3

eβℏck − 1
, (1.113)

one finds that the energy by unit volume of photons in an interval dk is given by u(k, T )dk = ℏc
π2

k3dk
eβℏck−1

.
In terms of frequency, ν = ck

2π
, this gives Planck’s famous law of radiation,

u(ν, T )dν =
8πhν3dν

c3(eβhν − 1)
. (1.114)

5 10 15 20
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u(x) = x3

ex/T−1
for T = 1, 1.5, 2

The maximum is determined by 3 = hβνM
1−e−βhνM

, which gives νM = 2,82kBT
h

. This maximum is a linear
function of temperature, which goes under the name of Wien’s displacement law.

1 2 3 4

1

2

3

4

Graphical solution to x = 3(1− e−x).
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Historical note [7]
Planck’s formula apears here as a direct consequence of quantum statistical mechanics. Historically,

the explanantion of the experimental curves u(ν) was problematic because classical statistical mechanics
gave the Rayleigh-Jeans formula (1900) u(ν) → 8πν2

βc3
, which can be obtained from Planck’s formula at

low frequency or high temperature, βhν << 1, and by expanding the exponential. At high frequency or
low temperature, βhν >> 1, one finds u(ν) → 8πhν3

c3
e−βhν which is Wien’s formula known empirically

since 1893. Planck (1901) writes his formula for u(ν) to interpolate between those two limits and explain
the experimental curves. Einstein (1905) justifies this formula by postulating that the total energy of each
stationary state of radiation is quantized, and by associating a particle, the photon, to the elementary unit
of energy of each electromagnetic mode. The explanation of black body radiation has played a crucial
role in the developement of the ideas leading to quantum mechanics.



Chapter 2

Path integrals

Paths integrals allow for an intuitive reformulation of quantum mechanics with a rather straightforward
generalization to quantum field theory. They are well suited to set up perturbation theory (derivation of
Feynman rules, Ward identities, etc.). They are also instrumental in the non-perturbative context, but this
is beyond the scope of the current course.

This chapter is based on [2], [1], [9], [10], [11], [12], [13].
We also use [14], chapter 2.10, and [15], section 10.2.

2.1 Hamiltonian formulation
cf [2], [11].

2.1.1 Evolution operator
Consider a quantum mechanical system in Schrödinger representation, with Hermition “position” opera-
tors Q̂a and conjugate momenta P̂b satisfying

[Q̂a, P̂b] = iδab , [Q̂
a, Q̂b] = 0, [P̂a, P̂b] = 0 a, b = 1, . . . , n, (2.1)

where ℏ = 1. The position eignestates Q̂a|q >= qa|q > are orthonormal and complete

< q′|q >=
∏
a

δ(q′a − qa) ≡ δ(q′ − q), (2.2)

1 =

∫ ∏
a

dqa |q >< q| ≡
∫
dq |q >< q|, (2.3)

and similarly for the momentum eigenstates P̂b|p >= pb|p >,

< p′|p >=
∏
b

δ(p′b − pb) ≡ δ(p′ − p), (2.4)

1 =

∫ ∏
p

dpb |p >< p| ≡
∫
dp |p >< p|. (2.5)

As a consequence,

< q|p >= 1√
2π

n e
iqapa =

∏
a

1√
2π
eiq

āpā , (2.6)

27
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(with no summation on barred indices).

Indeed, in position representation, ψ(q) =< q|ψ >, < q|Q̂a|ψ >= qaψ(q), < q|P̂p|ψ >= −i ∂
∂qb

ψ(q). Hence,

< q|P̂b|p >= −i ∂
∂qb

< q|p >, but also < q|P̂b|p >= pb < q|p >, which implies that < q|p >= α exp iqapa.

Normalisation: δ(p′ − p) =< p′|p >=
∫
dq < p′|q >< q|p >= αα∗ ∫ dq eiqa(pa−p′

a). Explicitly,
∏

a δ(p
′
a −

pa) = αα∗∏
a

∫
dqa eiq

ā(pā−p′
ā). This implies αα∗ = 1

2π

n and we can choose α = 1√
2π

n , because for a sinngle

copie δ(p′a − pa) =
1
2π

∫
dqa eiq

ā(pā−p′
ā), (see exercices on Gaussian integration).

For a time-independent Hamiltonian in Heisenberg picture, we have

Q̂a(t) = eiĤt Q̂a e−iĤt, (2.7)

P̂b(t) = eiĤt P̂b e
−iĤt. (2.8)

Eigenstates: Q̂a(t)|q; t >= qa|q; t >, P̂b(t)|p; t >= pb|p; t >, which implies |q; t >= eiĤt|q >, |p; t >=
eiĤt|p >. We also have

< q′; t|q; t >= δ(q′ − q), 1 =

∫
dq |q; t >< q; t|, (2.9)

< p′; t|p; t >= δ(p′ − p), 1 =

∫
dp |p; t >< p; t|, (2.10)

< q; t|p; t >=
∏
a

1√
2π
eiq

āpā , (2.11)

we want to compute the probability amplitude between the initial state |q; t > and the final state |q′; t′ >:

< q′; t′|q; t >=< q′|Û(t′, t)|q >, Û(t′, t) = e−iĤ(t′−t), (2.12)

where Û(t′, t) is the evolution operator. Note that Ĥ(Q̂, P̂ ) = Ĥ(Q̂(t), P̂ (t)).

Indeed, suppose that Ĥ is a polynomial. One uses Ĥ = eiĤt Ĥ e−iĤt and inserts 1 = eiĤte−iĤt as many
times as needed. For what follows, let us order all Q̂ to the left of the P̂ using the commuttaions relations (2.1):
Ĥ =

∑
m,n k

b1...bm
a1...an

Q̂a1 . . . Q̂an P̂b1 . . . P̂bm .

For an infinitesimal time interval, t′ = τ + dτ , t = τ , we have

< q′; τ + dτ |q; τ >=< q′; τ |e−iĤdτ |q; τ >=< q′; τ |1− iĤ(Q̂(τ), P̂ (τ))dτ |q; τ >

=

∫
dp < q′; τ |1− iĤ(Q̂(τ), P̂ (τ))dτ |p; τ >< p; τ |q; τ >

=

∫
dp < q′; τ |p; τ >

(
1− i(

∑
m,n

kb1...bma1...an
q′a1 . . . q′anpb1 . . . pbm)dτ

)
< p; τ |q; τ >

=

∫
(
∏
a

dpa
2π

) ei[pa(q
′a−qa)−H(q′,p)dτ ] (2.13)

where the function H(q′, p) is obtained by replacing operators through functions in Ĥ in which all Q̂’s
had previously been ordered to the left of the P̂ ’s. This function is called the q− p symbol of the operator
Ĥ .

t’ t

N+1 N N-1 1 0ττ τττ

For a finite time interval, one cuts into pieces: ∆τ = τk+1 − τk =
t′−t
N+1

and

< q′; t′|q; t >=
∫
dq1 . . . dqN < q′; t′|qN ; τN >< qN ; τN |qN−1; τN−1 > . . .

· · · < q1; τ1|q; t > . (2.14)
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If N → ∞, these intervals become infinitesimally small and one may use (2.13) for each piece,
yielding

< q′; t′|q; t >= lim
N→∞

∫
[
N∏
k=1

∏
a

dqak ][
N∏
k=0

∏
a

dpak
2π

]

ei
∑N+1

k=1 [(qak−q
a
k−1)pak−1−H(qk,pk−1)dτ ] (2.15)

with qa0 = qa and qaN+1 = q′a. Introducing interpolating functions q(τ), p(τ) between the different points,
qa(τk) = qak , pa(τk) = pak, the integration may be seen as an integration over all paths q(τ) going from
q(t) to q(t′) and over all paths p(τ) with no boundary conditions.

t’

t

q		             q’
q

If the interpolating functions are sufficiently regular, the argument of the exponential in (2.15) becomes

N+1∑
k=1

[(qa(τk)− qa(τk−1)pa(τk−1)−H(q(τk), p(τk−1))dτ ] =

=

N+1∑
k=1

[(q̇a(τk)pa(τk)−H(q(τk), p(τk))dτ +O(dτ2)],

by using qa(τk) = qa(τk−1) +
dqa

dτ (τk)dτ +O(dτ2), and pa(τk) = pa(τk−1) +O(dτ), and in the limit N → ∞,
this gives ∫ t′

t

dτ [q̇a(τ)pa(τ)−H(q(τ), p(τ)) ≡ SH [q, p].

In the limit N → ∞, the measure in the path integral is denoted as follows:

lim
N→∞

∫
[

N∏
k=1

∏
a

dqak ][

N∏
k=0

∏
a

dpak
2π

] =

∫ q(t′)=q′

q(t)=q

∏
a,τ

dqa(τ)
∏
a,τ

′ dpa(τ)

2π
.

This measure is thus defined through a limit from a discretized measure containing one more integration over the
p’s than the q’s. A mathematically rigorous definition of the measure is in general problematic.

Going to the limit, we thus have

< q′; t′|q; t >=
∫ q(t′)=q′

q(t)=q

∏
a,τ

dqa(τ)
∏
a,τ

′dpa(τ)

2π
eiSH [q,p] , (2.16)

where SH [q, p] is the first order Hamiltonian action.
When extrapolating the result for the stationary phase approximation of such integrals in the finite

dimensional case, the classical path, which is an extremum of SH will give the dominant contribution to
this integral.
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2.1.2 Matrix elements

One now would like to compute matrix elements with insertions of operators Ô (for which one uses the
commutation relations (2.1) to order the P̂ to the left of the Q̂).

For an infinitesimal interval, we have

< q′; τ + dτ |Ô(P̂ (τ), Q̂(τ))|q; τ >=
∫

dp < q′; τ |e−iĤdτ |p; τ >< p; τ |Ô(P̂ (τ), Q̂(τ))|q; τ >

=

∫
(
∏
a

dpa
2π

) ei[pa(q
′a−qa)−H(q′,p)dτ ]O(p(τ), q(τ)).

whereO(p, q) is the p−q symbol of the operator Ô. Consider now the matrix element with an insertion of a product
ÔA(P̂ (tA), Q̂(tA))ÔB(P̂ (tB), Q̂(tB)) . . . , where one assumes that tA > tB > . . . . In the decomposition of the
time interval, if τk+1 > tA > τk,

t’ t

ττ

t tA B

k+1 k

the operator ÔA is inserted in < qk+1; τk+1|ÔA|qk; τk > and < pk; τk|ÔA|qk; τk >= OA(p(tA), q(tA)) <
pk; τk|qk; τk > +O(dτ). Terms of order dτ vanish in the limit because there are only a finite number of such terms
(contrary to the previous case where one needed to keep such terms as their number grew with N ). Following the
previous reasoning, one finds for t′ > tA > tB > · · · > t,

< q′; t′|ÔAÔB . . . |q; t >=

=

∫ q(t′)=q′

q(t)=q

∏
a,τ

dqa(τ)
∏
a,τ

′ dpa(τ)

2π
OA(p(tA), q(tA))OB(p(tB), q(tB)) . . . e

iSH [q,p].

In the right hand side, the ordering of the various times is irrelevant since one is dealing with ordinary functions.
Assume then that the times tA, tB , . . . are not ordered. In this case, the right hand side corresponds to the left hand
side where the times are in decreasing order (from left to right). Denoting through T decreasing time ordering, we
thus have shown:

< q′; t′|T{ÔA(P̂ (tA), Q̂(tA))ÔB(P̂ (tB), Q̂(tB)) . . . }|q; t >=

=

∫ q(t′)=q′

q(t)=q

∏
a,τ

dqa(τ)
∏
a,τ

′dpa(τ)

2π
OA(p(tA), q(tA))OB(p(tB), q(tB)) . . . e

iSH [q,p] . (2.17)

2.1.3 Schwinger-Dyson equations

Take zα = (qa, pa) and let us insert as an operator the left hand sides of the equations of motion,

ÔA(z
α(tA)) =

δ̂SH

δzα(tA)
with

δSH

δzα(tA)
=

 (−ṗa −
∂H

∂qa
)(tA),

(q̇b − ∂H

∂pb
)(tA)

(2.18)
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and t < tA < t′.
We have

δSH

δzα(tA)
OB(z(tB)) . . . e

iSH [z] = −i
δ

δzα(tA)

(
OB(z(tB)) . . . e

iSH [z]
)

+
(
i

δ

δzα(tA)
[OB(z(tB)) . . . ]

)
eiSH [z].

As we are integrating over all intermediary zα, and thus also over zα(tA) from −∞ à +∞, one may argue that the
first term, which reduces to −i[(OB(z(tB)) . . . e

iSH [z]]
zα(τ)=+∞
zα(τ)=−∞, vanishes (see the exercises for a justification).

We thus have:

< q′; t|T{ δ̂SH

δzα(tA)
ÔB(ẑ(tB)) . . . }|q; t >=

= i < q′; t|T{
̂δ

δzα(tA)
[OB(z(tB)) . . . ]}|q; t > . (2.19)

These are the Schwinger-Dyson equations which express what the classical equations of motion become
in the quantum theory.
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2.1.4 Exercises
2.1.4.1 Re-introduce ℏ

Re-introduce ℏ in previous formulas.

2.1.4.2 Path integral for p-q symbol

What are the q − p and the p − q symbols of Ĥ = 1
2
(Q̂P̂ + P̂ Q̂) ? Derive a path integral expression for

< q′; t′|q; t > involving the p− q symbol of Ĥ . Show that the p’s have to be evaluated later than the q’s.
Hint: Insert the decomposition of the identity at the left rather than at the right.

2.1.4.3 Path integral in momentum space

Derive the path integral representation of < p′; t′|p; t > ( directly or by Fourier transforming the expres-
sion for < q′; t′|q; t >). Show that the action that appears in the integral is

SH − p′q′ + pq =

∫ t′

t

dτ [−ṗaqa −H].

2.1.4.4 Partition function

Check that

Tr Û(t′, t) ≡
∫
dq < q|e−

i
ℏ Ĥ(t′−t)|q >=

∫
perodic paths in q,p

∏
dq(τ)

∏ dp(τ)

2πℏ
e

i
ℏSH [q,p], (2.20)

Hint: One may define paN+1 = pa0 because paN+1 does not appear in the discretized version of SH .
Show that

Tr Û(t′, t) =
∑
n

Nne
−iEn(t′−t),

where the sum is over the different energy levels En and Nn is the degeneracy of a given level (assuming
that the spectrum of Ĥ is discret).

Putting t′ − t = −iℏβ, one gets

Tr Û(t′, t) = Tr e−βĤ ≡ Z(β),

where Z(β) is the quantum statistical partition function. Derive by direct computation a path integral
representation for Z(β).

Answer:

Z(β) =

∫
dq < q|e−βĤ |q >=

∫
periodic paths in q,p

∏
dq(τ)

∏ dp(τ)

2πℏ
e−

1
ℏS

e
H [q,p] , (2.21)

with SeH [q, p] =

∫ ℏβ

0

dτ ′[−iq̇a(τ ′)pa(τ ′) +H(q(τ ′), p(τ ′))] . The integration is over all periodic paths of

period ℏβ.
Show that this expression may be obtained from the one for Tr Û(t′, t) by putting τ ′ = iτ and by

rotating the integration path through 90 degrees in the complex plane of τ ′.
Conclusion: Path integrals may also be used in the context of quantum statistical mechanics.
Details on the solution can be found below.
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2.1.4.5 More on Schwinger-Dyson equations

Derive the Schwinger-Dyson equations from the path integral representation of

< q′; t′|T{ÔB(ẑ(tB)) . . . }|q; t >

by performing the change of variables zα(τ) → zα(τ)+ξα(τ)δ(τ−tA) with infinitesimal ξα and assuming
that the path integral measure is invariant under translations.

Derive the Schwinger-Dyson equations

T{ δ̂SH

δzα(tA)
Ô(ẑ(t))} = iT

̂δO(z(t))

δzα(tA)

in the operator formalism. Here ẑα(t) are operators in Heisenberg picture.
Hints:

• Use the correspondance rule [Â, B̂] = iℏ{̂A,B} to check that the equations of motion in Heisenberg picture may be
written as

δ̂SH

δzα(tA)
= 0.

• Beware: Due to the presence of ˙̂zβ(tA) in the field equations, this does not mean that the left hand side of the Schwinger-
Dyson equations vanishes.

• From the definition of the chronological product and the derivative,

T{Â(t1)B̂(t2)} = Â(t1)B̂(t2)θ(t1 − t2) + B̂(t2)Â(t1)θ(t2 − t1),

˙̂zβ(tA) = lim
ϵ→

ẑβ(tA + ϵ
2 )− ẑβ(tA − ϵ

2 )

ϵ
,

show that

T{ ˙̂zβ(tA)Â(t)} ≡ d

dtA
T{ẑβ(tA)Â(t)}

= ˙̂zβ(tA)Â(t)θ(tA − t) + Â(t) ˙̂zβ(tA)θ(t− tA) + δ(tA − t)[ẑβ(tA), Â(t)].

• Use the correspondence rule to conclude.

Remark: in order to use the correspondence rule without correction terms of higher order in ℏ, one has to assume that the
functions H and O are at most quadratic phase space functions.

This computation justifies to some extent translation invariance of the path integral measure and the
assumption that −i[(OB(z(tB)) . . . e

iSH [z]]
zα(τ)=+∞
zα(τ)=−∞ = 0.

2.2 Passage to the S-matrix
cf. [2], [16].

2.2.1 Field theory
For a field theory,

Q̂a → Q̂x⃗,m ≡ Q̂m(x⃗), P̂b → P̂y⃗,n ≡ P̂n(y⃗), (2.22)

δab → δx⃗,my⃗,n ≡ δmn δ
3(x⃗− y⃗). (2.23)
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The matrix element with operator insertions can be represented as

< q′; t′|T{ÔA[ẑ(tA)]ÔB[ẑ(tB)] . . . }|q; t >=∫
qm(x⃗, t) = qm(x⃗)
qm(x⃗, t′) = q′m(x⃗)

∏
m,x⃗,τ

dqm(x⃗, τ)
∏
m,x⃗,τ

′dpm(x⃗, τ)

2π

×OA[z(tA)]OB[z(tB)] . . . e
i
ℏSH [q,p], (2.24)

SH [q, p] =

∫ t′

t

dτ

{∫
d3x⃗ q̇m(x⃗, τ)pm(x⃗, τ)−H[z(τ)]

}
.

2.2.2 Probability amplitudes for in-out transitions

In field theory, one does not want to compute probability amplitudes of eigenstates of position operators,
but S matrix elements, that is to say probability amplitudes between states which in the far past t→ −∞
and the far future t′ → +∞ contain a fixed number of particles characterized by a set of properties. These
states are called “in” and “out” and denoted by |α; in >, |β; out >. The letters α and β denote sets of
particles characterized for exampe by their momentum, their spin, etc.

To represent such matrix elements, one multiplies (2.24) by wave functions < β; out|q′; t′ > and
< q; t|α; in > at fixed t in the far past and at fixed t′ in the far future, where there are no interactions.
One then integrates over the arguments qm(x⃗) = qm(x⃗,−∞) and q′m(x⃗) = qm(x⃗,+∞). Using the
completeness relation, the left hand side yields

< β; out|T{ÔA[ẑ(tA)]ÔB[ẑ(tB)] . . . }|α; in > (2.25)

In the right hand side, we had a path integral constrained by boundary conditions in t and t′, but now
we are also integrating over these boundary conditions, which yields a path integral without boundary
conditions:

(2.25) =
∫ ∏

m,x⃗,τ

dqm(x⃗, τ)
∏
m,x⃗,τ

′dpm(x⃗, τ)

2πℏ
OA[z(tA)]OB[z(tB)] . . . exp

i

ℏ
SH [q, p]

× < β; out|q(+∞); +∞ >< q(−∞);−∞|α; in >, (2.26)

SH [q, p] =

∫ +∞

−∞
dτ

{∫
d3x⃗ q̇m(x⃗, τ)pm(x⃗, τ)−H[z(τ)]

}
.

2.2.3 Vacuum to vacuum probability amplitude

Let us now take as intial and final states the in and out vacua, |β; out >= |V AC; out >, |α; in >=
|V AC; in >, defined through

âin(p⃗,m)|V AC; in >= 0, (2.27)
âout(p⃗,m)|V AC; out >= 0. (2.28)

where m represents the type of particles (photons, electrons,...) and also other characteristics such as spin
for instance. We also take ℏ = 1

Recall that Z1/2âin and Z1/2âout are the operators appearing as coefficients of e(ip⃗·x⃗−iω(p⃗)t) in the expansion of
Q̂m(x⃗, t) when t→ ±∞, where we have free fields.

Let us focus on scalar field theory, where one does not need an index m, and where one uses the
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standard notation Q̂(x⃗, t) = Φ̂(x⃗, t), P̂ (x⃗, t) = Π̂(x⃗, t). We have

Φ̂(x⃗, t)
t→∓∞−→ Z1/2(2π)−3/2

∫
d3p(2ω(p⃗))−1/2[â in

out

(p⃗)eip·x + h.c.] (2.29)

Π̂(x⃗, t)
t→∓∞−→ d

dt
Φ̂(x⃗, t)

t→∓∞−→ −Z1/2i(2π)−3/2

∫
d3p(

ω(p⃗)

2
)1/2[â in

out

(p⃗)eip·x − h.c.] (2.30)

with p0 = ω(p⃗) =
√
p⃗2 +m2, p · x = ηµνp

µxν and ηµν = diag(−1, 1, 1, 1). Inverting the Fourier
transform to extract creation and destruction operators, one gets

Z1/2â in
out

= lim
t→∓∞

(2π)−3/2eiω(p⃗)t
∫
d3x e−ip⃗·x⃗

×[(
ω(p⃗)

2
)1/2Φ̂(x⃗, t) + i(2ω(p⃗))−1/2Π̂(x⃗, t)]. (2.31)

For wave functions in the ϕ basis, Π̂(x⃗, t) acts like −i δ

δϕ(x⃗)
, and the definition of the vacua becomes∫

d3x e−ip⃗·x⃗ [
δ

δϕ(x⃗)
+ ω(p⃗)ϕ(x⃗)] < ϕ(x⃗);∓∞|V AC; in

out >= 0. (2.32)

Recall that the differential equation ( d
dy + ωy)f(y) = 0 is solved by f(y) = Ne−

1
2ωy2

and that functional

derivatives are defined by
δϕi(y⃗)

δϕj(x⃗)
= δijδ(y⃗ − x⃗),

δ

δϕj(x⃗)
∂

∂ymϕ
i(y⃗) = δij

∂
∂ym δ(y⃗ − x⃗) etc.

One tries the Gaussian ansatz:

< ϕ(x⃗);∓∞|V AC; in
out >= N e−

1
2

∫
d3xd3yΩ(x⃗,y⃗)ϕ(x⃗)ϕ(y⃗), (2.33)

where one needs to determine the symmetric kernel Ω(x⃗, y⃗) = Ω(y⃗, x⃗) and the constant N . Substituting
in the differential equation, one gets

0 =

∫
d3x e−ip⃗·x⃗ [

∫
d3yΩ(x⃗, y⃗)ϕ(y⃗)− ω(p⃗)ϕ(x⃗)]

=

∫
d3x e−ip⃗·x⃗

∫
d3y
[
Ω(x⃗, y⃗)− ω(p⃗)

∫
d3p′

(2π)3
eip⃗

′·(x⃗−y⃗)
]
ϕ(y⃗). (2.34)

Since this equation needs to hold for all ϕ(y⃗), one deduces that∫
d3x e−ip⃗·x⃗Ω(x⃗, y⃗) =

∫
d3x

∫
d3p′

(2π)3
ω(p⃗)eix⃗·(p⃗

′−p⃗)e−ip⃗
′·y⃗

= ω(p⃗)e−ip⃗·y⃗. (2.35)

Inverting the Fourier transform yields

Ω(x⃗, y⃗) =

∫
d3p

(2π)3
ω(p⃗)eip⃗·(x⃗−y⃗). (2.36)

The constant N may be obtained formally by the normalization of the vacuum, but we will not need an
explicit expression here.
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The last term of (2.26) is thus given by

< V AC; out|ϕ(+∞); +∞ >< ϕ(−∞);−∞|V AC; in >
= |N |2e−

1
2

∫
d3xd3yΩ(x⃗,y⃗)[ϕ(x⃗;+∞)ϕ(y⃗;+∞)+ϕ(x⃗;−∞)ϕ(y⃗;−∞)]

= |N |2e−
1
2
ϵ
∫
d3xd3y

∫+∞
−∞ dτΩ(x⃗,y⃗)ϕ(x⃗;τ)ϕ(y⃗;τ)e−ϵ|τ |

, (2.37)

with ϵ > 0 infinitesimal.
Indeed,

lim
ϵ→0+

ϵ

∫ +∞

−∞
dτ f(τ)e−ϵ|τ | = lim

ϵ→0+
ϵ
(∫ +∞

0

dτ f(τ)e−ϵτ +

∫ 0

−∞
dτ f(τ)eϵτ

)
= lim

ϵ→0+

(
−
∫ +∞

0

dτ f(τ)
d

dτ
e−ϵτ +

∫ 0

−∞
dτ f(τ)

d

dτ
eϵτ
)

= lim
ϵ→0+

(
−
∫ +∞

0

dτ
d

dτ
(f(τ)e−ϵτ ) +

∫ +∞

0

dτ f ′(τ)e−ϵτ

+

∫ 0

−∞
dτ

d

dτ
(f(τ) exp ϵτ)−

∫ 0

−∞
dτ f ′(τ)eϵτ

)
= f(0) + f(+∞)− f(0) + f(0)− f(0) + f(−∞)

= f(+∞) + f(−∞).

We thus find

< V AC; out|T{ÔAÔB . . . }|V AC; in >

= |N |2
∫ ∏

dϕ(x)
∏ dπ(x)

2π
OAOB · · · × ei(SH+iϵ term), (2.38)

SH + iϵ term =

∫ +∞

−∞
dτ
[ ∫

d3x⃗ ϕ̇(x⃗, τ)π(x⃗, τ)−H[ϕ, π]

+ iϵ
1

2

∫
d3xd3yΩ(x⃗, y⃗)e−ϵ|τ |ϕ(x⃗, τ)ϕ(y⃗, τ)

]
. (2.39)

As we will see, the iϵ terms will give the correct iϵ terms in the propagators. To complete the transition to
the S matrix, we will need to recall the link between < β; out|T{ÔAÔB . . . }|α; in > and the S matrix.
This is the object of so-called reduction formulas that will be treated later.

2.2.4 External sources
Let us now consider external sources JA(x⃗, t) and the potential V̂ J(t) = V̂ (t)−

∫
d3x JA(x⃗, t)ÔA(x⃗, t).

The S-matrix becomes a functional of JA(x⃗, t): ⟨β; out|α; in⟩J .
Derivatives of the S matrix with respect to the sources are related to transition amplitudes with inser-

tions of operators in Heisenberg picture:[ δr

δJA(xA)δJB(xB) . . .
⟨β; out|α; in⟩J

]∣∣∣
J=0

=< β; out|T{iÔA(xA)iÔB(xB) . . . }|α; in > . (2.40)

Take as an Hamiltonian HJ(t) = H(t) −
∫
d3xJA(x⃗, t)OA(x⃗, t) in (2.26) without opertor insertions. Taking

derivatives with respect to external sources and putting them to zero, we find in the right hand side a path integral
representation with insertions of functions. One concludes by using again (2.26), this time with operator insertions.

Remark: The direct derivation of this result in terms of the operator formula Ŝ[J ] = Te−i
∫+∞
−∞ dτ V̂ J

I (t)

is much more involved than this path integral derivation.
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2.2.5 Green’s functions
Taking |α; in >= |V AC; in >, |β; out >= |V AC; out > and considering in particular a coupling to the
fundamental fields of the theory,

∫
d3x JA(x⃗, t)OA(x⃗, t) =

∫
d3x Jm(x⃗, t)ϕ

m(x⃗, t), we have

δr

δJm1(x1) . . . δJmr(xr)
⟨V AC; out|V AC; in⟩J

∣∣∣
J=0

= (
i

ℏ
)r⟨V AC; out|T{Φ̂m1(x1) . . . Φ̂

mr(xr)}|V AC; in⟩

= (
i

ℏ
)r|N |2

∫ ∏
dϕ(x)

∏ dπ(x)

2π
Φm1(x1) . . .Φ

mr(xr)× e
i
ℏ [SH+iϵ term]. (2.41)

The matrix elements < V AC; out|T{Φ̂m1(x1) . . . Φ̂
mr}(xr)|V AC; in > are also called Green’s func-

tions. If Z[J ] denotes their generating functional, we have

Z[J ] ≡∑
r=0

1

r!
(
i

ℏ
)r
∫
dx1 . . . dxr Jm1(x1) . . . Jmr(xr) < V AC; out|T{Φ̂m1(x1) . . . Φ̂

mr}(xr)|V AC; in >

= |N |2
∫ ∏

dϕ(x)
∏ dπ(x)

2πℏ
e

i
ℏ [SH+

∫
d4x Jm(x)ϕm(x)+iϵ term] . (2.42)
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2.2.6 Exercises
2.2.6.1 Gaussian integration

• Show that

G(α) =

∫ +∞

−∞
dx e−αx

2

=

√
π

α
, α > 0.

Hint: Take the square and use polar coordinates.

• If one defines Tα(x) =
√

α
π
e−αx

2 and

δ(x) = lim
α→∞

Tα(x),

show that ∫ +∞

−∞
dx δ(x)f(x) = f(0).

Hint: Taylor expand f(x) around 0 and use∫ +∞

−∞
dxx2ne−αx2

= (−)n
dn

(dα)n
G(α).

• For α > 0, show by completing the square that if

J =

∫ +∞

−∞
dx e−Q(x), Q(x) = αx2 + βx+ γ,

then

J =

√
π

α
e−Q(x̄), x̄ = − β

2α
.

It follows that the integral J is given by
√

π
α

times the exponential of the quadratic form evaluated
at its extremum.

• Show that ∫ +∞

−∞
dp eipy = 2πδ(y)

Hint: Compute ∫ +∞

−∞
dx e−ipx Tα(x)

as in the previous point and then compute∫ +∞

−∞
dp eipy

∫ +∞

−∞
dx e−ipx Tα(x).

Take the limit α→ ∞.
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• Show that if

J(A, b, c) ≡
∫ +∞

−∞

∏
i

dxi e−Q(x), Q(x) =
1

2
Aijx

ixj + bix
i + c,

where Aij, bi, c are real and Aij is symmetric and positive definite, then

J(A, b, c) = (det(
A

2π
))−

1
2 e(

1
2
bi(A

−1)ijbj−c) = (det(
A

2π
))−

1
2 e−Q(x̄),

where x̄k is the extremum of Q(x).

Hint: Diagonalize A using an orthogonal matrix O, (OTAO)ij = λīδij , λi > 0 and use the change of variables
xi = Oi

jx
′j .

2.2.6.2 Fresnel integrals

Show that ∫ +∞

−∞
dx e±ix

2

=
√
±iπ.

Hint: Use ∮
C

dzeiz
2

= 0,

where the integration contour C is

Im z

Re z
O R

R exp(iπ /4)

C

2.2.6.3 Wick theorem

Consider n variables x1, . . . xn and define the Gaussian momenta

< xk1 . . . xkN >= (J(A, 0, 0))−1

∫ +∞

−∞

n∏
i=1

dxi xk1 . . . xkN e−
1
2
xiAijx

j

,

where k1, . . . kN are indices that take values from 1 to N . In particular, it follows that < 1 >= 1. Show
that the result is zero for N odd and

< xk1 . . . xkN >=
∑

partitions of {k1,...,kN}
in pairs of indices

∏
pairs (i,j)

(A−1)ij,

for N even.
Hint: Apply ∂

∂bk1
. . . ∂

∂bkN
to J(A, b, 0) with b = 0 to show that

< xk1 . . . xkN >= [
∂

∂bk1

. . .
∂

∂bkN

e(
1
2 bi(A

−1)ijbj)]|b=0.
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2.3 Lagrangian formulation

2.3.1 Legendre transform in classical mechanics
How to go back from a first order Hamiltonian variational principle to a Lagrangian one ? Let

SH [q, p] =

∫ t2

t1

dτ [q̇apa −H(q, p)], (2.43)

H =
1

2
gab(q)papb + ha(q)pa + V (q), (2.44)

with gab symmetric and positive definite. Variation gives

0 = δSH =

∫ t2

t1

dτ (q̇b − ∂H

∂pb
)δpb +

d

dt
(paδq

a) + (−ṗa −
∂H

∂qa
)δqa. (2.45)

Under the boundary conditions δqa(t1) = 0 = δqa(t2) (but no need for boundary conditions on pb),
the field equations following by asking for an extremum of this action are the Hamiltonian equations of
motion,  q̇b − ∂H

∂pb
= 0,

−ṗa −
∂H

∂qa
= 0

. (2.46)

The equations

δSH

δpb(t)
= 0 ⇔ q̇b − gbapa − hb = 0 ⇔ pb = gba(q̇

a − ha) ≡ πb(q, q̇)

may be solved algebraically for pb in terms of q, q̇. Such Lagrange variables are referred to as auxiliary
fields.

Reminder: H is defined as the Legendre transform of L with respect to q̇a:

L = L(q, q̇), pb =
∂L

∂q̇b
(q, q̇).

If | ∂2L

∂q̇a∂q̇b
| ≠ 0, this last relation is invertible, q̇a = Ua(q, p), which is equivalent to saying that

∂L

∂q̇b
|q̇=U = pb ⇔ Ua|p=∂L/∂q̇ = q̇a, (2.47)

while

H(q, p) = (pbq̇
b − L)|q̇=U , (2.48)

∂H

∂qa
|p = pb

∂U b

∂qa
− ∂L

∂qa
|q̇=U − ∂L

∂q̇b
|q̇=U

∂U b

∂qa
= − ∂L

∂qa
|q̇=U (2.49)

∂H

∂pa
|q = Ua + pb

∂U b

∂pa
− ∂L

∂q̇b
|q̇=U

∂U b

∂pa
= Ua. (2.50)

This implies that q̇a =
∂H

∂pa
is the inverse relation to pb =

∂L

∂q̇b
. When substituting this last relation in

the second Hamiltonian equation −ṗa −
∂H

∂qa
= 0 and using (2.49), one recovers the Lagrangian equation

− d
dt
(
∂L

∂q̇b
) +

∂L

∂qb
= 0, which derives from the variational principle

0 = δSL = δ

∫ t2

t1

dτ L(q, q̇), δqa(t1) = 0 = δqa(t2). (2.51)
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The Lagrangian action is obtained from the Hamiltonian one by substituting the pa through their solutions,

SH |p=∂L/∂q̇ =

∫ t2

t1

dτ [pbq̇
b −H]|p=∂L/∂q̇ (2.52)

=

∫ t2

t1

dτ [pbq̇
b − (pbq̇

b − L)|q̇=U ]p=∂L/∂q̇ (2.53)

=

∫ t2

t1

dτ L(q, q̇). (2.54)

Note also that the Lagrangian associated to the Hamiltonian (2.44) is explicitly given by

L(q, q̇) = πb(q̇
b − hb)− 1

2
πbg

bcπc − V (q) (2.55)

=
1

2
(q̇a − ha)gab(q̇

b − hb)− V (q). (2.56)

2.3.2 Integrating out the momenta
What happens at the level of the path integral ? The pb are independent integration variables,

⟨q′, t′|q, t⟩ =

∫ N∏
a,k=1

dqak

N∏
b,k=0

dpbk
2π

eiS
D
H , (2.57)

SDH =
N+1∑
k=1

[(qak − qak−1)pak−1 −H(qak , pak−1)dτ ], (2.58)

H(qak , pak−1) =
1

2
gab(qk)pak−1pbk−1 + ha(qk)pak−1 + V (qk). (2.59)

Shifting the sum from 0 toN and using ha(qk+1)dτ = ha(qk)dτ+O(dτ
2), and similarly for gab(qk+1), V (qk+1),

gives

SDH =
N∑
k=0

[pak(q
a
k+1 − qak + ha(qk)dτ)−

1

2
gab(qk)pakpbkdτ − V (qk)dτ ]. (2.60)

The integral over pak is Gaussian for each k. If g = det gab, the pre-factor is

1

(2π)n
[det

igab(qk)dτ

2π
]−

1
2 = [

1

2πn

√
(2π)n

in det g−1
ab (qk)(dτ)

n
=

√
g

(i2π(t
′−t)

N+1
)n
.

The extremum is determined by

qak+1 − qak + ha(qk)dτ − gab(qk)pbkdτ = 0, (2.61)

pbk = gba(qk)[
qak+1 − qak

dτ
− ha] ≡ πbk, (2.62)

SDH |extr = lim
N→∞

N∑
k=0

[πbkg
bc(qk)πckdτ −

1

2
gab(qk)πakπbkdτ − V (qk)dτ ] =

=

∫ t′

t

dτ [
1

2
gab(q)(q̇

a − ha)(q̇b − hb)− V (q)] =

∫ t′

t

dτ L(q, q̇). (2.63)
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For the derivation of the Feynman rules, it is important to have all dependence on the qa in the exponential,

N∏
k=0

√
g(qk) = e

∑N
k=0 ln

√
g(qk) = e

i
dτ

[
∑N

k=0(−i) ln
√
g(qk)]dτ

N→∞ → exp iδ(0)

∫ t′

t

dτ
−i
2

ln g(q(τ)). (2.64)

Indeed,

fk′ =
N∑
k=0

dτfk
δkk′

dτ
→N→∞ f(τ ′) =

∫ t′

t

dτf(τ)
δkk′

dτ
=

∫ t′

t

dτf(τ)δ(τ − τ ′),

so that δ(τ − τ ′) = limN→∞
δkk′
dτ

, δ(0) = limN→∞
1
dτ

.
We thus find

⟨q′; t′|q; t⟩ = M′
∫ q(t′)=q′

q(t)=q

∏
dq(τ)e

i
ℏS

q

, (2.65)

with

Sq[q] =

∫ t′

t

dτLq(q(τ), q̇(τ)), Lq = L− iℏδ(0)1
2
ln g, (2.66)

M′ = lim
N→∞

(
2πiℏ(t′ − t)

N + 1
)−

1
2
(N+1)n. (2.67)

Remark: If gab does not depend on q, one usually absorbs the term with g in the measure:

⟨q′; t′|q; t⟩ = M
∫ q(t′)=q′

q(t)=q

∏
dq(τ)e

i
ℏS, S[q] =

∫ t′

t

dτL , (2.68)

M = lim
N→∞

(
g(N + 1)n

((2πiℏ(t′ − t))n
)
1
2
(N+1). (2.69)
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2.3.3 Exercises
2.3.3.1 More on the partition function

For an Hamiltonian of the type H = 1
2
gabpapb + V (q) with gab(q) a positive definite matrix, what does

the path integral representation of the partition function become after integration over the momenta ?
Answer:
Starting from (2.21), the extremum is given by pb(τ) = gabiq̇

b. The integration over the momenta
gives

Z(β) =

∫
dq < q|e−βĤ |q >=

∫
periodic paths in q

∏
dqa(τ) [det(2πℏG)]−1/2e−

1
ℏS

e
L[q] . (2.70)

The integration is over periodic paths qa(τ) with period β and

SeL[q, p] =

∫ ℏβ

0

dτ ′[
1

2
gabq̇

aq̇b + V (q)] , (2.71)

Ga,b(τ, τ ′) = gab(q(τ))δ(τ, τ ′). (2.72)
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2.3.4 Semi-classical expansion of the partition function
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2.4 Feynman rules
cf. [2]

2.4.1 Perturbation theory
In the case of field theory, one uses the notation qm(x⃗a, ta) ≡ ϕm(xa) = ϕA, and also |V AC; outin ⟩ =
|0; +∞

−∞⟩. A sum over A includes an integral over xa and a sum over m. By combining the results of the
previous two sections, Green’s functions are represented by

⟨+∞; 0|T{ϕ̂A1 . . . ϕ̂Ar}|0;−∞⟩ = |N |2M
∫ ∏

dϕ ϕA1 . . . ϕAre
i
ℏ I[ϕ] (2.73)

≡
∫

Dϕ ϕA1 . . . ϕAre
i
ℏ I[ϕ], (2.74)

with

I[ϕ] =

∫ +∞

−∞
dτL+ iε, L =

∫
d3xL0[ϕ

m(x), ∂µϕ
m(x)] + L1[ϕ

m(x), ∂µϕ
m(x)]. (2.75)

Here I0 =
∫
d4xL0 + iε is the quadratic part, while I1 =

∫
d4xL1 denotes interactions that are cubic or

of higher order in the fields and their derivatives.
For the generating functional, we have

Z[J ] ≡ ⟨+∞; 0|0;−∞⟩J =

∫
Dϕ e

i
ℏ (I[ϕ]+JAϕ

A), (2.76)

and

⟨+∞; 0|T{ϕ̂A1 . . . ϕ̂Ar}|0;−∞⟩ = (
ℏ
i
)r

δ

δJA1

. . .
δ

δJAr

Z[J ]|J=0. (2.77)

One may then treat the interaction perturbatively

Z[J ] = e
i
ℏ I1[

ℏ
i

δ

δJ
]
∫

Dϕ e
i
ℏ (I0[ϕ]+JAϕ

A), (2.78)

with I0 = −1
2
ϕADABϕ

B.
Performing discretized Gaussian integrals, this gives

Z[J ] = |N |2M[det(
iD
2πℏ

)]−
1
2 e

i
ℏ I1[

ℏ
i

δ

δJ
]
e

i
2ℏJA(D−1)ABJB , (2.79)

and then

Z[J ]

Z0[0]
=

∫
Dϕ e i

ℏ (I[ϕ]+JAϕ
A)∫

Dϕ e i
ℏ I0[ϕ]

= e
i
ℏ I1[

ℏ
i

δ

δJ
]
e

i
2ℏJA(D−1)ABJB . (2.80)

N.B: This last expression can also be used as a perturbative definition of the path integral, since it can also
be proved directly in the operator formalism.

If I1 = 0, one recovers Wick’s theorem,

⟨+∞; 0|T{ϕ̂A1 . . . ϕ̂Ar}|0;−∞⟩
⟨+∞; 0|0;−∞⟩

=
∑

pairs of indices

∏
(
ℏ
i
(D−1)paired indices. (2.81)

If I1 ̸= 0, one develops in terms of the interaction. At a given order, there are always the same type of
Gaussian integrals to be carried out. Some of the ϕA however are not coming from differentiation with
respect to an external source JA, but they are due to

∫
d4xL1[

ℏ
i

δ

δJ
] and involve an integral over xµ in field

theory.
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2.4.2 Propagators

The Feynman propagators ∆m2m3
F (x2, x3) ≡ (D−1)m2m3(x2, x3) that appear in (2.80) are thus defined as

the inverse of the quadratic part of the Lagrangian (including iϵ terms):∫
ddx2Dm1m2(x1, x2)∆

m2m3
F (x2, x3) = δm3

m1
δd(x1, x3). (2.82)

As we will see, Dm1m2(x1, x2) can generally be written as an operator acting on δn(x1, x3) and its Fourier
transform depends only on a single rather than 2 variables,

Dm1m2(x1, x2) =
1

(2π)d

∫
ddp eip(x1−x2)D̃m1m2(p) = Dm1m2(x1 − x2). (2.83)

As a consequence, the Fourier transform of ∆m2m3
F (x2, x3) is the inverse matrix of D̃m1m2(p),

D̃m1m2(p)∆̃
m2m3
F (p) = δm3

m1
. (2.84)

Indeed, this allows one to check equation (2.82):

1

(2π)2d

∫
ddx2d

dpddp′eix2(p
′−p)e(ipx1−ip′x3)D̃m1m2

(p)∆̃m2m3

F (p′) =

=
1

(2π)d

∫
ddpeip(x1−x3)δm3

m1
= δm3

m1
δd(x1, x3).

For the massive scalar field in 4 dimensions for example, I0 = −1
2

∫
d4xd4x′D(x, x′)ϕ(x)ϕ(x′). Since∫

d4x L0 + iϵ =

∫
d4x (−1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2) +

1

2
iϵ

∫
dtd3xd3x′Ω(x⃗, x⃗′)e−ϵ|t|ϕ(x⃗, t)ϕ(x⃗′, t),(2.85)

one finds

D(x, x′) = (
∂

∂xµ
∂

∂x′µ
+m2)δ4(x− x′)− iϵΩ(x⃗, x⃗′)e−ϵ|t|δ(t− t′). (2.86)

At this level, one may replace e−ϵ|t| by 1 because the difference corresponds to terms of higher order in ϵ.
Since

Ω(x⃗, x⃗′) =
1

(2π)3

∫
d3p ω(p⃗)eip⃗(x⃗−x⃗

′),

one finds

D(x1, x2) =
1

(2π)4

∫
d4p eip(x1−x2)[p2 +m2 − iϵω(p⃗)], (2.87)

and thus

∆F (x1, x2) =
1

(2π)4

∫
d4p eip(x1−x2)

1

p2 +m2 − iϵω(p⃗)
, (2.88)

in complete agreement with the computation in terms of operators in (1.32).
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2.4.3 Feynman rules for scalar field theory
For the scalar field, let us consider a quartic interaction,

I1[ϕ] = − g

4!

∫
d4xϕ4. (2.89)

The 2 and 4 point functions are defined by

G(2)(x1, x2) =
1

Z[0]
⟨+∞; 0|T{ϕ̂(x1)ϕ̂(x2)}|0;−∞⟩, (2.90)

G(4)(x1, . . . , x4) =
1

Z[0]
⟨+∞; 0|T{ϕ̂(x1) . . . ϕ̂(x4)}|0;−∞⟩ . (2.91)

To order 0 in g, Z[0]0 = ⟨+∞; 0|0;−∞⟩0 = |N |2M[det( iD
2πℏ)]

− 1
2 ≡ K.

G
(2)
0 (x1, x2) = (

ℏ
i
)2

δ

δJ(x1)

δ

δJ(x1)

Z0[J ]

Z0[0]
|J=0 =

ℏ
i
D−1(x1, x2). (2.92)

Graphical representation: 1 2 or

x1 x2

For
∫
d4xD−1(x1, x)J(x), let us introduce the graphical representation 1 .



56 CHAPTER 2. PATH INTEGRALS

G
(6)
0 (x1, . . . , x6) = (ℏ

i
)6

δ

δJ(x1)
. . .

δ

δJ(x6)
Z0[J ]
Z0[0]

|J=0 =

(ℏ
i
)5

δ

δJ(x1)
. . .

δ

δJ(x5)

[
6 Z0[J ]

Z0[0]

]
|J=0 =

(ℏ
i
)4

δ

δJ(x1)
. . .

δ

δJ(x4)

[
( 6 5 + 6 5 )Z0[J ]

Z0[0]

]
|J=0 =

(ℏ
i
)3

δ

δJ(x1)
. . .

δ

δJ(x3)

[(
( 6 5 + 6 5 ) 4 + 6 4 5 + 6 5 4)
Z0[J ]
Z0[0]

]
|J=0 = (ℏ

i
)2

δ

δJ(x1)

δ

δJ(x2)

[(
(
( 6 5 + 6 5 ) 4 + 6 4 5 + 6 5 4

)
3

+( 6 5 + 6 5 ) 4 3

+( 6 3 5 + 6 5 3 ) 4

+ 6 4 5 3 + 6 3 5 4

)
Z0[J ]
Z0[0]

]
|J=0 = (ℏ

i
)

δ

δJ(x1)

[((
(
( 6 5 + 6 5 ) 4 + 6 4 5 + 6 5 4

)
3

+( 6 5 + 6 5 ) 4 3

+( 6 3 5 + 6 5 3 ) 4

+ 6 4 5 3 + 6 3 5 4

)
2

+
(
( 6 5 + 6 5 ) 4 + 6 4 5 + 6 5 4

)
3 2

+
(
( 6 5 + 6 5 ) 4 2 + ( 6 2 5 + 6 5 2 ) 4

+ 6 4 5 2 + 6 2 5 4
)

3

+( 6 2 5 + 6 5 2 ) 4 3

+( 6 3 5 + 6 5 3 ) 4 2

+( 6 3 5 2 + 6 2 5 3 ) 4

)
Z0[J ]
Z0[0]

]
|J=0 =(

6 5 4 3 + 6 4 5 3 + 6 3 5 4

)
2 1 +(

6 5 4 1 + 6 4 5 1 + 6 1 5 4
)

3 2 +
( 6 5 4 2 + 6 4 5 2 + 6 2 5 4 ) 3 1 +
( 6 2 5 1 + 6 1 5 2 ) 4 3 +
( 6 3 5 1 + 6 1 5 3 ) 4 2 +
( 6 3 5 2 + 6 2 5 3 ) 4 1

Consequence:

G
(4)
0 (x1, . . . , x4) = :

x1 x2

x3 x4

+ +

x2

x4

x1

x3

x1 x2

x3
x4



2.4. FEYNMAN RULES 57

To order 1 in g,

Z[0]1 = ⟨+∞; 0|0;−∞⟩1 (2.93)

= K(1− i

ℏ
g

4!

∫
d4x (

ℏ
i

δ

δJ(x)
)4) exp

i

2ℏ
J(D−1)J ]|J=0

= K(1− 3ig

ℏ4!

∫
d4x

ℏ
i
D−1(x, x)

ℏ
i
D−1(x, x)) . (2.94)

If an internal point (vertex) of a diagram corresponds to − ig
ℏ

∫
d4x, one gets the following graphical

representation

Z(0)1  1~ + 3/4!

⟨+∞; 0|T{ϕ̂(x1)ϕ̂(x2)}|0;−∞⟩1 =

= K(
ℏ
i
)2

δ

δJ(x1)

δ

δJ(x1)
(1− i

ℏ
g

4!

∫
d4x (

ℏ
i

δ

δJ(x)
)4) exp

i

2ℏ
J(D−1)J ]|J=0

= K
(

(2.95)

x1 x2

3/4!

x1 x2

+ +
x1 x2

12/4!

This follows from the expansion of G(6)
0 (x1, . . . , x6) by setting x3 = x4 = x5 = x6 = x. It follows

that
G

(2)
1 (x1, x2) =

x1 x2

3/4!

x1 x2

+ +
x1 x2

12/4!

1 + 3/4!

=

x1 x2

+
x1 x2

12/4!
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Remarks: (i) The complete Feynman rules also include so-called symmetry factors that allow one to
get the numerical factors correctly. They have not given here. The aim was rather to show how the rules
follow from the fundamental formula (2.80). There are symbolic computer packages that can be used to
perform such computations to high orders. (ii) When using expression (1.31) for D−1(x, y), one sees that
in the limit x − y → 0, the integral over d3k diverges. We will thus need to modify the theory to give a
meaning to D−1(x, x) (except in mechanics where no such mometa integrals are involved).

(ii) IfG(k)(x1, . . . , xk) =
1
Z[0]

⟨+∞; 0|T{ϕ̂(x1) . . . ϕ̂(xk)|0;−∞⟩, the effect of dividing byZ[0] amounts
to removing vacuum parts of the Green’s functions at all orders. Here, a vacuum part is the analytic ex-
pression that corresponds to a disconnected part from the rest of the diagram that does not involve external
points. Indeed,

G(k)(xk, . . . , x1) =
e

i
ℏ I1[

ℏ
i

δ
δJ

] ℏ
i

δ
δJ(xk)

. . . ℏ
i

δ
δJ(x1)

e
i
2ℏJD

−1J

exp i
ℏI1[

ℏ
i
δ
δJ
]e

i
2ℏJD−1J

|J=0

=
e

i
ℏ I1[

ℏ
i

δ
δJ

][ℏ
i

δ
δJ(xk)

. . . ℏ
i

δ
δJ(x3)

(ℏ
i
D−1(x1, x2) +D−1

x1
JD−1

x2
J)e

i
2ℏJD

−1J

e
i
ℏ I1[

ℏ
i

δ
δJ

]e
i
2ℏJD−1J

|J=0 (2.96)

and one sees that the denominator precisely cancels the part of the numerator where e
i
ℏ I1[

ℏ
i

δ
δJ

] acts entirely
on the term e

i
2ℏJD

−1J .

2.4.4 Feynman rules in momentum space
to be added
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2.4.5 Exercises
2.4.5.1 Propagator for massive vector field

Compute the propagator of the massive vector field with Lagrangian

L0 = −1

4
(∂µAν − ∂νAµ)(∂

µAν − ∂νAµ)− 1

2
m2AµA

µ . (2.97)

Answer:
∆̃ρσ

F =
1

p2 +m2 − iϵ
[ηρσ +

pρpσ

m2
].

What happens for the propagator of the photons (m = 0) ? Show that a potential that is pure gauge,
Aµ = ∂µλ, corresponds to an eigenvector with eigenvalue 0 of the quadratic kernel Dµν(x, x

′).

2.4.5.2 Divergent integrals through dimensional continuation

1. The Gamma function is defined by

Γ(x) =

∫ ∞

0

dt tx−1e−t.

Show that

(a) Γ(1) = 1,

(b) Γ(1
2
) =

√
π,

(c) Γ(x+ 1) = xΓ(x),

(d) Γ(n+ 1) = n! for n ∈ N.

2. Show that the volume of the unit sphere in Rd is given by

Vol(Sd−1) =
2πd/2

Γ(d/2)
.

Hint: compute the integral
∫
ddx e−|x⃗|2 using two different methods.

Specify the result for S0, S1, S2 and S3.

3. The beta function is defined by

B(x, y) =

∫ 1

0

dt tx−1(1− t)y−1.

Show that

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
.

4. Consider the integrals

iΦ(m, d,A) =

∫
ddp

(2π)d
1

(p2 +m2 − iϵ)A
, (2.98)

where p2 = −p02 + pip
i.

(a) Where are the poles of the integrands ?



60 CHAPTER 2. PATH INTEGRALS

(b) Show that the position of these poles allow one to write

Φ(m, d,A) =

∫
ddpE
(2π)d

1

(p2E +m2)A
, (2.99)

where p2E = (p0E)
2 + pEi p

i
E .

(c) Go to spherical coordinates to show that

Φ(m, d,A) =
2

(4π)d/2Γ(d/2)

∫ ∞

0

rd−1dr

(r2 +m2)A
. (2.100)

(d) For a given value of d, for what values of A does the integral converge ?

(e) If the upper bound of the integral in the previous expression is Λ instead of +∞, how does the
integral behave when Λ → ∞. Specify for d = 4, A = 1, 2 and for d = 6, A = 1, 2, 3.

5. Show that

Φ(m, d,A) =
1

(4π)d/2
Γ(A− d/2)

Γ(A)
(
1

m2
)A−d/2. (2.101)

6. Show that∫
ddp

(2π)d
p2B

(p2 +m2 − iϵ)A
=

i

(4π)d/2
Γ(A− d/2−B)Γ(d/2 +B)

Γ(A)Γ(d/2)
(
1

m2
)A−d/2−B.

7. The divergent behavior of Γ around zero is given by

Γ(ϵ) =
1

ϵ
− γ +O(ϵ),

where γ = 0, 5772 . . . is the Euler-Mascheroni constant. Show that

a) Γ(−1 + ϵ) = −(
1

ϵ
− γ + 1 +O(ϵ)),

b) Γ(−2 + ϵ) =
1

2
(
1

ϵ
− γ +

3

2
+O(ϵ)),

c) Γ(−n+ ϵ) =
(−1)n

n!
(
1

ϵ
− γ + 1 +

1

2
+ · · ·+ 1

n
+O(ϵ)), n ∈ N.

8. Compute Φ(m, d,A) for

(a) d = 3 − 2ϵ and A = −1
2
. Answer: after introducing an arbitrary renormalization scale

parameter µ of dimension of mass through 1 = µ−2ϵµ2ϵ, one finds

Φ(m, 3− 2ϵ,−1

2
) =

−m4µ−2ϵ

32π2

[1
ϵ
+ ln

µ2

m2
+ ln 4π − γ +

3

2
+O(ϵ)

]
. (2.102)

(b) d = 4− 2ϵ and A = 1, 2. Answer:

Φ(m, 4− 2ϵ, 2) =
1

16π2
µ−2ϵ

[1
ϵ
+ ln

µ2

m2
+ ln 4π − γ +O(ϵ)

]
. (2.103)

Φ(m, 4− 2ϵ, 1) = − 1

16π2
m2µ−2ϵ

[1
ϵ
+ ln

µ2

m2
+ ln 4π − γ + 1 +O(ϵ)

]
. (2.104)
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(c) d = 6− 2ϵ and A = 1, 2, 3.

9. Show that
1

AB
=

∫ 1

0

dx

[xA+ (1− x)B]2
.

In this formula, x is called the “Feynman parameter”.

10. Show the generalization

1

A1 . . . An
=

∫
dnx δ(

n∑
i=1

xi − 1)
(n− 1)!

[xiAi]n
,

by first showing that
1

ABn
=

∫
dxdy δ(x+ y − 1)

nyn−1

[xA+ yB]n+1
,

using the previous exercise.
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2.5 Holomorphic representation
cf. [9], [11] [1].

2.5.1 Coherent states
For a single degree of freedom (q, p), let us define

a =
1√
2ℏ

(
√
ωq + i

√
ω
−1
p). (2.105)

For the associated operator and its complex conjugate, the canonical commutation relations of q̂, p̂ trans-
late into

[â, â†] = 1, [â, â] = 0 = [â†, â†]. (2.106)

The vacuum is defined by â|0⟩ = 0 and coherent states by

|a⟩ = eaâ
†|0⟩, â|a⟩ = a|a⟩ , (2.107)

where a is a complex number. The commutation relations imply that the coherent state is an eigenvector
of â with eigenvalue a. Similarily,

⟨a∗| = ⟨0|eâa∗ , ⟨a∗|â† = ⟨a∗|a∗. (2.108)

The scalar product of such coherent states is given by

⟨b∗|a⟩ = eb
∗a. (2.109)

Indeed, if a = 0, we find 1 on both sides. Differentiation with respect to a, one finds b∗ times the expression itself,
both on the left and the right hand side.

An orthonormal basis of the Hilbert space is provided by

|n⟩ = 1√
n!
(â†)n|0⟩, ⟨m|n⟩ = δmn, (2.110)

and

⟨a∗|n⟩ = ⟨0|ea∗â 1√
n!
(â†)n|0⟩ = 1√

n!
(a∗)n, (2.111)

Indeed, this holds for n = 0, and assuming it to hold for n− 1⩾ 0, we have

⟨a∗|n⟩ = ⟨0|[ea
∗â,

1√
n
â†]

1√
(n− 1)!

(â†)n−1|0⟩ = 1√
n
a∗⟨a∗|n− 1⟩. (2.112)

One then concludes by using the induction hypotheses.

In the same way, one shows that

⟨n|a⟩ = 1√
n!
an. (2.113)

For any state |ψ⟩ of the Hilbert space, we have

⟨a∗|ψ⟩ = ψ(a∗), ⟨ψ|a⟩ = ψ̄(a), (2.114)
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with ψ(a∗) a series in a∗ with complex coefficients and ψ̄(a) the series in awhose coefficients are complex
conjugates of those of ψ(a∗).

Let us show that

⟨ψ|ϕ⟩ =
∫
da∗da

2πi
e−a

∗a⟨ψ|a⟩⟨a∗|ϕ⟩ =
∫
da∗da

2πi
e−a

∗aψ̄(a)ϕ(a∗), (2.115)

1̂ =

∫
da∗da

2πi
e−a

∗a|a⟩⟨a∗| . (2.116)

where the integral (by definition) is a real double integral defined by inverting (2.105) and its complex
conjugate relation.

It is enough to show this relation for basis elements.

⟨n|m⟩ =

∫
da∗da

2πi
e−a∗a 1√

n!
an

1√
m!

(a∗)m

=

∫
dqdp

2πℏ
e−

1
2ℏ (ωq2+ω−1p2) 1√

n!
(

√
ωq + i

√
ω
−1
p√

2ℏ
)n

1√
m!

(

√
ωq − i

√
ω
−1
p√

2ℏ
)m, (2.117)

by using that the Jacobian of the change of variables a =
√
ωq+i

√
ω−1p√

2ℏ , a∗ =
√
ωq−i

√
ω−1p√

2ℏ is i
ℏ . Defining

I(α, α∗) =

∫
dqdp

2πℏ
e
− 1

2ℏ (ωq2+ω−1p2)+α∗
√

ωq+i
√

ω−1p√
2ℏ

+α
√

ωq−i
√

ω−1p√
2ℏ (2.118)

=

∫
dqdp

2πℏ
e
− 1

2ℏ (ωq2+ω−1p2)+
2αR√

2ℏ
√
ωq+

2αI√
2ℏ

√
ω−1p (2.119)

= eα
2
R+α2

I = eα
∗α, (2.120)

by using exercice 2.2.6.1. This gives

⟨n|m⟩ =
1√
n!

1√
m!

(
∂

∂α
)m(

∂

∂α∗ )
nI(α, α∗)|α=0=α∗ (2.121)

=
1√
n!

1√
m!

(
∂

∂α
)m(αneα

∗α)|α=0=α∗ =

{
0 if n ̸= m
1 if n = m

(2.122)

NB: The considerations of this section could have been streamlined by using ω = 1 = ℏ since the end result does
not depend on either of these parameters. We have have chosen to drag them along so that (2.105) is the change
of variables appropriate to the harmonic oscillator.

For later use, note that we have also shown

I(α, α∗) =

∫
da∗da

2πi
e−a

∗a+α∗a+αa∗ = eα
∗α, (2.123)

which is the value at the extremum, a∗ = α∗, a = α, without any prefactor.

2.5.2 Kernel and normal symbol

Matrix elements of the operator Ô in the orthornormal basis (2.110) are given by

Onm = ⟨n|Ô|m⟩, Ô =
∑
n,m

|n⟩Onm⟨m|. (2.124)

The kernel of Ô in the holomorphic representation is then given by

O(a∗, a) = ⟨a∗|Ô|a⟩ =
∑
n,m

⟨a∗|n⟩Onm⟨m|a⟩ =
∑
n,m

Onm
(a∗)n√
n!

am√
m!

(2.125)
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Using (2.115) yields

(Ô|ψ⟩)(a∗) ≡ ⟨a∗|Ô|ψ⟩ =
∫
dα∗dα

2πi
O(a∗, α)ψ(α∗)e−α

∗α, (2.126)

(Ô1Ô2)(a
∗, a) ≡ ⟨a∗|Ô1Ô2|a⟩ =

∫
dα∗dα

2πi
O1(a

∗, α)O2(α
∗, a)e−α

∗α. (2.127)

Furthermore â† and â act respectively like multiplication and differentiation by a∗,

(â†|ψ⟩)(a∗) ≡ ⟨a∗|â†|ψ⟩ = a∗ψ(a∗), (2.128)

(â|ψ⟩)(a∗) ≡ ⟨a∗|â|ψ⟩ = ∂

∂a∗
ψ(a∗). (2.129)

If Ô(â, â†) is an operator, its normal symbol ON(a∗, a) is by definition the function of a, a∗ that one
obtains by arranging in Ô the â† to the left and the â to the right by using the commutation rules, and then
replacing the operators â†, â by the complex numbers a∗, a. Conversely, in ON(a∗, a) one may rearrange
the a∗ to the left and the a to the right without changing the expressions since we are dealing with c-
numbers. If one then replaces the complex numbers a∗, a by operators â†, â, one obtains an operator in
normal form that is equal to the starting point operator Ô(â, â†) after using the commutation relations.

This is not to be confused with the normal ordered operator : Ô(â, â†) : which is the operator that
one gets when rearranging in Ô the â† to the left and the â to the right without using the commutation
relations. In particular, the projector on the vacuum may be represented as

|0⟩⟨0| =: e−â
†â : . (2.130)

It is enough to show that : e−â†â : |n⟩ = δ0n|0⟩. This relation holds for n = 0. For n ̸= 0, it also holds if one
shows that

[: e−â†â :, (â†)n] = −(â†)n : e−â†â :, (2.131)

since then e−â†â : |n⟩ = [e−â†â :, (â
†)n√
n!

]|0⟩+ (â†)n√
n!

: e−â†â : |0⟩ = 0.

For n = 1, [
∑

n=0(−)n (â†)nân

n! , â†] =
∑

n=1(−)n (â†)nân−1

(n−1)! = −â† : e−â†â :. If (2.131) holds for n − 1⩾ 0,

it follows that [: e−â†â :, (â†)n] = â†[: e−â†â :, (â†)n−1] + [: e−â†â :, â†](â†)n−1 = −(â†)n : e−â†â : −â† :

e−â†â : (â†)n−1 = −(â†)n : e−â†â : −â†[: e−â†â :, (â†)n−1]− (â†)n : e−â†â := −(â†)n : e−â†â :.

The kernel and the normal symbol of an operator are related by:

O(a∗, a) = ea
∗aON(a∗, a). (2.132)

Indeed, Ô =
∑

n,mOnm
(â†)n√

n!
|0⟩⟨0| âm

√
m!

=
∑

n,mOnm
(â†)n√

n!
: e−â†â : âm

√
m!

=
∑

n,mOnm : (â†)n√
n!
e−â†â âm

√
m!

:

We thus have ON (a∗, a) =
∑

n,mOnm
(a∗)n√

n!
e−a∗a am

√
m!

= O(a∗, a)e−a∗a on account of (2.125).

For an alternative proof of (2.132), one first notes that it is enough to show this for operators Ôn,m =

(â†)nam for which ON
n,m = (a∗)nam. To compute the kernel, one uses that (Ôn,m|ψ⟩)(a∗) =

(a∗)n( ∂
∂a∗ )

mψ(a∗) = (a∗)n( ∂
∂a∗ )

m
∫

dα∗dα
2πi ea

∗α−α∗αψ(α∗) =
∫

dα∗dα
2πi (a∗)nαmea

∗α−α∗αψ(α∗). Since
(Ôn,m|ψ⟩)(a∗) =

∫
dα∗dα
2πi On,m(a∗, α)e−α∗αψ(α∗), it follows that On,m(a∗, α) = (a∗)nαmea

∗α =

ON
n,m(a∗, α)ea

∗α.

In holomorphic representation, the trace is given by

Tr Ô =
∑
n

⟨n|Ô|n⟩ =
∫
da∗da

2πi

∑
n

⟨n|a⟩⟨a∗|Ô|n⟩e−a∗a =
∫
da∗da

2πi
O(a∗, a)e−a

∗a. (2.133)



2.5. HOLOMORPHIC REPRESENTATION 65

2.5.3 Evolution operator

In this section, we start by using ℏ = 1. We want to compute the kernel of the evolution operator in
holomorphic representation,

⟨a∗; t′|a; t⟩ = ⟨a∗|e−iĤ(t′−t)|a⟩ ≡ U(a∗, t′; a, t). (2.134)

For t′ − t = ϵ infinitesimal,

⟨a∗|1− iϵĤ|a⟩ = ea
∗a − iϵH(a∗, a) = ea

∗a[1− iϵh(a∗, a)] = ea
∗a−iϵh(a∗,a), (2.135)

where H(a∗, a) is the kernel of the Hamiltonian Ĥ while h(a∗, a) is its normal symbol. In this case, a
finite interval is decomposed in N pieces:

tt’

τ1τN-1τN

Inserting

∫
da∗N−1daN−1

2πi
e−a

∗
N−1aN−1 |aN−1; τN−1⟩⟨a∗N−1; τN−1| . . .

∫
da∗1da1
2πi

e−a
∗
1a1 |a1; τ1⟩⟨a∗1; τ1|, (2.136)

at the appropriate places, one finds

U(a∗, t′; a, t) = lim
N→∞

∫ N−1∏
k=1

da∗kdak
2πi

eS
′
D , (2.137)

where

S ′
D = −iϵ[h(a∗N , aN−1) + · · ·+ h(a∗1, a0)] + a∗NaN−1 + · · ·+ a∗1a0 − a∗N−1aN−1 − · · · − a∗1a1. (2.138)

In the limit N → ∞, this gives

U(a∗, t′; a, t) =

∫ a∗(t′)=a∗

a(t)=a

∏
τ

da∗(τ)da(τ)

2πi
eiS

′
H [a∗,a] , (2.139)

S ′
H [a

∗, a] =

∫ t′

t

dτ
[ 1
2i
(ȧ∗a− a∗ȧ)− h(a∗, a)

]
+

1

2i

(
a∗(t′)a(t′) + a∗(t)a(t)

)
. (2.140)
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Indeed,when discretizing in the argument of the exponential all the terms besides the Hamiltonian, one finds

1

2

[
(a∗N − a∗N−1)aN−1 + · · ·+ (a∗1 − a∗0)a0 − a∗N (aN − aN−1)− · · · − a∗1(a1 − a0) + a∗NaN + a∗0a0

]
= a∗Na

∗
N−1 + · · ·+ a∗1a0 − a∗N−1aN−1 − . . . a1a1. (2.141)

N.B.: The action to be used in the path integral is the one that has a true extremum when taking into account the
boundary conditions δa∗(t′) = 0 = δa(t), and when the field equations hold:

δS′
H =

∫ t′

t

dτ
(
δa∗(−1

i
ȧ− ∂h

∂a∗
) + δa(

1

i
ȧ∗ − ∂h

∂a
)
)

+
1

2i
[δa∗a]t

′

t − 1

2i
[a∗δa]t

′

t +
1

2i
[δa∗(t′)a(t′) + a∗(t′)δa(t′) + δa∗(t)a(t) + a∗(t)δa(t)]

=

∫ t′

t

dτ
(
δa∗(−1

i
ȧ− ∂h

∂a∗
) + δa(

1

i
ȧ∗ − ∂h

∂a
)
)
.

For the forced harmonic oscillator, the quantum Hamiltonian is

Ĥ = ω(â†â+
α

2
)− j(t)â† − j∗(t)â, (2.142)

h(a∗, a) = ω(a∗a+
α

2
)− j(t)a∗ − j∗(t)a. (2.143)

NB: α = 1 corresponds to using a symmetrical ordering during quantization, while α = 0 corresponds to
using the normal ordering.

To compute the path integral, since all discretized integrals are Gaussian, we admit the shortcut that
the result will be given by the value of the exponential at the extremum, without prefactor. We have

ȧ = −i ∂h
∂a∗

= −i(ωa− j), a(t) = a, (2.144)

ȧ∗ = i
∂h

∂a
= i(ωa∗ − j∗), a∗(t′) = a∗. (2.145)

N.B.: At the boundary, one gives a and a∗ independently. The solution to these equations is

a(τ) = e−iω(τ−t)a+ i

∫ τ

t

dτ ′j(τ ′)e−iω(τ−τ
′), (2.146)

a∗(τ) = e−iω(t
′−τ)a∗ + i

∫ t′

τ

dτ ′j∗(τ ′)e−iω(τ
′−τ). (2.147)

Substituting this solution in the classical action gives

lnU(a∗, t′; a, t) = −i(t′ − t)
αω

2
+ a∗e−iω(t

′−t)a+ ia∗
∫ t′

t

dτj(τ)e−iω(t
′−τ)+

+ ia

∫ t′

t

dτj∗(τ)e−iω(τ−t) −
∫ t′

t

dτ

∫ t′

t

dτ ′j∗(τ)e−iω(τ−τ
′)θ(τ − τ ′)j(τ ′) . (2.148)

Details of this lengthy computation follow. They show in particular that:
In the absence of sources and for the normal ordered theory α = 0, the contributions from the first

terms with time derivatives and the Hamiltonian cancel so that the whole result comes from the correct
boundary term.
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Factors of ℏ can be restored as follows. In the first term of the Hamiltonian, there should be an ℏ. This
amounts to changing ω by ℏω. Furthermore, at the start of the computation, the Hamiltonian including
the sources in the evolution operator in (2.134) should be divided by ℏ. None of the kinetic terms coming
from holomorphic insertions of the completeness relation and the norm of coherent states carry an ℏ. The
result of these two manipulations in the determination of the extremum in (2.144) amounts to dividing
j, j∗ by ℏ. This is what one has to do in the final result,

lnU(a∗, t′; a, t) = −i(t′ − t)
αω

2
+ a∗e−iω(t

′−t)a+ ia∗
∫ t′

t

dτ
j(τ)

ℏ
e−iω(t

′−τ)+

+ ia

∫ t′

t

dτ
j∗(τ)

ℏ
e−iω(τ−t) −

∫ t′

t

dτ

∫ t′

t

dτ ′
j∗(τ)

ℏ
e−iω(τ−τ

′)θ(τ − τ ′)
j(τ ′)

ℏ
. (2.149)
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2.6 Reduction formulas

2.6.1 S-matrix of forced harmonic oscillator
The Ŝ operator is given by

Ŝ = lim
t′ → +∞
t→ −∞

Ŝ(t′, t), Ŝ(t′, t) = eiĤ0t′ Û(t′, t) e−iĤ0t. (2.150)

The kernel of Ŝ(t′, t) in holomorphic representation is

S(a∗, t′; a, t) =

∫
dα∗dα

2πi

dβ∗dβ

2πi
e−α

∗α−β∗β⟨a∗|eiĤ0t′ |α⟩U(α∗, t′; β, t)⟨β∗|e−iĤ0t|a⟩. (2.151)

Since ⟨a∗|eiĤ0t′ |α⟩ is a particular case of (2.148) with j = 0 and t′ − t → −t′, and similarily for
⟨β∗|e−iĤ0t|a⟩ with t′ − t→ t, one finds

S(a∗, t′; a, t) =

∫
dα∗dα

2πi

dβ∗dβ

2πi
eA (2.152)

with

A = −α∗α + a∗eiωt
′
α + α∗e−iω(t

′−t)β + iα∗
∫ t′

t

dτe−iω(t
′−τ)j(τ) + i

∫ t′

t

dτj∗(τ)e−iω(τ−t)β

−
∫ t′

t

dτ

∫ t′

t

dτ ′j∗(τ)θ(τ − τ ′)e−iω(τ
′−τ)j(τ ′)− β∗β + β∗e−iωta. (2.153)

If u∗ = a∗eiωt
′ and u = e−iω(t

′−t)β + i
∫ t′
t
dτe−iω(t

′−τ)j(τ), the integral over α∗α transforms the first 4
terms of the exponential into u∗u. Hence, the argument of the exponential becomes

a∗eiωtβ + ia∗
∫ t′

t

dτeiωτj(τ) + i

∫ t′

t

dτj∗(τ)e−iω(τ−t)β

−
∫ t′

t

dτ

∫ t′

t

dτ ′j∗(τ)θ(τ − τ ′)e−iω(τ
′−τ)j(τ ′)− β∗β + β∗e−iωta. (2.154)

If v = e−iωta et v∗ = a∗eiωt + i
∫ t′
t
dτj∗(τ)e−iω(τ−t), the integral over β∗β gives ev∗v and one finds

lnS(a∗, t′; a, t) = a∗a+ ia∗
∫ t′

t

dτeiωτj(τ) + ia

∫ t′

t

dτj∗(τ)e−iωτ

−
∫ t′

t

dτ

∫ t′

t

dτ ′j∗(τ)e−iω(τ−τ
′)θ(τ − τ ′)j(τ ′)]. (2.155)

It follows that the normal symbol is

lnSN(a∗, t′; a, t) = ia∗
∫ t′

t

dτeiωτj(τ) + ia

∫ t′

t

dτj∗(τ)e(−iωτ)

−
∫ t′

t

dτ

∫ t′

t

dτ ′j∗(τ)e−iω(τ−τ
′)θ(τ − τ ′)j(τ ′). (2.156)
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2.6.2 S-matrix of interacting scalar field
In Fourier transform, the scalar field with real external source j(x) is a superposition of decoupled har-
monic oscillators:

Ĥj
0 =

∫
d3x [

1

2
π̂2 +

1

2
∂kϕ̂∂

kϕ̂+
1

2
m2ϕ̂2 − jϕ̂], (2.157)

j(x⃗) =
1

(2π)3/2

∫
d3k

√
2ω(k⃗)eik⃗·x⃗ j̃(k⃗), j̃∗(k⃗) = j̃(−k⃗), (2.158)

ϕ̂(x⃗) =
1

(2π)3/2

∫
d3k√
2ω(k⃗)

[â(k⃗)eik⃗·x⃗ + h.c.], (2.159)

Ĥj
0 =

∫
d3k [ω(k⃗)â†(k⃗)â(k⃗)− j̃(k⃗)â†(k⃗)− j̃∗(k⃗)â(k⃗)]. (2.160)

One thus finds for the normal symbol

lnSN0 (a∗,+∞; a,−∞) = i

∫ +∞

−∞
dτ

∫
d3k

[
a∗(k⃗)eiω(k⃗)τ j̃(τ, k⃗) + j̃∗(τ, k⃗)e−iω(k⃗)τa(k⃗)

]
−
∫ +∞

−∞
dτ

∫ +∞

−∞
dτ ′
∫
d3k j̃∗(τ, k⃗)e(−iω(k⃗)(τ−τ

′))θ(τ − τ ′)j̃(τ ′, k⃗). (2.161)

Defining

ϕas(x) =
1

(2π)3/2

∫
d3k√
2ω(k⃗)

[a(k⃗)eikx + a∗(k⃗)e−ikx], (2.162)

with a(k⃗) the initial condition in t → −∞ and a∗(k⃗) the final condition in t → +∞, the first 2 terms of
the exponential combine into

i

∫
d4xϕas(x)j(x). (2.163)

The last term can be written as

−
∫
d4x

∫
d4x′

∫
d3k

1

(2π)32ω(k⃗)
e−iω(k⃗)(t−t

′)θ(t− t′)eik⃗·x⃗j(x)e−ik⃗·x⃗
′
j(x′)

= −1

2

∫
d4x

∫
d4x′ j(x)j(x′)

∫
d3k

1

(2π)32ω(k⃗)
[eik(x−x

′)θ(t− t′) + eik(x
′−x)θ(t′ − t)] (2.164)

When taking (1.29) and (1.31) into account, one gets

lnSN0 (a∗,+∞; a,−∞) = i

∫
d4xϕas(x)j(x) +

i

2

∫
d4x

∫
d4x′ j(x)∆F (x− x′)j(x′), (2.165)

or, equivalently,

SN0 (a∗,+∞; a,−∞) = ei
∫
d4xϕas(x)j(x)

Z0[j]

Z0[0]
. (2.166)

Note that
δ

δj(y)
SN0 =

(
iϕas(y) + i

∫
d4x∆F (y, x)j(x)

)
SN0 . (2.167)
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For the operator Ŝ0, one replaces ϕas by ϕ̂ and takes normal order:

Ŝ0 =: ei
∫
d4x ϕ̂(x)j(x) :

Z0[j]

Z0[0]
. (2.168)

Again, if there is an interaction I1[ϕ], it is treated perturbatively in terms of the expression we have
just computed:

U(a∗, t′; a, t) = e
iI1[

1
i

δ

δj
]
∫ a∗(t′)=a∗

a(t)=a

∏
τ,⃗k

da(k⃗, τ)da(k⃗, τ)

2πi
e
iS′

H
j
0 , (2.169)

SN(a∗,+∞; a,−∞) = e
iI1[

1
i

δ

δj
]
SN0 , Ŝ = e

iI1[
1
i

δ

δj
]
: ei

∫
d4x ϕ̂(x)j(x) :

Z0[j]

Z0[0]
. (2.170)

Remarks:
(i) Equation (2.170) describes the generating functional for the S-matrix of an interacting theory, to

be computed perturbatively in the interaction, in the presence of an external source. Usually one is only
interested in S-matrix elements, computed to a given order, in the absence of a source. This is obtained
from the above by putting the source to zero at the end of the computation.

(ii) As we have briefly discussed in (2.96), dividing by Z[0] instead of Z0[0] removes the vacuum parts
of the diagrams for Green’s functions. In the same way, dividing SN(a∗,+∞; a,−∞) by SN(0,+∞; 0,−∞)
removes the vacuum diagrams that contribute to various S-matrix elements.

(iii) One may consider a generalization of the generating functional for the S-matrix in the presence of
the source, where the external states, contained in the Fourier coefficients of ϕ̃(x) are off-the mass-shell,

S̃N(ϕ̃; j) = e
iI1[

1
i

δ

δj
]
ei

∫
d4xϕ̃(x)j(x)Z0[j]

Z0[0]
. (2.171)

In particular, on the one hand, Z[j] = S̃N(0; j): the generating functional for Green’s function is obtained
when keeping the source, but setting the field to zero; it is the generating functional for the vacuum to
vacuum transition amplitudes (in the presence of the source). On the other hand, after having computed
to a given order in perturbation theory, S-matrix elements (in the form of its normal symbol) are obtained
by setting the source to zero and replacing ϕ̃(x) by ϕas(x), SN = S̃N(ϕas; 0).

2.6.3 S-matrix from Green’s functions
We now want to show that it is enough to compute Green’s functions. Indeed, there is a simple procedure
that allows one to pass from Green’s functions to S-matrix elements. It goes under the name of reduction
formulas. We follow [17].

The normal symbol for the S-matrix is entirely determined by its Taylor coefficients,

SN =
∑
n

1

n!

∫
d4x1 . . . d

4xnϕas(x1) . . . ϕas(xn)S
N(x1, . . . , xn), (2.172)

where

SN(x1, . . . , xn) =
δ

iδϕ̃(x1)
. . .

δ

iδϕ̃(xn)
S̃N |j=0=ϕ̃

= [e
iI1[

1
i

δ

δj
]
j(x1) . . . j(xn)e

i
∫
d4xϕ̃(x)j(x)Z0[j]

Z0[0]
]|j=0=ϕ̃. (2.173)
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But

(−2xk +m2)
δ

iδj(xk)
Z[j] = e

iI1[
1
i

δ

δj
]
j(xk)

Z0[j]

Z0[0]
, (2.174)

since

(−2xk +m2)
1

i

δ

δj(xk)

Z0[j]

Z0[0]
= (−2xk +m2)

∫
d4x′ ∆F (xk − x′)j(x′)

Z0[j]

Z0[0]
= j(xk)

Z0[j]

Z0[0]
. (2.175)

This then implies that∫
d4x1 . . . d

4xnϕas(x1) . . . ϕas(xn)
(
SN(x1, . . . , xn)−

[(−2x1 +m2)
δ

iδj(x1)
. . . (−2xn +m2)

δ

iδj(xn)
]Z[j]|j=0

)
= 0. (2.176)

Indeed, in this expression, all additional terms that appear in the second term when subsequent derivatives
with respect to j act on the explicit j(xk) in (2.174) vanish because the result is contracted with ϕas, which
satisfies (−2x +m2)ϕas(x) = 0. Note that in terms of Feynman rules, applying (−2xk +m2) δ

iδj(xk)
to

Z[j] amputates the external propagator at xk of the Green’s function.
The reduction formulas can then be described as follows.
The normal symbol of the S-matrix is obtained by taking Green’s function of order n, amputating the

external propagators, multiplying instead by ϕas at the external points, dividing by n! and summing over
n.

This procedure can also be summarized as follows [9, 1]:

SN = e

∫
d4xϕas(x)(−2+m2)

δ

δj(x) Z[j]

Z[0]
, (2.177)

in the case vacuum diagrams have been removed, and with the understanding that (−2 +m2)
δ

δj(x)
only

acts on external propagators.
We find for the kernel

S(a∗,+∞; a,−∞) = ⟨a∗,+∞|Ŝ|a,−∞⟩ = e
∫
d3k a∗(k⃗)a(k⃗)e

∫
d4xϕas(x)(−2+m2)

δ

δj(x) Z[j]

Z[0]
. (2.178)

For the free theory, I1[ϕ] = 0 = j, and the result reduces to

S0(a
∗,+∞; a,−∞) = e

∫
d3k a∗(k⃗)a(k⃗), (2.179)

Since

⟨a∗,+∞| = ⟨+∞; 0|e
∫
d3k â(k⃗,+∞)a∗(k⃗) (2.180)

|a,−∞⟩ = e
∫
d3k a(k⃗)â∗(k⃗,−∞)|0;−∞⟩ (2.181)

and â(k⃗, t) = â(k⃗)e−iω(k⃗)t, |0, t⟩ = eiω(k⃗)t|0⟩ for the free theory, one may check this result by evaluating
⟨a∗,+∞|a,−∞⟩ on the one hand and e

∫
d3k a∗(k⃗)a(k⃗) on the other, for instance,

⟨0|0⟩ = 1, (2.182)

⟨q⃗|p⃗⟩ =
δ

δa∗(q⃗)

δ

δa(p⃗)
S0(a

∗,+∞; a,−∞)|a∗=0=a = δ3(q⃗ − p⃗). (2.183)

Decomposing Ŝ = 1̂ + iT̂ , the factor e
∫
d3k a∗(k⃗)a(k⃗) corresponds to 1̂. The transition matrix T̂ con-
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tributes as soon as there are particles interacting:

⟨a∗,+∞|iT̂ |a,−∞⟩ = e

∫
d4xϕas(x)(−2+m2)

δ

δj(x) Z[j]

Z[0]
. (2.184)

This gives

⟨+∞; 0|
∏
i

â(q⃗i,+∞)(iT̂ )
∏
j

â†(p⃗j,−∞)|0;−∞⟩ =

∏
i

δ

δa∗(q⃗i)

∏
j

δ

δa(p⃗j)
e

∫
d4xϕas(x)(−2+m2)

δ

δj(x) Z[j]

Z[0]
|a∗=0=a=j =

∏
i

∫
d4yi

e−iqiyi√
2ω(q⃗i)(2π)3/2

(−2yi +m2)(
i

ℏ
)
∏
j

∫
d4xj

eipjxj√
2ω(p⃗j)(2π)3/2

(−2xj +m2)(
i

ℏ
)

⟨+∞; 0|T{
∏

i ϕ̂(yi)
∏

j ϕ̂(xj)}|0;−∞⟩
⟨+∞; 0|0;−∞⟩

. (2.185)

Since

â†(pj,−∞)|0;−∞⟩ = Z
1
2 â†(pj, in)|0;−∞⟩, (2.186)

⟨+∞; 0|â(qi,+∞) = Z
1
2 ⟨+∞; 0|â(qi, out), (2.187)

one finds

⟨+∞; 0|
∏
i

â(q⃗i, out)(iT̂ )
∏
j

â†(p⃗j, in)|0;−∞⟩ =

∏
i

∫
d4yi

e−iqiyi√
2ω(q⃗i)(2π)3/2Z

1
2

(−2yi +m2)(
i

ℏ
)
∏
j

∫
d4xj

eipjxj√
2ω(p⃗j)(2π)3/2Z

1
2

(−2xj +m2)(
i

ℏ
)

⟨+∞; 0|T{
∏

i ϕ̂(yi)
∏

j ϕ̂(xj)}|0;−∞⟩
⟨+∞; 0|0;−∞⟩

. (2.188)

As said before, the effect of (−2xj + m2) is to amputate the external propagators of the Feynman
diagrams since (−2xj +m2)∆F (x, z) = δ4(z).
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2.7 Fermions
cf. [2], [9], [11], [16].

2.7.1 Grassmann variables
When canonically quantizing fermions, considerations of stability and the desire for a standard interpre-
tation of the energy-momentum tensor force one to quantize fermions using anticommutators instead of
commutators,

ψ̂l(x) =
1

(2π)3/2

∫
d3p ulα(p⃗)̂b

α(p⃗)eipx + vlα(p⃗)d̂
†α(p⃗)e−ipx,

[̂bα(p⃗), b̂†β(q⃗)]+ = ℏδαβδ3(p⃗− q⃗),

[d̂α(p⃗), d̂†β(q⃗)]+ = ℏδαβδ3(p⃗− q⃗),

[ψ̂l(x), ψ̂†m(y)]+ =
(
(−γµ∂µ +m)β

)lm
∆(x− y),

∆(x) =

∫
d3p

2p0
(2π)3(eipx − e−ipx). (2.189)

In order to use a path integral approach, one would like to represent the basic fermionic operators
[̂b, b̂†]+ = 1 as analytic functions, similar to the path integral representation in holomorphic representation.
In order to do so, one needs unusual classical variables, called Grassmann variables.

Consider complex series in 2 variables η, η∗ and declare

ηη∗ + η∗η = 0, η2 = 0, (η∗)2 = 0. (2.190)

A general series has the form

f(η, η∗) = f0 + f1η + f2η
∗ + f3ηη

∗, fi ∈ C. (2.191)

More generally, one may consider n anticommuting variables ηα:

ηαηβ + ηβηα = 0. (2.192)

Parity |f | of a monomial f in ηα is the number of anticommuting variables modulo 2. Differentiation is
defined by

∂Lfg

∂ηα
=
∂Lf

∂ηα
g + (−)|f |f

∂Lg

∂ηα
,

∂Lηβ

∂ηα
= δαβ ,

∂L1

∂ηα
= 0, (2.193)

on monomials and extended by linearity.
For 2 complex conjugated variables, ∂

Lf
∂η

= 0 implies f = f0 + f2η
∗. These are “analytic” functions,

to be compared to the functions f(a∗) of the holomorphic representation. The Fock space associated to a
fermionic oscillator [̂b, b̂†]+ = 1 is defined by

|f⟩ = f0|0⟩+ f1b̂
†|0⟩, b̂|0⟩ = 0, |1⟩ = b̂†|0⟩, (2.194)

b̂†|1⟩ = 0, ⟨0|0⟩ = 1 = ⟨1|1⟩, ⟨f |g⟩ = f ∗
0 g0 + f ∗

1 g1. (2.195)

One may represent this scalar product through an integral provided one defines∫
dη∗η∗ = 1 =

∫
dηη,

∫
dη1 = 0 =

∫
dη∗1, (2.196)
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and extends by linearity. Furthermore, dηdη∗ = −dη∗dη. The integral acts like differentiation,∫
dη∗dηηη∗ = 1. (2.197)

For the function f(η∗) = f0 + f1η
∗, let us define f ∗(η) = f ∗

0 + f ∗
1 η and

⟨f |g⟩ =

∫
dη∗dηf ∗(η)g(η∗)e−η

∗η (2.198)

=

∫
dη∗dη(f ∗

0 + f ∗
1 η)(g0 + g1η

∗)(1− η∗η) (2.199)

=

∫
dη∗dη(−η∗ηf ∗

0 g0 + ηη∗f ∗
1 g1) = f ∗

0 g0 + f ∗
1 g1. (2.200)

If |η⟩ = eb̂
†η|0⟩ = |0⟩ − ηb̂†|0⟩ and ⟨η∗| = ⟨0|eη∗b̂ = ⟨0| − ⟨0|̂bη∗, it follows that b̂|η⟩ = η|η⟩, ⟨η∗|̂b† =

⟨η∗|η∗, ⟨η∗|f⟩ = f(η∗) = f0 + f1η
∗, ⟨f |η⟩ = f ∗(η) = f ∗

0 + f ∗
1 η. We thus have

⟨f |g⟩ =
∫
dη∗dηe−η

∗η⟨f |η⟩⟨η∗|g⟩, (2.201)

⟨η∗|̂b†|f⟩ = ⟨0|(1 + η∗b̂)̂b†(f0|0⟩+ f1b̂
†)|0⟩ = η∗f0 = η∗f(η∗), (2.202)

⟨η∗|̂b|f⟩ = ⟨0|(1 + η∗b̂)̂b(f0|0⟩+ f1b̂
†)|0⟩ = f1 =

∂

∂η∗
f(η∗). (2.203)

It follows that b̂† acts by multiplication by η∗, while b̂ acts like differentiation with respect to η∗.
The vacuum projector is given by

|0⟩⟨0| =: e−b̂
†b̂ := 1− b̂†b̂. (2.204)

Indeed,

|0⟩⟨0|(f0|0⟩+ f1b̂
†)|0⟩ = f0|0⟩, (2.205)

(1− b̂†b̂)(f0|0⟩+ f1b̂
†)|0⟩ = f0|0⟩. (2.206)

We have Ô =
∑

n,m=0,1 |n⟩Onm⟨m|, ⟨η∗|0⟩ = 1, ⟨η∗|1⟩ = η∗, ⟨0|η⟩ = 1, ⟨1|η⟩ = η. The kernel of Ô
in holomorphic representation is

O(η∗, η) = ⟨η∗|Ô|η⟩ =
∑
n,m

⟨η∗|n⟩Onm⟨m|η⟩ =
∑
n,m

(η∗)nOnmη
m. (2.207)

Furthermore,

⟨η∗|Ô|f⟩ =
∫
dξ∗dξe−ξ

∗ξO(η∗, ξ)f(ξ∗), (2.208)

⟨η∗|Ô1Ô2|η⟩ =
∫
dξ∗dξe−ξ

∗ξO1(η
∗, ξ)O2(ξ

∗, η). (2.209)

The normal symbol is

ON(η∗, η) = e−η
∗ηO(η∗, η). (2.210)

Indeed,

Ô =
∑
n,m

(̂b†)n|0⟩Onm⟨0|̂bm =
∑
n,m

(̂b†)n : e−b̂†b̂ : b̂mOnm =
∑
n,m

: (̂b†)ne−b̂†b̂b̂m : Onm, (2.211)

which gives the result.

Up to a factor of 2πi in the scalar product, all formulas look like those of the bosonic case. But if one
preforms a change of integration variables,(

η
η∗

)
= A

(
ξ
ξ∗

)
, (2.212)
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and considers the polynomial P (η, η∗) = Q(ξ, ξ∗) that one gets by substitution, the term in ξξ∗ comes
from P12ηη

∗ = P12(A
11ξ +A12ξ∗)(A21ξ +A22ξ∗) and is given by P12(detA)ξξ

∗ ≡ Q12ξξ
∗. This implies∫

dη∗dηP (η, η∗) = P12 = (detA)−1Q12 = (detA)−1

∫
dξ∗dξQ(ξ, ξ∗). (2.213)

with

detA =
∣∣∂(ηη∗)
∂(ξξ∗)

∣∣. (2.214)

For ordinary variables, it is the Jacobian of the change of variables that occurs,∫ ∏
i

dxif(x) =

∫ ∏
j

dyj
∣∣∣∣∂x∂y

∣∣∣∣ f(x(y)), (2.215)

but in the fermionic case, one sees that the rules for integration imply that it is now the inverse Jacobian
that occurs.

The trace of fermionic operator like b̂ or b̂† vanishes. For the trace of a bosonic operator Ô, we now
find

Tr Ô =
∑
n

⟨n|Ô|n⟩ =
∫
dη∗dη

∑
n

⟨n|η⟩⟨η∗|Ô|n⟩e−η∗η =
∫
dη∗dη

∑
n

⟨η∗|Ô|n⟩⟨n| − η⟩e−η∗η

=

∫
dη∗dη O(η∗,−η)e−η∗η =

∫
dηdη∗ O(η∗, η)eη

∗η. (2.216)

2.7.2 Evolution operator
By repeating the arguments of the bosonic case for the fermionic functional integral, one finds for the
kernel of the evolution operator:

U(η∗, t′; η, t) =

∫ η∗(t′)=η∗

η(t)=η

Dη∗Dη eiS′
H [η∗,η], (2.217)

S ′
H [η

∗, η] =

∫ t′

t

dτ
[ 1
2i
(η̇∗η − η∗η̇)− h(η∗, η)

]
+

1

2i

(
η∗(t′)η(t′) + η∗(t)η(t)

)
. (2.218)
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2.7.3 Exercises
2.7.3.1 Fermionic Gaussian integration

Show that ∫
dξn . . . dξ1eξ

mMmnξn = 2
n
2

√
detM. (2.219)

Hint: A skew-symmetric matrix may be put into the form

M ′ =


0 m1

−m1 0
0 m2

−m2 0
. . .

 (2.220)

with M ′ = OTMO et detO = 1.
If

Z(η, η∗) =

∫ ∏
k

dξ∗kdξke−ξ
∗kAklξ

l+ξ∗kηk+η
∗
kξ

k

(2.221)

show that

Z(η, η∗) = detAeη
∗
k(A

−1)klηl . (2.222)

Hint: perform the change of variables: ξk = ξ′k + (A−1)klηl, ξ∗k = ξ∗′k + η∗l (A
−1)lk.

2.7.3.2 Fermionic Wick theorem

If

detA⟨ξ∗i1ξj1 . . . ξ∗inξjn⟩ ≡
∫ ∏

i

dξ∗idξiξ∗i1ξj1 . . . ξ∗inξjne−ξ
∗iAijξ

j

, (2.223)

show that

⟨ξ∗i1ξj1 . . . ξ∗inξjn⟩ =
∑

σ∈{1,...,n}

ϵ(σ)(A−1)i1jσ(1) . . . (A−1)injσ(n) , (2.224)

where ϵ(σ) is the signature of the permutation.
Hint:

detA⟨ξ∗i1ξj1 . . . ξ∗inξjn⟩ =
∂L

∂ηi1
∂L

∂η∗j1
. . .

∂L

∂ηin
∂L

∂η∗jn
Z(η, η∗)

∣∣
η=0=η∗ . (2.225)

2.7.3.3 Path integral representation for the trace in holomorphic representation

Show that in the bosonic case, the trace of the evolution operator admits the path integral representation

Tr Û(t′, t) =

∫ ∏
τ

da∗(τ)da(τ)

2πi
eiS

P
H [a∗,a], SPH [a

∗, a] =

∫ t′−t

0

dτ
[1
i
ȧ∗a− h(a∗, a)

]
(2.226)

and periodic boundary conditions on [0, t′ − t]
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Hint: start from (2.138). The trace in the holomorphic introduces an additional integral over da∗
Nda0

2πi e−a∗
Na0 . Since there

are no a∗0, aN involved in the integrand, we are free to set a∗0 = a∗N , aN = a0. With this, all terms are reproduced by the
discretization of SP

H .
Show that in the fermionic case,

Tr Û(t′, t) =

∫ ∏
τ

dη∗(τ)dη(τ) eiS
AP
H [η∗,η], SAPH [η∗, η] =

∫ t′−t

0

dτ
[1
i
η̇∗η − h(η∗, η)

]
(2.227)

and anti-periodic boundary conditions on [0, t′ − t].
Hint: In this case, the additional integral from the trace (2.216) is dη0dη∗Ne

η∗
Nη0 so that now one needs to set η∗0 = −η∗N ,

ηN = −η0.

2.7.4 Fermionic propagator
For Dirac fermions,

Z(η, η̄) =

∫
Dψ̄Dψ e

i
ℏ
∫
d4x(−ψ̄(γµ∂µ+m)ψ+ψ̄η+η̄ψ). (2.228)

We then have A(x, y) = i
ℏ(γ

µ∂xµ +m)δ4(x, y) and thus

A(x) =
i

ℏ
1

(2π)4

∫
d4p(iγµpµ +m)eipx, (2.229)

A−1(x) =
ℏ
i

1

(2π)4

∫
d4p

−iγµpµ +m

p2 +m2 − iϵ
eip·x ≡ ℏ

i
SF (x) . (2.230)

Furthermore,

Z(η, η̄)

Z(0, 0)
= e

i
ℏ
∫
d4x

∫
d4y η̄(x)SF (x,y)η(y), (2.231)

ℏ
i
SF (x, y) = (

ℏ
i
)2

δL

δη̄(x)

δR

δη(y)

Z(η, η̄)

Z(0, 0)
=

⟨+∞; 0|T{ψ̂(x)̂̄ψ(y)}|0;−∞⟩
⟨+∞; 0|0;−∞⟩

. (2.232)
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2.8 Finite temperature results
The reference for the subsection on thermal correlation function is for instance this script here, equation
8.44 or the associated book [18].

2.8.1 Harmonic oscillator: Partition function, thermal 2-point function

We already saw that Z(β) = Tr e−βĤ = Tr Û(t′, t) with t′ − t = −iℏβ. It then follows from (2.149) that

U(a∗, a;−iℏβ) = e−
αℏωβ

2
+a∗e−ℏβωa. (2.233)

Using formula (2.133) for the trace, this yields for the partition function

Z(β) = e−
αℏωβ

2

∫
da∗da

2πi
e(−a

∗a+a∗e−ℏβωa) = e−
αℏωβ

2
1

1− e−ℏβω , (2.234)

where the last equality follows from the redefinitions a = ã/
√
1− e−ℏβω, a∗ = ã∗/

√
1− e−ℏβω. In

particular, for α = 1, one finds

Z(β) =
1

2 sinh ℏβω
2

. (2.235)

From (2.234), it follows that the free energy is

F = −β−1 lnZ(β) =
αℏω
2

+ β−1 ln (1− e−ℏβω) ≈
{

αℏω
2
, β ≫ ℏω

β−1 ln ℏβω, β ≪ ℏω , (2.236)

the internal energy is

E = −∂ lnZ(β)
∂β

= ℏω(
α

2
+

1

eℏβω − 1
) ≈

{
αℏω
2
, β ≫ ℏω

β−1, β ≪ ℏω . (2.237)

This means in particular that the internal energy is the ground state energy in low-temperature limit and
rises linearly with temperature in the high-temperature limit. The entropy is

S(β) = (1− β
∂

∂β
) lnZ(β) = − ln (1− e−ℏβω) +

ℏβω
eℏβω − 1

≈
{

ℏβωe−ℏβω, ℏβω ≫ 1
1− ln ℏβω, ℏβω ≪ 1

.(2.238)

More generally, putting t′ → t′ − t, t → 0 and then using t′ − t = −iℏβ, τ = −iλ, τ ′ = −iλ′ in
(2.149), we get

lnU(a∗, a;−iℏβ) = −αℏβω
2

+ a∗e−ℏβωa+ a∗
∫ ℏβ

0

dλ
j(λ)

ℏ
e−ω(ℏβ−λ)+

+ a

∫ ℏβ

0

dλ
j∗(λ)

ℏ
e−ωλ +

∫ ℏβ

0

dλ

∫ β

0

dλ′
j∗(λ)

ℏ
e−ω(λ−λ

′)θ(λ− λ′)
j(λ′)

ℏ
. (2.239)

Taking the trace now gives

lnZ(β; j) = lnZ(β; 0) +

∫ ℏβ

0

dλ

∫ ℏβ

0

dλ′
j∗(λ)

ℏ
j(λ′)

ℏ
e−ω(λ−λ

′)[θ(λ− λ′) +
e−ℏβω

1− e−ℏβω ]. (2.240)

For the harmonic oscillator,

a =

√
ωq + i

√
ω
−1
p√

2ℏ
, (2.241)

http://www.tpi.uni-jena.de/qfphysics/homepage/wipf/lectures/pfad/pfad8.pdf
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while the source term in the path integral representation of the partition function (i.e., in the Euclidean
version of (2.139)) is the exponential of

1

ℏ

∫ ℏβ

0

dλ[j∗(λ)a(λ) + j(λ)a∗(λ)]. (2.242)

It follows that, if j =
√

ℏ
2ω
JR, with JR real, this source term becomes

1

ℏ

∫ ℏβ

0

dλJR(λ)q(λ), (2.243)

while (2.240) can be written as

lnZ(β; JR) = lnZ(β; 0) +
1

2ℏω

∫ ℏβ

0

dλ

∫ ℏβ

0

dλ′JR(λ)JR(λ
′)e−ω(λ−λ

′)[θ(λ− λ′) +
e−ℏβω

1− e−ℏβω ]

= lnZ(β; 0) +
1

2ℏω

∫ ℏβ

0

dλ

∫ ℏβ

0

dλ′JR(λ)JR(λ
′)
coshω(|λ− λ′| − ℏβ

2
)

2 sinh ℏβω
2

(2.244)

This implies that the thermal 2-point function is given by

G(λ, 0) =
1

Z(β)
Tr q̂(λ) q̂(0) e−βĤ =

[
ℏ

δ

δJR(λ)
ℏ

δ

δJR(0)
lnZ(β; JR)

]
|JR=0

=
ℏ
2ω

coshω(λ− ℏβ
2
)

sinh ℏβω
2

,

(2.245)

with ℏβ⩾λ⩾ 0.
Details on intermediate computations (with ℏ = 1) follow:
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2.8.2 Thermal correlation functions
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2.8.3 Fermionic oscillator partition function

The partition function of a fermionic harmonic oscillator with Ĥ = ℏω(̂b†b̂− α
2
) is given by

Z[β] = e
ℏωβα

2 (1 + e−ℏβω). (2.246)

When α = 1, this can be written as

Z[β] = 2 cosh
ℏβω
2

. (2.247)

This is trivial to show in the operator formalism in the basis |n⟩ since one only needs to sum over n = 0 and
n = 1. From the path integral point of view, following the derivation of the bosonic result, we get

Tr e−βĤ =

∫
dηdη∗e

ℏβωα
2 +η∗e−ℏβωη+η∗η = e

ℏβωα
2

∫
dηdη∗e−ηη∗(1+e−ℏβω). (2.248)

The result then follows from the basic Gaussian fermionic integral after the change of variables η =
η̃/

√
1 + e−ℏβω , η∗ = η̃∗/

√
1 + e−ℏβω , when taking into acount that it is the inverse Jacobian that has to be

used.

2.8.4 Massive scalar field
We follow [19], sections 2.2 and 2.3. Note also that this reference contains an alternative derivation of
(2.251) based on an Euclidean path integral in position space in the Lagrangian formalism and involving
a sum over Matsubara frequencies.

A massive scalar field is a superposition of decoupled harmonic oscillators with frequencies ω(k⃗) =√
k⃗2 +m2. If we consider the field in a box with periodic boundary conditions, the frequencies are

quantized ki = 2πni

L(i)
with ni ∈ Zd and Li the lengths of the different sides of the box. (cf. sections 1.2 and

1.5.3).
We then find from the partition function of a single harmonic oscillator in (2.234) (with ℏ = 1) that

the partition function of a massive scalar field in d dimensions is given by

Z(β) =
∏
k⃗

(e−
αω(k⃗)β

2
1

1− e−βω(k⃗)
), (2.249)

For the free energy, defined through Z(β) = e−βF (β), this gives

F (β) =
∑
k⃗

[αω(k⃗)
2

+ β−1 ln (1− e−βω(k⃗))
]
. (2.250)

In the limit of a large box we replace, as before, the sum by an integral,

F (β)

V
=

∫
ddk

(2π)d

[αω(k⃗)
2

+ β−1 ln (1− e−βω(k⃗))
]
. (2.251)

In a low temperature expansion, one separates the piece at zero temperature (β → ∞) from the rest.
It is given by

(
F (β)

V
)0 =

∫
ddk

(2π)d
αω(k⃗)

2
. (2.252)

For d = 3, it is an ultraviolet (large |⃗k|) divergent integral that is absent if one chooses normal ordering
(α = 0). For symmetric ordering (α = 1), it can be treated through dimensional regularization: according
to (2.99), (2.101) and (2.102), the result for d = 3− 2ϵ is

(
F (β)

V
)0 =

1

2
Φ(m, 3− 2ϵ,−1

2
) =

−m4µ−2ϵ

64π2

[1
ϵ
+ ln

µ2

m2
+ ln 4π − γE +

3

2
+O(ϵ)

]
. (2.253)
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How to deal with such ultraviolet divergences in a systematic way in terms of renormalized parameters
will be discussed later.

The thermal part of the free energy density is convergent for d = 3 and given by

(
F (β)

V
)T = β−1

∫
d3k

(2π)3
ln (1− e−βω(k⃗)), (2.254)

Doing the integral over the angles and setting k = x
β

, y = mβ, we find

(
F (β)

V
)T = β−4 1

2π2

∫ ∞

0

dxx2 ln(1− e−
√
x2+y2). (2.255)

In a low temperature expansion, y ≫ 1, and using ln(1− ϵ) = −ϵ+O(ϵ2), e−
√
x2+y2 = e−ye

√
1+x2

y2 ,∫ ∞

0

dxx2 ln(1− e−
√
x2+y2) = −

∫ ∞

0

dxx2e−
√
x2+y2 +O(e−2y)

= −
∫ ∞

y

dww
√
w2 − y2e−w +O(e−2y)

= −e−y
∫ ∞

0

dv(v + y)
√
v2 + 2vye−v +O(e−2y)

= −
√
2y

3
2 e−y

∫ ∞

0

dvv
1
2 (1 +

v

y
)(1 +

v

2y
)
1
2 e−v +O(e−2y)

= −
√
2y

3
2 e−yΓ(

3

2
)
[
1 +O(

1

y
)
]
+O(e−2y),

(2.256)

where we have made the changes of variables w =
√
x2 + y2 and v = w − y. Using Γ(3

2
) = 1

2

√
π, we

finally have

(
F (β)

V
)T = −β−4(

y

2π
)
3
2 e−y

[
1 +O(

1

y
) +O(e−y)

]
. (2.257)

At low temperature, finite temperature effects in massive, (relativistic) scalar field theory are exponentially
suppressed.

At high temperature, y ≪ 1, we find from (2.255) that, to lowest order,

(
F (β)

V
)T (y = 0) =

β−4

2π2

∫ ∞

0

dxx2 ln(1− e−x) = −β−4π
2

90
. (2.258)

cf. (1.104) for the evaluation of the integral. Since y = 0 corresponds to the massless theory, it is not
surprising that the partition function for a single massless scalar field gives half the black body result.

2.8.5 Functional approach to massless scalar partition function in large volume
limit

The functional evaluation of partition functions [20] (see also e.g. [21, 22] for earlier connected work, [23]
for the inclusion of chemical potentials and [24] for a review) starts from the Hamiltonian path integral
representation

Zd(β, µ
j) =

∫ ∏
xa

dϕ(xa)
∏
xa

dπ(xa)
2π

e−S
E
H , (2.259)
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where xa = (x1, . . . , xd+1) and the first order Euclidean action is

SEH [ϕ, π] =

∫ β

0

dxd+1
[ ∫

Vd

ddx(−iπ∂d+1ϕ) + (H − iµjPj)
]
. (2.260)

The sum is over periodic phase space paths of period β = Ld+1 in Euclidean time xd+1,

ϕ(xi, xd+1 + β) = ϕ(xi, xd+1), π(xi, xd+1 + β) = π(xi, xd+1). (2.261)

After integration over the momenta, this leads to

Zd(β, µ
j) =

(
det[2πδd+1(x′, x)]

)− 1
2

∫ ∏
xa

dϕ(xa) e−S
E
L (2.262)

with
SEL [ϕ] =

1

2

∫
Vd+1

dd+1x[(∂d+1ϕ− µj∂jϕ)
2 + ∂jϕ∂

jϕ], (2.263)

where the integration is now over a (d + 1)-dimensional hyperrectangle in Euclidean space of volume
Vd+1 = Vdβ =

∏d+1
a=1 La. Except for the replacement ∂d+1 → ∂d+1 − µj∂j , the operator in the action is

minus the Laplacian in d + 1 dimensions with periodic boundary conditions in all dimensions. Since the
eigenfunctions are 1√

Vd+1

eikax
a with kd+1 =

2πnd+1

β
, the eigenvalues are

λna =
[(2πnd+1

β
−
∑
j

µj
2πnj
Lj

)2
+
∑
i

(2πni
Li

)2]
. (2.264)

In order to define the partition function, formally given by

Zd(β, µ
j) =

∏′

na∈Zd+1

√
2π

λna

=
[
det(

−∆µ

2π
)
]− 1

2
, (2.265)

one introduces a parameter ν of dimension inverse length and considers the dimensionless operatorsAµ =
−∆µ/2πν

2. The associated zeta function is defined by

ζAµ(s) =
∑′

na∈Zd+1

λ−sna
(2πν2)s. (2.266)

In these terms, the partition function is given by

lnZd(β, µ
j) =

1

2
ζ ′Aµ

(0) =
1

2
ζ ′−∆µ

(0) +
1

2
ln(2πν2)ζ−∆µ(0). (2.267)

Let us recover the canonical result of section 1.4.2 through the functional approach. In this case, in
the absence of chemical potentials, µj = 0, A0 = − ∆0

2πν2
we again turn the sums over the ni into integrals,

ζA0(s) = (2πν2)s
Vd

(2π)d

∫
ddk

∑
nd+1∈Z

[(
2πnd+1

β
)2 + kik

i]−s, (2.268)

From the Euclidean spacetime point of view, there is thus only one small dimension xd+1 of length β.
After performing the integrals over the angles in hyperspherical coordinates, we have

ζA0(s) = (2πν2)s
Vd2π

d
2

(2π)dΓ(d
2
)

∫ ∞

0

dk kd−1
∑

nd+1∈Z

[(
2πnd+1

β
)2 + k2]−s (2.269)



92 CHAPTER 2. PATH INTEGRALS

The divergent integral contained in the term at nd+1 = 0 is regulated through an infrared cut-off ϵ,∫ ∞

ϵ

dk kd−1−2s = − ϵd−2s

d− 2s
, Re(s) >

d

2
. (2.270)

This expression and its derivative with respect to s both vanish at s = 0 in the limit when ϵ → 0 and
can thus be discarded. In the remaining terms, the integrals converge for Re(s) > d

2
. After the change of

variables, k = 2π
β
y, we are left with

ζA0(s) = (2πν2)s
Vd2π

d
2

(2π)dΓ(d
2
)
(
2π

β
)d−2s

∫ ∞

0

dy yd−1
∑′

nd+1∈Z

[(nd+1)
2 + y2]−s. (2.271)

The additional change of variables y = nd+1 sinhx together with∫ ∞

0

dx
sinhd−1(x)

cosh2s−1(x)
=

1

2

Γ(d
2
)Γ(s− d

2
)

Γ(s)
, (2.272)

then yields

ζA0(s) = (2πν2)s
Vd2π

d
2

(2π)d
(
2π

β
)d−2sΓ(s−

d
2
)ζ(2s− d)

Γ(s)
, (2.273)

which can be written more compactly as

ζA0(s) =
ν2sVd
βd−2s

21−s
ξ(2s− d)

Γ(s)
. (2.274)

Since 1
Γ(s)

= s+O(s2), it follows that ζA0(0) = 0 and

lnZd(β) = ξ(−d)Vd
βd
. (2.275)

When using the reflection formula

π− z
2Γ(

z

2
)ζ(z) = π

z−1
2 Γ(

1− z

2
)ζ(1− z) ⇐⇒ ξ(z) = ξ(1− z). (2.276)

at z = −d, this agrees with the result derived by canonical methods in section 1.4.2.

2.8.6 Exercises
2.8.6.1 Thermal 2-point function in the operator formalism

Derive directly equation (2.245) in the operator formalism.
(Solution: [19], Chapter 1, appendix A, page 9.)



Chapter 3

Symmetries and Ward identities

cf. [12].

3.1 Finite transformations

3.1.1 General case
Let us consider transformations that can involve both a change of spacetime coordinates and a redefinition
of the fields, {

x′µ = x′µ(x)
ϕ′i(x′) = F i[ϕ(x)].

(3.1)

3.1.2 Examples: Poincaré transformations and dilatations
For instance, for Poincaré transformations, we consider{

x′µ = Λµνx
ν + aµ

ϕ′i(x′) = L−1i
j(Λ)ϕ

j(x),
(3.2)

with Lij(Λ) a matrix representation of the Lorentz group. This means that if g = (Λ, a) denotes an
element of the Poincaré group, with group law and inverse given by

g1g2 = (Λ1Λ2,Λ1a2 + a1), g−1 = (Λ−1,−Λ−1a), (3.3)

then a Poincaré transformation at x acts on the fields as a linear transformation of the fields at g−1x =
Λ−1(x− a) through

g ◦ ϕi(x) = L−1i
j(Λ)ϕ

j(g−1x) with L(Λ1)L(Λ2) = L(Λ1Λ2). (3.4)

These transformations form a (reducible) representation of the Poincaré group:

g1 ◦ (g2 ◦ ϕi(x)) = g1 ◦ (L−1i
j(Λ2)ϕ

j(g−1
2 x)) =

= L−1i
j(Λ2)L

−1j
k(Λ1)ϕ

k(g−1
2 g−1

1 x) = (g1g2) ◦ ϕi(x). (3.5)

In particular, for a scalar, vector or spinor field, we have

ϕ′(x′) = ϕ(x), (3.6)
A′
µ(x

′) = Λµ
νAν(x), (3.7)

Ψ′(x′) = S−1(Λ)Ψ(x). (3.8)

93
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Another example of a transformation that we are interested in is a spacetime dilatation,

x′ = λx, ϕ′i(x′) = λ−∆(i)ϕi(x), (3.9)

with ∆(i) the canonical dimension of the field (and parenthesis meaning that the summation convention is
suspended).

3.2 Finite symmetries

3.2.1 General case
Consider then an action of the type

S[ϕ] =

∫
dnxL(x, ϕi, ∂ϕ

i

∂xµ
). (3.10)

A transformation is a symmetry if the action is invariant,

S[ϕ′] = S[ϕ]. (3.11)
We have

S[ϕ′] =

∫
dnxL(x, ϕ′i(x),

∂

∂xµ
ϕ′i(x)) =

∫
dnx′ L(x′, ϕ′i(x′),

∂

∂x′µ
ϕ′i(x′)) =

=

∫
dnx |∂x

′

∂x
|L
(
x′(x), F i[ϕ(x)],

∂xν

∂x′µ
∂

∂xν
F i[ϕ(x)]

)
.

The symmetry condition is satisfied if 1

|∂x
′

∂x
|L
(
x′(x), F i[ϕ(x)],

∂xν

∂x′µ
∂

∂xν
F i[ϕ(x)]) = L(x, ϕi, ∂

∂xµ
ϕi
)
. (3.12)

3.2.2 Examples: Poincaré transformations and dilatations
For instance, for Poincaré transformations with Λ ∈ L↑

+, we have |∂x′
∂x

| = 1. It follows in particular that
spacetime translations are symmetries of the action if the Lagrangian does not depend explicitly on xµ.
The standard Lagrangians

L = −1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2 − g

k!
ϕk, (3.13)

L = −ψ̄(γµ∂µ +m)ψ, (3.14)

L = −1

4
FµνF

µν , (3.15)

do not depend explicitly on time. They are also Lorentz and thus Poincaré invariant since S(Λ)γµS−1(Λ) =
Λ−1µ

νγ
ν , βS(Λ)†β = S−1(Λ) and ΛTηΛ = η.

For a dilatation, |∂x′
∂x

| = λn. An Lagrangian that does not depend explicitly on xµ is invariant under

a dilatation if all terms have dimension n. Since
∂xν

∂x′µ
∂

∂xν
= λ−1 ∂

∂xµ
, the canonical dimension of a

derivative is 1. If m = 0, the kinetic term of the scalar field Lagrangian is invariant if ∆ϕ = n−2
2
(=

1 for n = 4). In 4 dimensions, the ϕ4 interaction preserves invariance, while for n = 6, the Lagrangian is
invariant for a ϕ3 interaction.

The Dirac Lagrangian is invariant if m = 0 and ∆ψ = n−1
2
(= 3

2
for n = 4), while the electromagnetic

Lagrangian is invariant for ∆Aµ = n−2
2
(= 1 for n = 4).

1Note that one could also admit that the transformed and the old Lagrangian be equal only up to a total derivative. Unlike
for the Galilean boosts in classical mechanics, we will however not need this more general condition here in the discussion of
Poincaré and dilatation invariance.
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3.3 Infinitesimal transformations

3.3.1 General case
For infinitesimal transformations, we have{

x′µ = xµ + ϵξµ(x),
ϕ′i(x′) = ϕi(x) + ϵf i(x)

, (3.16)

which gives

δϵϕ
i(x) ≡ ϕ′i(x)− ϕi(x) = ϵ(f i(x)− ξµ∂µϕ

i(x)), (3.17)
δϵ∂νϕ

i = ∂νδϵϕ
i. (3.18)

The theory is said to be invariant under infinitesimal transformations if

δϵS = 0. (3.19)

When the fields decrease sufficiently fast at infinity, this is equivalent to the requirement that

δϵL = ∂µk
µ
ϵ , (3.20)

for some kµϵ . More generally, we will take this as the condition which δϵϕi has to satisfy in order to define
an (infinitesimal) symmetry.

Let us now show that the infinitesimal transformations associated to finite symmetries define an in-
finitesimal symmetry. If the finite symmetry depends continuously on parameters θa,

x′ = X(x, θ), X(x, 0) = x, (3.21)
ϕ′i(x′) = F i[ϕ(x), θ] F i[ϕ(x), 0] = ϕi(x), (3.22)

and ϵa denotes an infinitesimal variation of θa at θa = 0, the infinitesimal transformations associated to a
finite transformation are given by

ϵξµ = ϵa
∂Xµ

∂θa
|θ=0, ϵf i = ϵa

∂F i

∂θa
|θ=0, (3.23)

δϵϕ
i = ϵa(

∂F i

∂θa
|θ=0 −

∂Xµ

∂θa
|θ=0∂µϕ

i). (3.24)

Since
∂x′µ

∂xν
= δµν +

∂

∂xν
(ϵ
∂Xµ

∂θ
|), (3.25)

the LHS of (3.12) can be written as

(1 + ∂µ(ϵ
∂Xµ

∂θ
|))L

(
x+ ϵ

∂X

∂θ
|, ϕ+ ϵ

∂F
∂θ

|, (δνµ −
∂

∂xµ
(ϵ
∂Xν

∂θ
|))∂ν(ϕ+ ϵ

∂F
∂θ

|)
)
+O(ϵ2). (3.26)

Invariance of the action for finite transformation in the form of (3.12) then implies in particular that the
terms linear in ϵ in the above expression vanish.

More explicitly, this becomes

∂µ(
∂Xµ

∂θ
|)L+ (

∂Xµ

∂θ
|)
∂L
∂xµ

+
∂F
∂θ

|
∂L
∂ϕ

+ (∂µ
∂F
∂θ

| − ∂µ
∂Xν

∂θ
|∂νϕ)

∂L
∂∂µϕ

= 0.

When integrating the first term by parts, this gives

∂µ(
∂Xµ

∂θ
|L)−

∂Xµ

∂θ
|(∂µϕ

∂L
∂ϕ

+ ∂µ∂νϕ
∂L
∂∂νϕ

) +
∂F
∂θ

|
∂L
∂ϕ

+ (∂µ
∂F
∂θ

| − ∂µ
∂Xν

∂θ
|∂νϕ)

∂L
∂∂µϕ

= 0.

Regrouping the various terms, we have shown:

Under the associated infinitesimal transformation, the Lagrangian is invariant up to a total derivative,

δϵϕ
∂L
∂ϕ

+ ∂µ(δϵϕ)
∂L
∂∂µϕ

= −∂µ(ϵ
∂Xµ

∂θ
|L). (3.27)
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Note that the total derivative is determined by the transformations of the spacetime coordinates as kµϵ =

−ϵ∂X
µ

∂θ
|L.

3.3.2 Examples: Infinitesimal Poincaré transformations and dilatations
For an infinitesimal translation for instance, aµ = ϵµ, the associated field variation is simply

δϵϕ
i = −ϵµ∂µϕi. (3.28)

For an infinitesimal Lorentz transformation, Λµν = δµν+ω
µ
ν with ωµν = −ωνµ andLij(Λ) = δij+

1
2
ωµνL

µν

where Lµν is a matrix representation of the Lie algebra associated to the Lorentz group, we have x′α =
xα + ωανx

ν and thus ϵξα = 1
2
ωµν(η

αµxν − ηανxµ), which gives

δωϕ
i = −1

2
ωµν
(
Lµνijϕ

j + (xν∂µ − xµ∂ν)ϕi
)
. (3.29)

These definitions imply that the fields form a representation of the Poincaré algebra,

[δ(ω1,ϵ1), δ(ω2,ϵ2)]ϕ
i = δ([ω1,ω2],ω1ϵ2−ω2ϵ1)ϕ

i. (3.30)

For an infinitesimal dilatation λ = 1 + α, one gets

δαϕ
i(x) = −α(xν∂ν +∆(i))ϕ

i. (3.31)

3.4 Noether theorem

3.4.1 General case
The first Noether theorem can be obtained from the previous equation, or more generally from (3.20) by
an integrations by parts of the second term on the LHS that makes appear the Euler-Lagrange equations
of motions,

δϵϕ
i δL
δϕi

= ∂µj
µ
ϵ , (3.32)

jµϵ = kµϵ −
∂L

∂∂µϕi
δϵϕ

i . (3.33)

This means that the current jµϵ is conserved when the equations of motion are satisfied, which is sometimes
denoted by

∂µj
µ
ϵ ≈ 0. (3.34)

As an alternative to the algebraic approach followed above, this result is often presented as follows: invariance of
the action implies that the variation δϵS = S[ϕ′]− S[ϕ] vanishes if ϵ is a constant parameter. If we now make the
parameter “local”, i.e., we consider instead a parameter that depends on the spacetime point, ϵ = ϵ(x), one finds
instead that

δϵS = −
∫
dnx jµ∂µϵ(x) =

∫
dnx ∂µj

µϵ(x). (3.35)

The second follows from an integrations by parts and the assumption that ϵ(x) is choosen so as to vanish at the
boundary of spacetime. Since an arbitrary variation of the fields fixed at the end points leaves the action invariant
at an extremum, i.e., for a solution to the Euler-Lagrange field equations, the LHS vanishes on solutions, and,
since this needs to be true for arbitrary ϵ(x) in the inside, we recover (3.34).

For all solutions ϕs, the Noether charge

Qϵ[ϕs] =

∫
Σ

d3x j0ϵ |ϕs , (3.36)
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is time-independent whenever the spatial components ji vanish at the boundary.

Indeed,

dQ

dt
[ϕs] = −

∫
Σ

d3x ∂ij
i
ϵ|ϕs =

∫
∂Σ

dσij
i
ϵ|ϕs = 0.

3.4.2 Examples: Noether currents for Poincaré transformations and dilatations

For a translation, we find from (3.28) that

jµϵ = −ϵµL+ ϵν∂νϕ
i ∂L
∂∂µϕi

= −ϵνT µν , (3.37)

T µν = −∂νϕi ∂L
∂∂µϕi

+ ηµνL. (3.38)

The associated charges

P ν =

∫
d3xT 0ν , (3.39)

form the energy-momentum of the field theory.
For Lorentz transformations, we find instead that

jαω =
1

2
ωµν

[(
Lµνijϕ

j + (xν∂µ − xµ∂ν)ϕi
) ∂L
∂∂αϕi

− (ηαµxν − ηανxµ)L
]

(3.40)

=
1

2
ωµν

[
Lµνijϕ

j ∂L
∂∂αϕi

+ Tανxµ − Tαµxν
]
. (3.41)

Finally, for dilatations, the Nother current is

jµα = α
( ∂L
∂∂µϕi

(xν∂ν +∆(i))ϕ
i − xµL

)
(3.42)

= α
( ∂L
∂∂µϕi

∆(i)ϕ
i − T µνx

ν). (3.43)

One may show that the Noether charges associated to Poincaré transformations and evaluated on
solutions,

Qω,ϵ = −ϵµP µ +
1

2
ωµνJ

µν , (3.44)

with 1
2
ωµνJ

µν =
∫
d3x j0ω form a representation of the Poincaré algebra,

[Qω1,ϵ1 , Qω2,ϵ2 ] ≡ δω1,ϵ1Qω2,ϵ2 = Q([ω1,ω2],ω1ϵ2−ω2ϵ1). (3.45)
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A general proof, along the lines of the result in the Hamiltonian formalism, goes as follows.
Let δaϕi = Qi

a, be linearly independent infinitesimal field transformations. If these infinitesimal transformations
define symmetries, then so does the commutator δ[a,b]ϕi := [δa, δb]ϕ

i = δaQ
i
b − δbQ

i
a because [δa, δb]L =

∂µk
µ
[a,b] with kµ[a,b] := δak

µ
b − δbkµa . Since the commutator satisfies the Jacobi identity, it follows that infinitesimal

symmetries form a Lie algebra. Note also that the Noether current associated to the commutator is jµ[a,b] :=

δak
µ
b − δbk

µ
a −

∂L
∂∂µϕi

δ[a,b]ϕ
i,

δ[a,b]ϕ
i δL
δϕi

= ∂µj
µ
[a,b]. (3.46)

When acting with a symmetry δeaϕ
i on the definition of the Noether current associated to another symmetry δbϕi,

one finds

δa(Q
i
b)
δL
δϕi

+Qi
bδa(

δL
δϕi

) = ∂µ(δaj
µ
b ), (3.47)

If L and Qa depend at most on first order derivatives, one can show by direct computation that

δa
δL
δϕi

=
δ(δaL)
δϕi

−
∂Qj

a

∂ϕi
δL
δϕj

+ ∂µ
( ∂Qj

a

∂∂µϕi
δL
δϕj

)
.

The first term on the RHS vanishes because δaϕi is a symmetry and Euler-Lagrange derivatives annihilate total
divergences. When subsituting into (3.47) and integrating by parts in the last term we get

δ[a,b]ϕ
i δL
δϕi

= ∂µ(δaj
µ
b −Ki

b

∂Kj
a

∂∂µϕi
δL
δϕj

). (3.48)

Substracting from (3.46) and using a (suitably adapted) version of the Poincaré lemma, one finds

δaj
µ
b = jµ[a,b] +Ki

b

∂Kj
a

∂∂µϕi
δL
δϕj

+ ∂νk
[µν]
a,b , (3.49)

with k[µν]a,b = −k[νµ]a,b . For the Noether charge, the last two terms are irrelevant,

Q[a,b] := δaQb, (3.50)

because the first term vanishes on solutions of the Euler-Lagrange equations of motion, while the second term
vanishes when using Stokes’ theorem and the assumptions that the fields vanish at the boundary.
A sub-Lie algebra of the Lie algebra of symmetries forms a realization of a Lie algebra with generators ea and
structure constants f cab with [ea, eb] = f cabec, if there exists a basis such that [δa, δb]ϕi = f cabδcϕ

i. What we have
shown is that the associated Noether charges, if there is no contribution from boundary terms, satisfy

δaQb = f cabQc. (3.51)

NB: This holds if the (algebraic) Poincaré lemma can be used and boundary terms can be neglected. If d = dxµ∂µ
has non trivial cohomology, such as the constants in classical mechanics, this relation might be violated.
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3.5 Ward identities

3.5.1 Finite transformations
We have

Z[J ] =

∫
Dϕ e

i
ℏ (S[ϕ]+JAϕ

A)

=
∑
k

(
i

ℏ
)k

1

k!

∫
ddx1Ji1(x1)· · ·

∫
ddxkJik(xk)⟨+∞, 0|T{ϕ̂i1(x1) . . . ϕ̂ik(xk)}|0,−∞⟩.(3.52)

Invariance of the action implies that, under the transformations ϕ′i(x′) = ϕi(x), the action is invariant,
S[ϕ′] = S[ϕ]. If we assume in addition that the measure is invariant, Dϕ′ = Dϕ, that is to say that the
Jacobian is the identity, we get

⟨+∞, 0|T{ϕ̂i1(x′1) . . . ϕ̂in(x′n)}|0,−∞⟩ = ⟨+∞, 0|T{F̂ i1 [ϕ(x1)] . . . F̂
in [ϕ(xn)]}|0,−∞⟩ . (3.53)

Indeed,

Z[J ] =

∫
Dϕ′ e i

ℏ (S[ϕ′]+
∫
ddx Ji(x)ϕ

′i(x)) (3.54)

=

∫
Dϕ e i

ℏ (S[ϕ]+
∫
ddx′ Ji(x

′)ϕ′i(x′)) (3.55)

=

∫
Dϕ e i

ℏ (S[ϕ]+
∫
ddx′ Ji(x

′)F i[ϕ(x)]). (3.56)

The result follows by differentiating (3.52) and thus last expression with respect to Jik(x
′
k).

In particular, for theories that are invariant under translations, Lorentz transformations or dilatations,
this gives,

⟨+∞, 0|T
∏
k

ϕ̂ik(xk + a)|0,−∞⟩ = ⟨+∞, 0|T
∏
k

ϕ̂ik(xk)|0,−∞⟩, (3.57)

⟨+∞, 0|T
∏
k

ϕ̂ik(Λxk)|0,−∞⟩ = ⟨+∞, 0|T
∏
k

L−1ik
jk(Λ)ϕ̂

jk(xk)|0,−∞⟩, (3.58)

⟨+∞, 0|T
∏
k

ϕ̂ik(λxk)|0,−∞⟩ = λ−
∑

k ∆(ik)⟨+∞, 0|T
∏
k

ϕ̂ik(xk)|0,−∞⟩. (3.59)

For dilatations, we will see later that the absorption of divergences leads to corrections of order ℏ to this
relation (that has been derived formally under the additional assumption of invariance of the measure).

3.5.2 Infinitesimal transformations
For an infinitesimal transformation, since ϕ is a dummy integration variable in the path integral, we have

Z[J ] =

∫
D(ϕ+ δϕ) e

i
ℏ (S[ϕ+δϕ]+JA(ϕA+δϕA)) =

=

∫
Dϕ (1 +

i

ℏ
(δS + JBδϕ

B))e
i
ℏ (S[ϕ]+JAϕ

A). (3.60)

Again, if the measure is invariant, the terms linear in δϕ have to vanish,∫
Dϕ (δS + JBδϕ

B)e
i
ℏ (S[ϕ]+JAϕ

A) = 0. (3.61)
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If δϕi(x) = Ki[ϕ] is a symmetry, ∫
ddx Ji(x)K

i[
ℏ
i

δ

δJ
] Z[J ] = 0. (3.62)

Furthermore, if Ki
j[ϕ

j(x)] = Ki
jϕ

j(x) +Kiµ
j ∂µϕ

j(x) + . . . is linear, multiple derivations with respect to
Ji(x) give

m∑
k=1

⟨+∞, 0|T{ϕ̂i1(x1) . . . Kik
j [ϕ̂

j(xk)] . . . ϕ̂
im(xm)}|0,−∞⟩ = 0. (3.63)

3.5.3 Schwinger-Dyson equations
Invariance of the path integral under translations implies that

0 =

∫
Dϕ δ

δϕB
e

i
ℏ (S[ϕ]+JAϕ

A) =

∫
Dϕ i

ℏ
(
δS

δϕB
+ JB)e

i
ℏ (S[ϕ]+JAϕ

A). (3.64)

In turn, this gives the equations of motion satisfied by the Green’s functions,

(
δS

δϕB
[
ℏ
i

δ

δJ
] + JB) Z[J ] = 0. (3.65)

For the scalar field for instance,[ ∫
dnyD(x, y)

δ

δJ(y)
+
∂VI
∂ϕ

[
ℏ
i

δ

δJ(x)
]− J(x)

]
Z[J ] = 0. (3.66)

3.5.4 Local version
The quantum analog of the Noether relation ∂µj

µ
K = Ki δL

δϕi
is

∂

∂xµ

∫
Dϕ jµK(x)e

i
ℏ (S[ϕ]+JAϕ

A) =

∫
Dϕ Ki

j[ϕ
j(x)]

δS

δϕi(x)
e

i
ℏ (S[ϕ]+JAϕ

A) =

=

∫
Dϕ Ki

j[ϕ
j(x)]

(ℏ
i

δ

δϕi(x)
− Ji(x)

)
e

i
ℏ (S[ϕ]+JAϕ

A). (3.67)

Assuming that δ(0) = 0 and that the path integral is translation invariant, the first term vanishes, and one
finds

∂

∂xµ

∫
Dϕ jµKe

i
ℏ (S[ϕ]+JAϕ

A) = −Ji(x)Ki
j[
ℏ
i

δ

δJj(x)
]Z[J ]. (3.68)

Derivation with respect to the sources yields

∂

∂xµ
⟨+∞, 0|T{ĵµK(x)

m∏
k=1

ϕ̂ik(xk)}|0,−∞⟩ =

= −ℏ
i

m∑
k=1

δ(x− xk)⟨+∞, 0|T{ϕ̂i1(x1) . . . K̂ik
j [ϕ

j(xk)] . . . ϕ̂
im(xm)}|0,−∞⟩. (3.69)
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In the same manner, for insertions of Noether currents, one finds

∂

∂xµ
⟨+∞, 0|T{ĵµa (x)

m∏
k=1

ĵνkbk (xk)}|0,−∞⟩ =

= −ℏ
i

m∑
k=1

δ(x− xk)⟨+∞, 0|T
m∏
k=1

ĵνk[a,b](xk)|0,−∞⟩. (3.70)

in the case where (3.49) simplifies to δaj
µ
b = jµ[a,b].

These derivations are based on the assumptions that the measure is invariant and/or that that δ(0) = 0.
In the renormalized theory that we are going to construct later on, this is not always justified. The above
Ward identities are then only valid to lowest order in ℏ. In other words, there may be quantum corrections
of higher order in ℏ to the above relations.
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Chapter 4

Functional methods

This chapter is based on [25], [9], [10], [16], [26], [27], [28].

4.1 Generating functional for connected Green’s functions

4.1.1 Normalized generating functional and logarithm

The generating function for Green’s function may be written as

Z[J ] =

∫
Dϕ e

i
ℏ (S[ϕ]+JAϕ

A), (4.1)

while the generating functional for normalized Green’s functions is

Z[J ]

Z[0]
=

∑
k

(i/ℏ)k

k!
JA1 . . . JAk

⟨ϕ̂A1 . . . ϕ̂Ak⟩, (4.2)

⟨ϕ̂A1 . . . ϕ̂Ak⟩ =
⟨+∞, 0|T

∏
k ϕ̂

Ak |0,−∞⟩
⟨+∞, 0|0,−∞⟩

. (4.3)

We have already seen that this corresponds to summing over Feynman diagrams without vacuum parts.
In the following, it will be useful to consider Green’s functions in the presence of the external source,

⟨ϕ̂A1 . . . ϕ̂Ak⟩J =
1

Z[J ]
(
ℏ
i
)k

δk

δJA1 . . . δJAk

Z[J ]. (4.4)

Let

W [J ] =
ℏ
i
ln(

Z[J ]

Z[0]
) ⇐⇒ Z[J ]

Z[0]
= e

i
ℏW [J ] , W [0] = 0. (4.5)

For an arbitrary polynomial X[ϕ], one has

⟨X[ϕ̂]⟩J = X[
δW

δJ
+

ℏ
i

δ

δJ
] 1. (4.6)

103
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Indeed, ⟨ϕ̂A1⟩J = 1
Z[J]

ℏ
i

δZ[J ]

δJA1

=
δW

δJA1

. Suppose this relation is true for a monomial of order m,

⟨ϕ̂Am+1 ϕ̂Am . . . ϕ̂A1⟩J =
1

Z[J ]
(
ℏ
i
)m+1 δ

δJAm+1

(
Z[J ]

1

Z[J ]

δmZ[J ]

δJAm
. . . δJA1

)
=

1

Z[J ]

ℏ
i

δ

δJAm+1

(
Z[J ](

δW

δJAm

+
ℏ
i

δ

δJAm

) . . . (
δW

δJA1

+
ℏ
i

δ

δJA1

) 1
)

= (
δW

δJAm+1

+
ℏ
i

δ

δJAm+1

) . . . (
δW

δJA1

+
ℏ
i

δ

δJA1

) 1

In particular,

⟨ϕ̂Am+1 . . . ϕ̂A1⟩J = (
δW

δJAm+1

+
ℏ
i

δ

δJAm+1

)⟨ϕ̂Am . . . ϕ̂A1⟩J . (4.7)

4.1.2 Connected Green’s functions
Connected Green’s functions in the presence of sources are defined recursively through the relation

⟨ϕ̂A1 . . . ϕ̂Am⟩Jc = ⟨ϕ̂A1 . . . ϕ̂Am⟩J −
∑

partitions {1...k}

(∏
⟨ϕ̂Ai1 . . . ϕ̂Aik ⟩Jc for k < m

)
, (4.8)

together with ⟨ϕ̂A1⟩Jc = ⟨ϕ̂A1⟩J . In particular, this implies for instance that

⟨ϕ̂A1ϕ̂A2⟩Jc = ⟨ϕ̂A1ϕ̂A2⟩J − ⟨ϕ̂A1⟩J⟨ϕ̂A2⟩J . (4.9)

As a consequence of the correspondance between the analytic expression and Feynman diagrams, it fol-
lows that connected Green’s fonctions only involve the summation over connected Feynman diagrams.

explain this better

Proposition 1. i
ℏW [J ] is the generating functional for connected Green’s functions.

⟨ϕ̂A1 . . . ϕ̂Am⟩Jc = (
ℏ
i
)m

δm( i
ℏW [J ])

δJA1 . . . δJAm

⇐⇒ i

ℏ
W [J ] =

∑
k=1

(
ℏ
i
)k

1

k!
JAk

. . . JA1⟨ϕ̂A1 . . . ϕ̂Ak⟩c . (4.10)

Indeed, ⟨ϕ̂A1⟩Jc = ⟨ϕ̂A1⟩J =
δW

δJA1

. Suppose the relation true for a monomial of order m. When using (4.7),

⟨ϕ̂Am+1 ϕ̂Am . . . ϕ̂A1⟩J = (
δW

δJAm+1

+
ℏ
i

δ

δJAm+1

)⟨ϕ̂Am . . . ϕ̂A1⟩J

= (
δW

δJAm+1

+
ℏ
i

δ

δJAm+1

)
[
⟨ϕ̂Am . . . ϕ̂A1⟩Jc +

∑
part {1...k}

(∏
⟨ϕ̂Ai1 . . . ϕ̂Aik ⟩Jc , k < m

) ]
= (

δW

δJAm+1

+
ℏ
i

δ

δJAm+1

)
[
(
ℏ
i
)m−1 δmW [J ]

δJAm . . . δJA1

+
∑

part {1...k}

(∏
(
ℏ
i
)k−1 δkW [J ]

δJAi1
. . . δJAik

, k < m

)]
= (

ℏ
i
)m

δm+1W [J ]

δJAm+1
. . . δJA1

+
ℏ
i

δ

δJAm+1

∑
part {1...k}

(∏
(
ℏ
i
)k−1 δkW [J ]

δJAi1
. . . δJAik

, k < m

)

+
δW

δJAm+1

∑
part {1...k}

(∏
(
ℏ
i
)k−1 δkW [J ]

δJAi1
. . . δJAik

, k < m

)
+

δW

δJAm+1

(
ℏ
i
)m−1 δmW [J ]

δJAm
. . . δJA1

= (
ℏ
i
)m

δm+1W [J ]

δJAm+1
. . . δJA1

+
∑

partitions {1...k}

(∏
⟨ϕ̂Ai1 . . . ϕ̂Aik ⟩Jc pour k < m+ 1

)
,

where the recursion assumption has been used at the beginning and at the end.
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When comparing with the definition, we thus find (ℏi )
m

δm+1W [J ]

δJAm+1
. . . δJA1

= ⟨ϕ̂Am+1 . . . ϕ̂A1⟩Jc .The last line uses

the fact that in order to go from the the sum of all partitions of m objects to the partitions of m + 1 objects, the
object m+ 1

• can either be a singleton multliplying all already existing partitions,

• or can enter in the already existing partitions.
For instance, partitions of 3 objects are given by 1 2 3, (12) 3, (13) 2, (23) 1, (123). To go to the partitions
of 4 objects, the singleton 4 may multiply all partitions of 3 objects, (which corresponds to the last two
terms (line before last) of the above equation, 1 2 3 4, (12) 3 4, (13) 2 4, (23) 1 4, (123) 4 or 4 may enter
in all existing partitions, (14) 2 3, 1 (24) 3, 1 2 (34), (124) 3, (12) (34), (134) 2, (13) (24), (234) 1,
(23) (14), (1234), which gives indeed all partitions of 4 objects.

Once proposition 1 is proved, it follows that equation (4.6) allows one to explicitly work out the
decomposition of any Green’s function in terms of connected Green’s functions.

4.1.3 Classical field and invertibility
We introduce the notation

ϕAJ = ⟨ϕ̂A⟩J =
δLW

δJA . (4.11)

One assumes that this relation can be inverted to give JA as a function of ϕA,

∀ϕA ∃! JϕA such that ϕA =
δLW

δJA

∣∣∣∣
J=Jϕ

. (4.12)

The field ϕA, which is a source replacing JA in the Legendre transform to be discussed next, is sometimes

called the “classical field”. Inversion is possible perturbatively in JA, if
δLW

δJA

∣∣∣∣
J=0

≡ ⟨ϕ̂A⟩0 = 0 and if

δL2W

δJBδJA

∣∣∣∣
0

is invertible.

Indeed, in this case

ϕAJ = JB
δL2W

δJBδJA

∣∣∣∣
0

+O(J2) (4.13)

and one may invert such a series perturbatively for which the first term if the matrix multiplying the linear term is
invertible.

In particular, under these assumptions,

JA = 0 ⇐⇒ ϕA = 0. (4.14)

In the following, we assume that ⟨ϕ̂A⟩0 = 0. Note that this relation holds in the free theory, ⟨0|T ϕ̂A|0⟩ = 0
since the creation operators annihilate the vacuum on the left and destruction operators annihilate the
vacuum on the right.
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4.2 Effective action

4.2.1 Legendre transform
The effective action is defined as the Legendre transform of W [J ] with respect to J ,

ϕA =
δLW

δJA
⇐⇒ JA = JϕA, Γ[ϕ] = (W [J ]− JAϕ

A)
∣∣
Jϕ . (4.15)

This implies
δRΓ

δϕA
=

δRW

δJB

∣∣∣∣
Jϕ

δRJϕ
B

δϕA
− (−)|A||B| δ

RJϕ
B

δϕA
ϕB − JϕA = −JϕA. (4.16)

The name effective action is justified because the equations of motion of the classical action with sources

S + JAϕ
A are very similar,

δRS

δϕA
= −JA. The sign factor (−)|A||B| is only relevant if there are fermionic

fields, for which |A| = 1. For bosonic fields, |A| = 0. When taking into account that δϕA
δLF

δϕA
=

δRF

δϕA
δϕA,

it follows that
δLF

δϕA
= (−)(|F |+|A|)|A| δ

RF

δϕA
, with |F | the parity of the (homogeneous) function F . In the

following, we often omit the bar around A or F in the sign factors.
The expansion in terms of classical fields of Γ[ϕ] is

Γ[ϕ] =
1

2
ϕA2ΓA1A2ϕ

A1 + Γ̂[ϕ], Γ̂[ϕ] =
∑
k⩾ 3

1

k!
ϕAk . . . ϕA2ΓA1...Ak

ϕA1 . (4.17)

Indeed, the constant and linear terms are absent because of W [0] = 0 and of (4.14).
We also have

Γ′′
AB =

δL

δϕB
δRΓ

δϕA
, (Γ′′

AB)
−1 = − δL2W

δJAδJB

∣∣∣∣
J=Jϕ

= − i

ℏ
⟨ϕ̂Aϕ̂B⟩Jϕ

c , (4.18)

⟨X[ϕ̂]⟩Jϕ

= X[ϕ− ℏ
i
(Γ′′)−1 δ

L

δϕ
]1. (4.19)

Indeed,
δL

δJA

∣∣∣∣
Jϕ

=
δLϕBJ
δJA

∣∣∣∣
Jϕ

δL

δϕB
. Starting from Jϕ

A = −
δRΓ[ϕ]

δϕA
, one finds

δLJϕ
A

δϕB
= −

δL

δϕB
δRΓ[ϕ]

δϕA
and

(4.18) is a consequence of

δLϕBJ
δJC

∣∣∣∣
Jϕ

δLJϕ
A

δϕB
= δAC ,

δL2W

δJBδJC

∣∣∣∣
Jϕ

(−
δL

δϕB
δRΓ[ϕ]

δϕA
) = δAC . (4.20)

When expressing (4.6) in terms of classical fields, one finds

⟨X[ϕ̂]⟩J
ϕ

= X[ϕ+
ℏ
i

δL

δJ

∣∣∣∣
Jϕ

] 1. (4.21)

When using the expression of the derivative with respect to J in terms of a derivative with respect to ϕ, one gets
(4.19).

4.2.2 Connected diagrams and topological relations
Definitions:

• An amputated diagram is a diagram from which one has removed the external propagators (both in
the diagram and in the corresponding analytic expression).
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• A one-particle-irreducible diagram (1PI) is an amputated diagram that remains connected if one
cuts an internal line.

• A tree diagram is a diagram without loops.

• The order of a diagram is the number of external points.

• A proper vertex of order n, ΣA1...An , corresponds to the sum over all 1PI diagrams of order n.

Note that there may be poprer vertices of order n (e.g. n = 2) without having vertices of order n in the
Lagrangian.

As a consequence of these definitions, it follows that

Every connected diagram may be decomposed into a tree diagram in which propagators connect
1PI diagrams.

Indeed, if one cuts an internal line, either the diagram becomes disconnected, and one has cut a propagator, or
the diagram remains connected and one has cut in a 1PI diagram. The figure provides an example of a connected
diagram in g

4!ϕ
4 theory, and gives its decomposition into a connected tree diagram, relating the associated 1PI

diagrams, 2 of orders 2 and 1 of order 4.

When summing these relation (and re-organizing the sum), one finds∑
(connected diagrams) =

∑
(connected tree diagrams) with (vertices of order n⩾ 2

replaced by (proper vertex of order n⩾ 2).

A connected diagram with L loops, V vertices and I internal lines satisfies

L = I − V + 1, (4.22)

or, if there are C connected components,∑
L =

∑
I −

∑
V + C. (4.23)

Indeed, for a diagram with 1 vertex, V = 1, L = 0, I = 0, C = 1, and the relation holds. If one adds V − 1
vertices with just enough internal lines to keep the diagram connected, I = V − 1, C = 1, L = 0, and the relation
still holds. In the case of the figure, V = 5, I = 4.

Every additional line gives a loop. For C connected components, one just sums the result for each connected
component.

For a connected Feynman diagram, the expansion in ℏ is related to an expansion in the number of
loops. Indeed, a propagator brings ℏ

i
and a vertex brings i

ℏ . For a fixed number of external lines E, we
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thus have
order in ℏ of diagram = ℏE+I−V = ℏE−1+L. (4.24)

If there are Ni vertices of type i that involve ni fields, and if there are E external lines, we have

2I + E =
∑
i

Nini. (4.25)

Indeed, an external lines is attached to only one leg of a vertex, while an internal lines is attached to 2 legs of the
same or of different vertices.

4.2.3 Complete propagator and proper vertex of order 2
Combining the previous two relations for a connected diagram by eliminating the number I of internal
lines and using that

∑
iNi = V , we get

E − 2 =
∑
i

Ni(ni − 2)− 2L. (4.26)

As a consequence, the sum over connected tree diagrams (L = 0) with 2 external legs (E = 2) can
only contain the proper vertex of order 2 (ni = 2) when there are no proper vertices with ni = 1 in the
theory. The latter holds because we assume ⟨ϕ̂A⟩0 = 0.

Denoting the 2-function

⟨ϕ̂Aϕ̂B⟩0(c) =
ℏ
i

δ2W [J ]

δJAδJB
|J=0, (4.27)

by

and the proper vertex of order 2 by

we thus have

so that

⟨ϕ̂Aϕ̂B⟩0(c) =
ℏ
i
(D−1)AB +

ℏ
i
(D−1)AC1ΣC1C2

ℏ
i
(D−1)C2B (4.28)

+
ℏ
i
(D−1)AC1ΣC1C2

ℏ
i
(D−1)C2C3ΣC3C4

ℏ
i
(D−1)C4B + . . .

=
ℏ
i
(D−1)AC1

(
δBC1

− ΣC1C2

ℏ
i
(D−1)C2B

)−1

, (4.29)
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by summing the (matrix) geometric series 1 +X +X2 + · · · = 1
1−X . Inverting (4.18) for JA = 0 = ϕA,

we have

ΓAB = −DAB +
ℏ
i
ΣAB. (4.30)

The second derivative of the effective action in ϕA = 0 is thus equal to the second derivative of the
classical action in ϕA = 0 plus ℏ

i
times the proper vertex of order 2.

As a corollary of the expression of the complete propagator in terms of a sum of tree diagram involving
the proper vertex of order 2, and the decomposition of the sum over connected diagrams in terms of tree
graphs, we then have:∑

(connected diagrams) =
∑

(connected tree diagrams) with (propagators replaced by
complete propagators) and (vertices of order n⩾ 3 replaced by (proper vertex of order
n⩾ 3).

4.2.4 Semi-classical expansion of the effective action
We now use the path integral representation for Green’s functions and we expand around the classical
solution in the presence of a source. The expansion parameter is now ℏ, and thus the number of loops,
instead of an expansion in terms of the coupling constant. We have

e
i
ℏW [J ] = N−1

∫
Dϕe

i
ℏ (S[ϕ]+JAϕ

A), N =

∫
Dϕe

i
ℏS[ϕ]. (4.31)

Denoting by ϕAJ0 the unique classical solution in the presence of a source, i.e., the solution to
δS

δϕA
+JA =

0.
If the classical action is of the type S[ϕ] = − 1

2ϕ
ADABϕ

B − V [ϕ] where the potential V [ϕ] starts at cubic order
in ϕ, this solution is indeed unique perturbatively in J . Let us for instance take a scalar field with V [ϕ] = g

3!ϕ
3.

In this case, ϕJ0 (x) is determined by
∫
dnD(x, y)ϕ(y) + g

2ϕ
2(x) = J(x). The quadratic part D(x, y) is invertible

because of the iϵ terms, and one finds

ϕ(x) =

∫
dnyD−1(x, y)J(y)−

∫
dnyD−1(x, y)

g

2
ϕ2(y)

=

∫
dnyD−1(x, y)J(y)−

∫
dnxD−1(x, y)

g

2

(∫
dnzD−1(y, z)J(z)−

∫
dnzD−1(y, z)

g

2
ϕ2(z)

)2
=

∫
dnyD−1(x, y)J(y)−

∫
dnxD−1(x, y)

g

2

(∫
dnzD−1(y, z)J(z)

)2
+O(J3),

and so on. The solution ϕJ0 (x) is thus unique as a series in J .

When translating the integration variables ϕ = ϕJ0 + φ with unit Jacobian, one finds

e
i
ℏW [J ] = N−1e

i
ℏ (S[ϕ

J
0 ]+JAϕ

AJ
0 )

∫
Dφe

i
ℏ (

1
2

δS

δϕAϕB
|
ϕJ0
φAφB+O(φ3))

, (4.32)

because the term linear in φA vanishes on account of the definition of ϕJ0 ,
δS

δϕA
|ϕJ0 + JA = 0. If

S =

∫
ddx

[
− 1

2
∂µϕ

A∂µϕA − 1

2
m2ϕAϕA − V (ϕ)

]
,

the new quadratic part in φA is

S(2) =

∫
ddx

[
− 1

2
∂µφ

A∂µφA − 1

2
m2φAφA − ∂2V

∂ϕAϕB
|ϕJ0φ

AφB
]
,
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which means
δ2S

δϕAϕB
|ϕJ0 = −DAB − V ′′

AB[ϕ
J
0 ] with V ′′

AB[ϕ
J
0 ] =

δ2
∫
ddxV

δϕAϕB
|ϕJ0 . One then considers the

redefinition φA →
√
ℏφA to find

e
i
ℏW [J ] = N ′−1e

i
ℏ (S[ϕ

J
0 ]+JAϕ

AJ
0 )

∫
Dφe

i( 1
2

δS

δϕAϕB
|
ϕJ0
φAφB+

+
∑
k⩾ 3

ℏk/2−1

k!

δkS

δϕA1 . . . δϕAk
|ϕJ0φ

A1 . . . φAk) (4.33)

When applying Wick’s theorem to the perturbative expansion that one gets from this integral, the result is
different from zero only for even polynomials in φA, so only integers powers of ℏ appear.

We can then perform the Gaussian integration which gives

e
i
ℏW [J ] = N ′′−1e

i
ℏ (S[ϕ

J
0 ]+JAϕ

AJ
0 )
(
[Det(−i δ2S

δϕAδϕB
[ϕJ0 ])]

− 1
2 +O(ℏ)

)
. (4.34)

The normalization follows by using W [0] = 0 = ϕ0
0,

e
i
ℏW [J ] = e

i
ℏ (S[ϕ

J
0 ]+JAϕ

AJ
0 )
( [Det(−i δ2S

δϕAδϕB
[ϕJ0 ])]

− 1
2

[Det(−i δ2S

δϕAδϕB
[0])]−

1
2

+O(ℏ)
)
. (4.35)

Since
δ2S

δϕAδϕB
[0] = −DAB,

[Det(−i
δ2S

δϕAδϕB
[ϕJ0 ])]

− 1
2

[Det(−i
δ2S

δϕAδϕB
[0])]−

1
2

=
[
Det(−(D−1)AB

δ2S

δϕBδϕC
[ϕJ0 ])

]− 1
2 and DetA =

eTr lnA, we get

e
i
ℏW [J ] = e

i
ℏ (S[ϕ

J
0 ]+JAϕ

AJ
0 )
(
e
− 1

2
Tr ln(−(D−1)AB

δ2S

δϕBδϕC
[ϕJ0 ])

+O(ℏ)
)
. (4.36)

and thus, using that
δ2S

δϕBδϕC
[ϕJ0 ] = −DBC − V ′′

BC [ϕ
J
0 ],

W [J ] = S[ϕJ0 ] + JAϕ
AJ
0 − ℏ

2i
Tr ln

(
δAC + (D−1)ABV ′′

BC [ϕ
J
0 ]
)
+O(ℏ2). (4.37)

To compute the effective action, one still needs to perform the Legendre transform

ϕAJ =
δW

δJA
=

δS

δϕB
|ϕJ0

δϕBJ
0

δJA
+ ϕAJ0 + JB

δϕBJ
0

δJA
+O(ℏ). (4.38)

By definition of ϕAJ0 , the first and third terms of the RHS cancel and

ϕAJ = ϕAJ0 +O(ℏ) ⇐⇒ ϕA =
δW

δJA
|Jϕ = ϕAJ

ϕ

0 +O(ℏ). (4.39)

We then find

Γ[ϕ] = S[ϕ]− ℏ
2i

Tr ln
(
δAC + (D−1)ABV ′′

BC [ϕ]
)
+O(ℏ2) . (4.40)
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Indeed,

Γ[ϕ] =W [Jϕ]− Jϕ
Aϕ

A = S[ϕJ
ϕ

0 ] + Jϕ
Aϕ

AJϕ

0 − Jϕ
Aϕ

A − ℏ
2i

Tr ln(δAC + (D−1)ABV ′′
BC [ϕ

Jϕ

0 ]) +O(ℏ2)

= S[ϕ+ (ϕJ
ϕ

0 − ϕ)] + Jϕ
A(ϕ

AJϕ

0 − ϕA)− ℏ
2i

Tr ln(δAC + (D−1)ABV ′′
BC [ϕ]) +O(ℏ2).

Since ϕAJϕ

0 − ϕA = O(ℏ), one finds

S[ϕ+ (ϕJ
ϕ

0 − ϕ)] + Jϕ
A(ϕ

AJϕ

0 − ϕA) = S[ϕ] + (
δS

δϕA
[ϕ] + Jϕ

A)(ϕ
AJϕ

0 − ϕA) +O(ℏ2)

= S[ϕ] + (
δS

δϕA
[ϕJ

ϕ

0 ] + Jϕ
A)(ϕ

AJϕ

0 − ϕA) +O(ℏ2) = S[ϕ] +O(ℏ2),

when using the definition of ϕAJϕ

0 .

In particular, to order zero in ℏ, the effective action reduces to the starting point classical action.

NB: In the un-normalized case, where one does not keep track of N in (4.31) and one does not impose
W [0] = 0, equation (4.35) contains an additional term given by

[Det(−i δ2S

δϕAδϕB
[0])]−

1
2 = e−

1
2
Tr ln iDAB , (4.41)

while equations (4.37) and (4.40) contain in addition the term

− ℏ
2i
Tr ln iDAB. (4.42)

check consistency with discussion (factor -i or not ) at the end of section 7.7

4.2.5 Effective action as generating functional for proper vertices

We can now prove the following proposition:

a) Connected Green’s functions may be computed by using Γ[ϕ] = Γ(2) + Γ̂[ϕ] instead
of S[ϕ] in order to derive the Feynman rules and by summing only over connected tree
diagrams.
b) i

ℏ Γ̂[ϕ] is the generating functional for proper vertices, i.e., the sum of all 1PI diagrams
of order bigger than 3,

i

ℏ
ΓA1...Ak

= ΣA1...Ak
, k⩾ 3. (4.43)
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Indeed, let WΓ[J ; g] be the generating functional for connected Green’s functions computed with Γ[ϕ] instead of
S[ϕ] and gℏ instead of ℏ,

e
i
ℏgWΓ[J;g] = N−1

∫
Dϕe

i
ℏg (Γ[ϕ]+JAϕA). (4.44)

Repeating the previous reasoning which gave (4.37), we haveWΓ[J ; g] = Γ[ϕJΓ]+JAϕ
AJ
Γ +O(g) with

δΓ

δϕ
[ϕJΓ] =

−JA and thus WΓ[J ; 0] = Γ[ϕJΓ] + JAϕ
AJ
Γ . But Γ[ϕ] is defined as the Legendre transform of W [J ]. Since the

Legendre transform is invertible (and thus unique), this means that W [J ] = (Γ[ϕ] + JAϕ
A)|ϕ=ϕJ with −JA =

δΓ[ϕ]

δϕA
[ϕJ ]. These are the same relations satisfied by WΓ[J ; 0] which implies that W [J ] =WΓ[J ; 0].

We have

⟨ϕ̂A1 . . . ϕ̂Ak⟩c,Γ = gk(
ℏ
i
)k
δk i

gℏWΓ[J ; g]

δJA1
. . . JAk

|J=0 = gk−1(
ℏ
i
)k
δk i

ℏWΓ[J ; g]

δJA1
. . . JAk

|J=0 (4.45)

A diagram ⟨ϕ̂A1 . . . ϕ̂Ak⟩c,Γ with k external propagators is of order ∼ gk−1+L. This means that

g1−k⟨ϕ̂A1 . . . ϕ̂Ak⟩c,Γ =
∑
L=0

gL(connected diagrams with L loops computed with Γ[ϕ]) = (
ℏ
i
)k
δk i

ℏWΓ[J ; g]

δJA1
. . . JAk

|J=0.

Putting g = 0 in this relation proves item a).
On the one hand, the corollary of section 4.2.3 says that∑

(connected diagrams) =
∑

(connected trees) with (propagators replaced by complete propagators) and (vertices
of order n⩾ 3 replaced by proper vertex or order n⩾ 3).
On the other hand,∑

(connected diagrams) =
∑

(connected trees)computed with Γ[ϕ].

In this latter representation, propagators are determined by −(
δ2Γ

δϕAδϕB
)−1, but we have already shown that this

is equal to
δ2W

δJAδJB
= ℏ

i ⟨ϕ̂
Aϕ̂B⟩c, which is the complete propagator. Since vertices are determined by i

ℏ Γ̂[ϕ], we

thus have also shown item b).

4.2.6 Symmetries of the effective action
Supposons δQϕA = QA[ϕ], avec Q un polynôme en x, ϕ et ses dérivées, est une symétrie de l’action,

δQS = QA δS

δϕA
= 0. (4.46)

Si la mesure est invariante, on a dérivé les identités de Ward,

JAQ
A[

ℏ
i

δ

δJ
]Z[J ] = 0 ⇐⇒ JA⟨QA[ϕ̂]⟩J = 0,

où on a divisé par Z[J ] dans la deuxième relation. En effectuant la transformée de Legendre, on trouve

δRΓ

δϕA
⟨QA[ϕ̂]⟩J

ϕ

= 0.

Si la symétrie de départ est linéaire, on a QA
L [ϕ] = QA

B [x]ϕ
B ,

⟨QA
L [ϕ̂]⟩J = QA

L [ϕJ ], ⟨QA[ϕ̂]⟩J
ϕ

= QA
L [ϕ],

par définition du champs classique.

En termes de l’action effective les identités de Ward deviennent donc

QA
L [ϕ]

δLΓ

δϕA
= 0 ⇐⇒ δQL

Γ = 0. (4.47)
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Pour les symétries linéaires, ces identités prennent la même forme que l’invariance de l’action classique
de départ.

4.2.7 Background field method

Considérons une source additionnelle, le champ de fonds ϕ̃A, et la fonctionnelle génératrice que l’on
obtient en translatant le champ quantique ϕA dans l’action,

Z̃[J, ϕ̃] =

∫
Dϕe

i
ℏ (S[ϕ+ϕ̃]+JAϕ

A). (4.48)

La transformée de Legendre n’est pas affectée par cette source additionnelle,

W̃ [J, ϕ̃] =
ℏ
i
ln
Z̃[J, ϕ̃]

Z̃[0, 0]
, ϕA

J,ϕ̃
=

δLW̃

δJA
, (4.49)

et on suppose que cette dernière relation est inversible pour donner J = Jϕ,ϕ̃, et la transformée de Legen-
dre est définie par

Γ̃[ϕ, ϕ̃] = (W̃ [J, ϕ̃]− JAϕ
A)
∣∣∣
J=Jϕ,ϕ̃

. (4.50)

Ces définitions impliquent que l’action effective en présence du champ de fonds coïncide avec l’ancienne
action effective dans laquelle on translate le champ classique par le champ de fond,

Γ̃[ϕ, ϕ̃] = Γ[ϕ+ ϕ̃]. (4.51)

En particulier, l’action effective peut donc se calculer en ne considérant que des diagrammes du vide,
calculés en présence du champ de fonds, Γ̃[0, ϕ̃] = Γ[ϕ̃].

En effet, si on fait le changement de variables ϕ→ ϕ− ϕ̃ dans (4.48), on trouve

Z̃[J, ϕ̃] =

∫
Dϕe i

ℏ (S[ϕ]+JA(ϕA−ϕ̃A)) = Z[J ]e−
i
ℏJAϕ̃A

.

Puisque Z̃[0, 0] = Z[0], on trouve

W̃ [J, ϕ̃] =
ℏ
i
ln
( Z[J ]
Z̃[0, 0]

e−
i
ℏJAϕ̃A)

=W [J ]− JAϕ̃
A.

En appliquant
δL

δJA
on trouve

ϕA
J,ϕ̃

= ϕAJ − ϕ̃A,

et puis, en combinant avec les 2 équations précédentes,

Γ̃[ϕJ,ϕ̃, ϕ̃] = W̃ [J, ϕ̃]− JAϕ
A
J,ϕ̃

=W [J ]− JAϕ
A
J = Γ[ϕJ ] = Γ[ϕJ,ϕ̃ + ϕ̃],

ce qui donne le résultat en substituant J = Jϕ,ϕ̃.

Remarque: On peut calculer Γ̃[0, ϕ̃] = Γ[ϕ̃] de 2 manières différentes.
(1) On peut traiter ϕ̃ de manière exacte, c-à-d en sommant sur tous les diagrammes 1PI du vide (sans

points externes) en utilisant les règles de Feynman associées à S[ϕ + ϕ̃]. Ceci implique par exemple
d’utiliser le propagateur exact pour ϕ en présence de ϕ̃ et des vertex supplémentaires qui dépendent de ϕ̃.
En général ce n’est que possible si ϕ̃ est suffisamment simple et on considérera plus loin le cas où ϕ̃ est
constant.
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(2) On peut traiter ϕ̃ de manière perturbative. Pour un ordre k donné en ϕ̃ on somme tous les dia-
grammes 1PI du vide pour ϕ qui contiennent k ϕ̃ en utilisant le propagateur habituel pour ϕ et en traitant
tous les termes contenant des ϕ̃ comme des nouveaux vertex externes.

energy interpretation of effective action; check with [29]



Chapter 5

Renormalization and asymptotic behavior

This chapter is based on [2], [25], [9], [10], [16].

5.1 Casimir effect
In addition to the computations below, additional considerations on the physical meaning of the renor-
malization procedure in the context of the Casimir effect can be found in chapter 15 of [30]. For the
electromagnetic case, the presentation follows chapter 3.2.4 of [9], chapter 4.3.1 of [31], chapter 7 of [32]
and section 6.3 of [33] (see also [34]).

Additional material on the standard Casimir effect can be found here, while more details on the scalar
Casimir effect can be found here. The relation between low and high temperature expansion is discussed
in [35].
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https://en.wikipedia.org/wiki/Casimir_effect
https://en.wikiversity.org/wiki/Quantum_mechanics/Casimir_effect_in_one_dimension
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5.1.1 Scalar Casimir effect
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5.1.2 Electromagnetic Casimir effect
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5.1.3 Photons in a Casimir box revisited
5.1.3.1 Boundary conditions and mode decomposition

Consider coordinates xi, i = 1, 2, 3 in Euclidean space. The electric field is Ei = −πi, the magnetic field
is Bi = ϵijk∂jAk. The starting point is the first order action

S =

∫
dx0
[ ∫

V

d3x ∂0Aiπ
i −H +

∫
V

d3x A0∂iπ
i], H =

1

2

∫
V

d3x(πiπi +BiBi). (5.1)

Let a = 1, 2, i = a, 3, V = L1L2d with La large, k3 = πn3

a
, ka = 2πna

La
(with no summation over a).

Perfectly conducting boundary conditions on parallel plates at x3 = 0 and x3 = a require B3 = 0 and
Ea = 0 on the plates. Let

ψHk =

√
2

V
eikax

a

sin k3x
3, ψEka,0 =

1√
V
eikax

a

, ψEk =

√
2

V
eikax

a

cos k3x
3, (5.2)

and let us use V i(x) for either of the canonically conjugate variables Ai(x) or πi(x). The boundary
conditions are implemented through 1

V a(x) = i
∑

na,n3>0

V a
k ψ

H
k , V 3(x) =

∑
na,n3 ⩾ 0

V 3
k ψ

E
k , (5.3)

where we take V a
ka,0

= 0. Reality and parity conditions are

V a
ka,k3

= −V ∗a
−ka,k3 , V 3

ka,k3
= V ∗3

−ka,k3 , V a
ka,k3

= −V a
ka,−k3 , V 3

ka,k3
= V 3

ka,−k3 . (5.4)

5.1.3.2 The particle

The mode at ni = 0, A3,0,0 = q, π3
0,0 = p is treated separately. It is not affected by the constraints nor by

proper gauge transformations. Its Poisson brackets are canonical and its contribution to the Hamiltonian
is that of a free particle of unit mass,

Hni=0 =
1

2
p2. (5.5)

5.1.3.3 Polarization vectors

Take now α = 1, 2, and A = (α, ∥). In Euclidean momentum space ki (minus the origin) let k =
√
kiki

and consider an orthonormal frame eAi(k) built out of two vectors normal to ki and one vector parallel to
ki,

e∥
i =

ki

k
, ϵijme1

je2
m = e∥

i, eA
ieBi = δBA , eA

ieBj = δBA , (5.6)

so that the decomposition of a vector vi(k) in momentum space in this frame is V i(k) = V A(k)eA
i with

inverse V A(k) = V ieAi.
The non-vanishing Poisson brackets for these modes are read off from the expansion of

∫
V
d3x ∂0Aiπ

i

and given by

{AAk, π∗B
k′ } = δBA

3∏
i=1

δni,n′
i
. (5.7)

1The factor i in front of the expansion of (Aa, πa) is chosen for later convenience.
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The contribution to the Hamiltonian from the n3 > 0 modes is given by

Hn3 ̸=0 =
1

2

∑
na,n3>0

(πAk π
∗
kA + k2AαkA

∗
kα). (5.8)

Let k⊥ =
√
kaka. The contribution from the n3 = 0 modes is

Hn3=0 =
1

2

∑′

na

(π3
ka,0π

∗3
ka,0 + k2⊥A

3
ka,0A

∗3
ka,0), (5.9)

where the prime means that the mode with ni = 0 is omitted. In order to implement the constraint
∂iπ

i = 0 and/or the Coulomb gauge condition ∂iAi = 0,

∂iV
i = −

∑
na,n3>0

kV
∥
k ψ

H
k = 0 ⇐⇒ V

∥
k = 0. (5.10)

Note that V a
ka,0

= 0 implies V ∥
ka,0

= 0 and that, in order not to introduce spurious variables, one needs to
expand A0 as

A0 =
∑

na,n3>0

Ak,0ψ
H
k . (5.11)

By variations with respect to A0, respectively Ak,0, one may then solve the constraints, or equivalently
π
∥
k = 0 in the action, without the need to impose the Coulomb or any other gauge condition. As a

consequence, in the first term in (5.8), one may limit the sum over A to one over α. The same is true for
the kinetic term that gives rise to the canonical Poisson brackets. Because proper gauge transformations
with gauge parameters satisfying Dirichlet conditions correspond to arbitrary shifts of A∥

k, it follows that
gauge invariant quantities reduced to the constraint surface do not depend on the variables A∥

k, π
∥
k.

5.1.3.4 Adapted polarization vectors

Consider now the following choice of eαi (see e.g. [32]),

eH
i =

1

k⊥

 k2
−k1
0

 eE
i =

1

k⊥k

k1k3k2k3
−k2⊥

 , (5.12)

so that the components V H , V E , V ∥ are given by

V H
ka,k3

=
ϵabkb
k⊥

V a
ka,k3

, V E
ka,k3

=
kak3
k⊥k

V a
ka,k3

− k⊥
k
V 3
ka,k3

, V
∥
ka,k3

=
ki
k
V i
ka,k3

, (5.13)

with inverse relations

V a
ka,k3

=
ϵabkb
k⊥

V H
ka,k3

+
kak3
k⊥k

V E
ka,k3

+ kaV
∥
ka,k3

, V 3
ka,k3

= −k⊥
k
V E
ka,k3

+ k3V
∥
ka,k3

. (5.14)

Note in particular that V 3
ka,0

= −V E
ka,0

. Reality and parity conditions become

V H
ka,k3

= V ∗H
−ka,k3 , V E

ka,k3
= V ∗E

−ka,k3 , V H
ka,−k3 = −V H

ka,k3
, V E

ka,k3
= V E

ka,−k3 . (5.15)

Let λ = (H,E). Oscillator variables are defined as

aλka,k3 =

√
k

2
(Aλka,k3 +

i

k
πλka,k3),

Aλka,k3 =
1√
2k

(aλka,k3 + a∗λ−ka,k3), πλka,k3 = −i
√
k

2
(aλka,k3 − a∗λ−ka,k3),

(5.16)
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with the understanding that aHka,0 = 0. Their non-vanishing Poisson brackets are

{aλk , a∗λ
′

k′ } = −iδλ,λ′
3∏
i=1

δni,n′
i
. (5.17)

In terms of these oscillators, we have

Aa = i
∑

na,n3>0

[ ϵabkb√
2kk⊥

(aHk ψ
H
k − c.c.) +

kak3√
2kk⊥k

(aEk ψ
H
k − c.c.) + kaA

∥
kψ

H
k

]
,

πa =
∑

na,n3>0

[√kϵabkb√
2k⊥

(aHk ψ
H
k + c.c.) +

kak3√
2kk⊥

(aEk ψ
H
k + c.c.) + ikaπ

∥
kψ

H
k

]
,

A3 =
∑′

na,n3 ⩾ 0

[
− k⊥√

2kk
(aEk ψ

E
k + c.c.) + k3A

∥
kψ

E
k

]
+

1√
V
q,

π3 =
∑′

na,n3 ⩾ 0

[
i
k⊥√
2k

(aEk ψ
E
k − c.c.) + k3π

∥
kψ

E
k

]
+

1√
V
p.

(5.18)

On the constraint surface, the full Hamiltonian is given by

H =
∑′

λ,na,n3 ⩾ 0

1

2
(πλkπ

∗λ
k + k2AλkA

∗λ
k ) +

1

2
p2 =

∑′

λ,na,n3 ⩾ 0

k

2
(aλka

∗λ
k + a∗λk a

λ
k) +

1

2
p2. (5.19)

5.1.3.5 Bromwich-Borgnis fields

Consider now the real fields

ϕH =
∑

na,n3>0

1√
2kk⊥

(aHk ψ
H
k + c.c.), πH = −i

∑
na,n3>0

√
k√

2k⊥
(aHk ψ

H
k − c.c.)

ϕE = −
∑′

na,n3 ⩾ 0

1√
2kkk⊥

(aEk ψ
E
k + c.c.), πE = i

∑′

na,n3 ⩾ 0

1√
2kk⊥

(aEk ψ
E
k − c.c.)

ϕG =
∑

na,n3>0

1

2
(A

∥
kψ

H
k + c.c.), πG =

∑
na,n3>0

1

2
(π

∥
kψ

H
k + c.c.).

(5.20)

Let Λ = (H,E,G) and φΛ stand for either ϕΛ or πΛ. The fields φH , φG satisfy Dirichlet conditions while
φE satisfies Neumann conditions. In these terms,

Aa = ϵab∂bϕ
H + ∂a∂3ϕ

E + ∂aϕG, A3 = (−△+ ∂23)ϕ
E + ∂3ϕG +

1√
V
q,

πa = ϵab∂bπ
H + ∂a∂3π

E + ∂aπG, π3 = (−△+ ∂23)π
E + ∂3πG +

1√
V
p,

Ba = ϵab∂b(−△)ϕE + ∂a∂3ϕ
H , B3 = (−△+ ∂23)ϕ

H .

(5.21)

On the constraint surface where πG = 0, one recovers the construction of [36, 37] (see also [38] section
32 and [21, 39, 33] for related more modern discussions).
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5.1.3.6 Single scalar field formulation

In order to streamline the computation of the partition function and to discuss modular properties, it is
useful to go one step further and introduce a formulation with a single scalar field on z ∈ [−a, a] with
periodic boundary conditions [40].

The variables defined by

ϕka,k3 =
AEka,k3 − iAHka,k3√

2
, πka,k3 =

πEka,k3 − iπHka,k3√
2

,

ϕka,0 = AEka,0, πka,0 = πEka,0,

(5.22)

satisfy the reality conditions

ϕ∗
−ka,0 = ϕka,0, ϕ∗

−ka,−k3 = ϕka,k3 , π∗
−ka,0 = πka,0, π∗

−ka,−k3 = πka,k3 . (5.23)

The first expression for the Hamiltonian in (5.164) can then be written as

H =
∑
ni

1

2
(πkπ

∗
k + k2ϕkϕ

∗
k), (5.24)

with the understanding that π0,0 = p, ϕ0,0 = q and the sum goes over all ni ∈ Z. In terms of appropriate
oscillators, defined for ni ̸= 0,

aka,k3 =

√
k

2
(ϕka,k3 +

i

k
πka,k3) =

{
aEka,k3

−iaHka,k3√
2

, n3 ̸= 0,

aEka,0, n3 ̸= 0
, (5.25)

the Hamiltonian becomes
H =

∑′

ni

k

2
(a∗kak + aka

∗
k) +

1

2
p2. (5.26)

The above are the mode decomposition, oscillators and Hamiltonian of a single real scalar field ϕ and
its momentum π in a volume V ′ = L1L2L3 where L3 = 2a with periodic boundary conditions in all
directions and, in particular, with periodicity 2a in the x3 direction.

ϕ =
1√
V ′

∑
ni

eikjx
j

ϕki =
1√
V ′

(∑′

ni

1√
2k

[akie
ikjx

j

+ a∗kie
−ikjxj ] + q

)
,

π =
1√
V ′

∑
ni

eikjx
j

πki =
1√
V ′

(
− i
∑′

ni

√
k

2
[akie

ikjx
j − a∗kie

−ikjxj ] + p
)
,

(5.27)

for which the Hamiltonian is
H =

1

2

∫
V ′
d3x (π2 + ∂iϕ∂

iϕ). (5.28)

5.1.4 Massless scalar field Casimir energy on Rd−1 × S1

Suppose now that the spatial dimension xd is small, while all other spatial dimensions xI , for I =
1, . . . , d− 1 are large, LI ≫ Ld. In other words, one considers a slab geometry with two infinite parallel
hyperplanes separated by a distance Ld, or because of the periodic boundary conditions, a scalar field on
the spatial manifold Rd−1 × S1

Ld
. Suppose also that one uses symmetric instead of normal ordering, so

that
Ĥ =

1

2

∑′

ni∈Zd

ωki(â
†
ki
âki + âki â

†
ki
) =

∑′

ni∈Zd

ωki(â
†
ki
âki +

1

2
). (5.29)
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The divergent zero-point energy is

Ed
0 = ⟨0|Ĥ|0⟩ = 1

2

∑′

ni∈Zd

ωki . (5.30)

Transforming d − 1 sums into integrals, and using ζ function regularization to give a meaning to this
divergent quantity, we need to evaluate

Ed
0(s) =

1

2
ν2s

Vd−1

(2π)d−1

∑
nd∈Z

∫
dd−1k [(

2πnd
Ld

)2 + kIk
I ]−s+

1
2 , (5.31)

where Vd−1 =
∏d−1

I=1 LI . This is the same computation as in (2.268), up an overall factor of (2πν2)s versus
1
2
ν2s and the replacements d → d − 1, s → s − 1

2
, β = Ld+1 → Ld. The result can thus be read off

(2.273),

Ed
0(s) =

1

2
ν2s

Vd−1

Ld−2s
d

22−2sπ
d+1
2

−2sΓ(s−
d
2
)ζ(2s− d)

Γ(s− 1
2
)

, (5.32)

which yields at s = 0,

Ed
0(0) = −ξ(−d)Vd−1

Ldd
, (5.33)

and thus, after using the reflection formula,

Ed
0(0) = −ξ(d+ 1)

Vd−1

Ldd
=


−π

6
1
L1

for d = 1

− ζ(3)
2π

L1

L2
2

for d = 2

−π2

90
L1L2

L3
3

for d = 3
...

. (5.34)

Remarks:
(i) It is intriguing that the same dimensionless number ξ(d+1) appears here in the Casimir energy on

a circle and in the black body result in the large volume limit. This is related to a high/low temperature
duality which will be explained in detail later.

(ii) On account of the previously discussed equivalence, the correct electromagnetic results with per-
fectly conducting plates at x3 = 0 and x3 = a are obtained through the replacement L3 = 2a.

(iii) Note that, even with symmetric ordering,

P 0
i = ⟨0|P̂i|0⟩ = 0, (5.35)

irrespective of the existence or not of a small spatial dimension, because either
∑

ni∈Z ki = 0 or
∫

dkiki =
0.

(iv) The computation of the Casimir energy can also be done using a suitable integral representation.
Starting from the representation

1

Γ(s)

∫ ∞

0

dt ts−1e−tλ =
1

λs
, Re(s) > 0, λ > 0, (5.36)

at s = −1
2

(to be understood in the sense of analytic continuation), the zero point energy in (5.30) is
written as

Ed
0 =

1

2Γ(−1
2
)

∑′

ni∈Zd

∫ ∞

0

dt t−
3
2 e−tω

2
ki (5.37)
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After changing sums to integrals for the d− 1 large dimensions and integrating over the angles, one gets

Ed
0 = − 1

4
√
π

Vd−1

(2π)d−1

2π
d−1
2

Γ(d−1
2
)

∑
nd∈Z

∫ ∞

0

dt t−
3
2

∫ ∞

0

dkkd−2e
−t
[
( 2π
Ld
nd)

2+k2
]
. (5.38)

The change of variables k = 2π
Ld

√
y, t→ t = (Ld

2π
)2t then leads to

Ed
0 = −Vd−1

Ldd

π
d
2

2Γ(d−1
2
)

∑
nd∈Z

∫ ∞

0

dt t−
3
2 e−tn

2
d

∫ ∞

0

dyy
d−1
2

−1e−ty. (5.39)

Performing the integral over y using (5.36) again gives

Ed
0 = −Vd−1

Ldd

π
d
2

2

∑
nd∈Z

∫ ∞

0

dt t−
d
2
−1e−tn

2
d (5.40)

The integral term with nd = 0 is divergent,
∫∞
ϵ

dt t−
d
2
−1 = 2ϵ−

d
2

d
and neglected, while the terms with

nd ̸= 0 are evaluated using (5.36) to yield

Ed
0 = −Vd−1

Ldd
π

d
2Γ(−d

2
)ζ(−d), (5.41)

in agreement with (5.33).

5.1.5 Functional approach to massless scalar partition function on Rd−1 × T2

We now consider the case where only the first d − 1 spatial dimensions are large, while Ld is small, and
where a chemical potential for linear momentum in the small dimension xd is turned on. We start here
with the functional approach.

In this case I = 1, . . . , d− 1, Vd−1 =
∏d−1

I=1 LI and, when taking into account (2.264), we get instead
of (2.268),

ζ−∆µ(s) =
Vd−1

(2π)d−1

∫
dd−1k

∑′

(nd+1,nd)∈Z2

[(
2πnd+1

β
− µ

2πnd
Ld

)2 + (
2πnd
Ld

)2 + kIk
I ]−s. (5.42)

The computation then proceeds as in section 2.8.5, up to the replacements d → d − 1 and of the zeta
function by a suitable Eisenstein series. More precisely, instead of (2.271), we now get

ζ−∆µ(s) =
Vd−1

(2π)d−1

2π
d−1
2

Γ(d−1
2
)
(
2π

β
)d−1−2s

∑′

(nd+1,nd)∈Z2

∫ ∞

0

dy yd−2[(nd+1 − nd
βµ

Ld
)2 + n2

d(
β

Ld
)2 + y2]−s, (5.43)

For later convenience, we also change parametrization and use α = βµ so that we are now computing

Zd,1(β, α) = Tr e−βĤ+iαP̂d . (5.44)

Introducing the modular parameter

τ =
α + iβ

Ld
, (5.45)
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the sum simplifies to ∑′

(nd+1,nd)∈Z2

∫ ∞

0

dy yd−2[|nd+1 + ndτ |2 + y2]−s. (5.46)

The integral is convergent for Re(s) > d−1
2

and can be performed through the change of variables y =
|nd+1 + ndτ | sinhx which gives

ζ−∆α(s) =
Vd−1

(2π)d−1

π
d−1
2 Γ(s− d−1

2
)

Γ(s)
(
2π

β
)d−1−2s

∑′

(nd+1,nd)∈Z2

|nd+1 + ndτ |d−1−2s. (5.47)

In terms of the SL(2,Z) real analytic Eisenstein series,

fs(τ, τ̄) =
∑

(m,n)∈Z2/(0,0)

τ s2
|m+ nτ |2s

, Re(s) > 1, (5.48)

with τ = τ1 + iτ2 ∈ C, which are invariant under the modular transformations

τ → aτ + b

cτ + d
, a, b, c, d ∈ Z, ad− bc = 1, (5.49)

this can be written as

ζ−∆α(s) =
Vd−1

(2π)d−1

π
d−1
2 Γ(s− d−1

2
)

Γ(s)τ
s− d−1

2
2

(
2π

β
)d−1−2sfs− d−1

2
(τ, τ̄), (5.50)

When using the functional relation for the analytically continued Eisenstein series,

π−zΓ(z)fz(τ, τ̄) = πz−1Γ(1− z)f1−z(τ, τ̄). (5.51)

for z = s− d−1
2

, and also τ2 = β
Ld

, we end up with

ζ−∆α(s) =
Γ(d+1

2
− s)

22sπ
d+1
2 Γ(s)

Vd−1

Ld−1−2s
d

f d+1
2

−s(τ, τ̄)

τ
d−1
2

−s
2

. (5.52)

Again, since Γ(s) ≈ 1
s
+O(s0), ζ−∆α(0), if Zd,1(τ, τ̄) = Zd,1(β, α), the partition function is

lnZd,1(τ, τ̄) =
Γ(d+1

2
)Vd−1

2π
d+1
2 Ld−1

d τ
d−1
2

2

f d+1
2
(τ, τ̄). (5.53)

In terms of the completion of the real analytic Eisenstein series,

ξ(z; τ, τ̄) =
Γ( z

2
)f z

2
(τ, τ̄)

2π
z
2

, (5.54)

which satisfies the reflection formula

ξ(z; τ, τ̄) = ξ(1− z; τ, τ̄), (5.55)

this gives

lnZd,1(τ, τ̄) =
Vd−1

Ld−1
d τ

d−1
2

2

ξ(d+ 1; τ, τ̄) . (5.56)
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Since ξ(z; τ, τ̄) is invariant under modular transformations (5.49) while τ2 transforms as

τ2 →
τ2

|cτ + d|2
, (5.57)

the partition function (5.54) transforms as

lnZd,1(τ
′, τ̄ ′) = |cτ + d|d−1 lnZd,1(τ, τ̄) . (5.58)

Remarks:
(i) The above result holds for d > 1 because if d = 1, i.e., for the free boson on T2, lnZ1,1(τ, τ̄) =

1
2π
f1(τ, τ̄), is not convergent and more care is needed to derive the correct result. This is reviewed below.
(ii) As discussed above, for d = 3, the result is directly relevant for the electromagnetic field with

Casimir boundary conditions after the replacement L3 = 2a.
(iii) If the chemical potential vanishes, α = 0, τ = iτ2, with τ2 = β

Ld
and Zd,1(iτ2,−iτ2) = Zd,1(τ2) =

Zd,1(β), the result can be written in terms of an Epstein zeta function,

ζ(s; 1, τ 22 ) =
∑′

(md+1,md)∈Z2

1

[(md)2 + (md+1)2τ 22 ]
s
, (5.59)

as

lnZd,1(τ2) =
Γ(d+1

2
)

2π
d+1
2

Vd−1τ2

Ld−1
d

ζ(
d+ 1

2
; 1, τ 22 ). (5.60)

If a = 0 = d, b = 1 = −c, the modular transformation reduces to temperature inversion τ2 → 1
τ2

with

lnZd,1(
1

τ2
) = τ d−1

2 lnZd,1(τ2). (5.61)

(iv) Setting md = 0 in (5.60) gives

lnZhigh
d,1 (τ2) = ξ(d+ 1)

Vd−1

Ld−1
d τ d2

, (5.62)

which is the black body result (1.64). From the analysis of section 1.4.2, we know that this is the dominant
contribution in the high temperature/large Ld limit τ2 ≪ 1. This justifies a posteriori the use of a normal
ordered Hamiltonian in section 1.4.2.

(v) From equation (5.61), it follows that in the low temperature/small Ld limit τ2 ≫ 1, the dominant
contribution is given by

lnZ low
d,1 (τ2) = ξ(d+ 1)

Vd−1τ2

Ld−1
d

. (5.63)

The result for the Casimir energy with one small spatial dimension in (5.34), then follows by taking − ∂
∂β

of this dominant contribution.

5.1.6 Canonical approach to massless scalar partition function on Rd−1 × T2

In this section, we evaluate the partition function

Zd,1(β, α) = Tr e−βĤ+iαP̂d , (5.64)
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directly in the operator formalism where Ĥ and P̂d are given by

Ĥ =
∑
ni∈Zd

ωkâ
†
ki
âki + Ed

0 , P̂d =
∑
ni∈Zd

kdâ
†
ki
âki , (5.65)

and Ed
0 is given in (5.34). It follows that

Zd,1(β, α) = e−βE
d
0

∏′

ni∈Zd

∑
Nki

∈N

e(−βωk+iαkd)Nki = e−βE
d
0

∏′

ni∈Zd

1

1− e−βωk+iαkd
. (5.66)

Turning again the sums into integrals in the large dimensions gives

ln Zd,1(β, α) = −βEd
0 −

Vd−1

(2π)d−1

∫ ∞

−∞
dd−1k

∑
nd∈Z

ln
[
1− e−βωk+iαkd

]
= −βEd

0 −
Vd−1

(2π)d−1

2π
d−1
2

Γ(d−1
2
)

∑
nd∈Z

∫ ∞

0

dk kd−2 ln[1− e−β
√
k2+k2d+iαkd ],

(5.67)

where k = kIk
I , the range of I is from 1 to d − 1 and Vd−1 =

∏d−1
I=1 LI . For the sum over nd, it is

convenient to split nd = 0 from the other terms. When using (1.60) for d → d − 1 for the former term,
we get

ln Zd,1(β, α) = −βEd
0 +

Γ(d− 1)ζ(d)

2d−2π
d−1
2 Γ(d−1

2
)

Vd−1

βd−1
− Vd−1

2d−2π
d−1
2 Γ(d−1

2
)

∑′

nd∈Z

Id(β, α;nd), (5.68)

where

Id(β, α;nd) =

∫ ∞

0

dk kd−2 ln[1− e−β
√
k2+k2d+iαkd ]. (5.69)

Introducing the variable z as

z = β
√
k2 + k2d, kd−2dk =

1

β2βd−3
(z2 − β2k2d)

d−3
2 zdz, (5.70)

we get

Id(β, α;nd) = − 1

βd−1

∫ ∞

β|kd|
dz z(z2 − β2k2d)

d−3
2 ln

[
1− e−z+iαkd

]
. (5.71)

Expanding the logarithm as

ln
[
1− e−z+iαkd

]
= −

∑
l∈N∗

e−lz+ilαkd

l
, (5.72)

we get, after the change of variables z′ = lz,

Id(β, α;nd) = − 1

βd−1

∑
l∈N∗

eilαkd

ld

∫ ∞

lβ|kd|
dzz(z2 − l2β2k2d)

d−3
2 e−z, (5.73)

The integrals are given in terms of a modified Bessel function of the second kind as∫ ∞

lβ|kd|
dzz(z2 − l2β2k2d)

d−3
2 e−z = 2

d−2
2
Γ(d−1

2
)

√
π

(lβ|kd|)
d
2K d

2
(lβ|kd|), (5.74)
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so that

ln Zd,1(β, α) = −βEd
0 +

Γ(d− 1)ζ(d)

2d−2π
d−1
2 Γ(d−1

2
)

Vd−1

βd−1

+ 2
Vd−1

L
d
2
d β

d−2
2

∑′

nd∈Z

∑
l∈N∗

(
|nd|
l

)
d
2K d

2
(2πl|nd|

β

Ld
)e

2πilnd
α
Ld . (5.75)

Remarks:
(i) At low temperature/small distance β

Ld
≫ 1, the leading term in the expansion of the partition

function is directly related to the Casimir energy. The leading correction is the contribution of the modes
with spatial frequencies nd = 0. It coincides with the black body result (1.61) of a massless scalar field
in d − 1 spatial dimensions. On account of the equivalence of this expression with (1.64), it can also be
written more compactly as ξ(d)Vd−1

βd−1 . It is independent of Ld and thus does not contribute to the Casimir
pressure,

pd,1(β, α) =
1

Vd−1

∂(β−1 ln Zd,1(β, α))

∂Ld
. (5.76)

The asymptotic expansion

Kν(x) =

√
π

2x
e−x(1 +O(x−1)), (5.77)

for large x, implies that all other terms are exponentially suppressed. It follows that low-temperature/small
distance expansion of the Casimir pressure is

plow
d,1 (β, α) = −dξ(d+ 1)

1

Ld+1
d

+ . . . , (5.78)

where the dots denote exponentially suppressed terms. In the low-temperature/small distance expansion
of the entropy,

Sd,1(β, α) = (1− β∂β) ln Zd,1(β, α), (5.79)

on the other hand, the first term in (5.75) proportional to the Casimir energy in d spatial dimensions drops
out since it is linear in β and the leading term now comes from the lower dimensional scalar field, i.e., the
modes with nd = 0,

Slow
d,1 (β, α) = dξ(d)

Vd−1

βd−1
+ . . . . (5.80)

Since the two leading terms in the low temperature/small intervall expansion of (5.75) do not depend on
α they are the same when starting from lnZd,1(β, µ). It follows that the leading terms in the expansion of

pd,1(β, µ) =
1

Vd−1

∂(β−1 lnZd,1(β, µ))

∂Ld
, Sd,1(β, µ) = (1− β∂β) lnZd,1(β, µ), (5.81)

are still given by the right hand sides of (5.78) and of (5.80).
(ii) When changing the double sum in the last term to a sum over m = lnd ∈ Z∗ and introducing the

divisor sum
σs(m) =

∑
n|m

ns, (5.82)

the exponentially suppressed terms, i.e., the last line of (2.78), may be written as

2
Vd−1

L
d
2
d β

d−2
2

∑′

m∈Z

σ−d(m)|m|
d
2K d

2
(2πm

β

Ld
)e

2πim α
Ld . (5.83)
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When taking into account the explicit expression for the vacuum energyEd
0 in (5.34), the partition function

may be re-written as

ln Zd,1(β, α) =
Vd−1

Ld−1
d

[
ξ(d+ 1)

β

Ld
+ ξ(d)(

Ld
β
)d−1

+2(
Ld
β
)
d−2
2

∑′

m∈Z

σ−d(m)|m|
d
2K d

2
(2πm

β

Ld
)e

2πim α
Ld

]
. (5.84)

The equivalence of the functional Lagrangian and the canonical approaches to computing the partition
function then implies that this last result is the same than (5.53). For s = d+1

2
, this shows

fs(τ, τ̄) = 2ζ(2s)
[
τ s2 +

ξ(2s− 1)

ξ(2s)
τ 1−s2

+
2

ξ(2s)
τ

1
2
2

∑′

m

σ1−2s(m)|m|
2s−1

2 K 2s−1
2
(2πmτ2)e

2πimτ1
]
, (5.85)

which is the Fourier expansion of fs(τ, τ̄), traditionally derived using Poisson resummation (see e.g. [41],
Appendix A).

(iii) When expressed in terms of inverse temperature and chemical potential, the generating set of
transformations of the modular group become

τ ′ = τ + 1 ⇐⇒

{
( β
Ld
)′ = β

Ld

( α
Ld
)′ = α

Ld
+ 1

τ ′ = −1

τ
⇐⇒

{
( β
Ld
)′ = Ldβ

α2+β2

( α
Ld
)′ = − Ldα

α2+β2

. (5.86)

Under the first of these transformations, ln Zd,1(β, α) in (5.84) is manifestly invariant, as required by
(2.14) for c = 0, a = b = d = 1. For the second of these transformations, we get

ln Zd,1(β
′, α′) =

(α2 + β2)
d−1
2

Ld−1
d

ln Zd,1(β, α). (5.87)

When transposing and using the explicit expression in (5.84) for the LHS, this gives

ln Zd,1(β, α) =
Vd−1

(α2 + β2)
d−1
2

[
ξ(d+ 1)

Ldβ

α2 + β2
+ ξ(d)(

α2 + β2

Ldβ
)d−1

+ 2(
α2 + β2

Ldβ
)
d−2
2

∑′

m∈Z

σ−d(m)|m|
d
2K d

2
(2πm

Ldβ

α2 + β2
)e

−2πim
Ldα

α2+β2

]
. (5.88)

For a high temperature/large interval expansion, it is more convenient to use µ rather than α, in terms of
which the previous expression becomes

lnZd,1(β, µ) =
Vd−1

Ld−1
d (1 + µ2)

d−1
2

[ξ(d+ 1)

1 + µ2
(
β

Ld
)−d + ξ(d)(1 + µ2)d−1+

+ 2(
β

Ld
)−

d
2 (1 + µ2)

d−2
2

∑′

m∈Z

σ−d(m)|m|
d
2K d

2
(2πm

Ld
β

1

1 + µ2
)e

−2πim
Ld
β

1
1+µ2

]
. (5.89)

The high temperature/large interval expansion is then defined by β
Ld

≪ 1 at fixed µ. The leading contri-
butions are given by the first two terms, while the others are exponentially suppressed,

lnZhigh
d,1 (β, µ) =

Vd−1Ld
βd

ξ(d+ 1)(1 + µ2)−
d+1
2 +

Vd−1

Ld−1
d

ξ(d)(1 + µ2)
d−1
2 + . . . . (5.90)
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The associated expansion of the Casimir pressure is

phighd,1 (β, µ) =
ξ(d+ 1)

βd+1
(1 + µ2)−

d+1
2 − (d− 1)ξ(d)

βLdd
(1 + µ2)

d−1
2 + . . . , (5.91)

while for the entropy, one finds

Shigh
d,1 (β, µ) =

Vd−1Ld
βd

(d+ 1)ξ(d+ 1)(1 + µ2)−
d+1
2 +

Vd−1

Ld−1
d

ξ(d)(1 + µ2)
d−1
2 + . . . . (5.92)

This can be written as

Shigh
d,1 (β, µ) = (d+ 1)εdvac

Vd
βd

(1 + µ2)−
d+1
2 + εd−1

vac

Vd−1

Ld−1
d

(1 + µ2)
d−1
2 + . . . . (5.93)

5.1.7 Massless scalar partition function on T2

In this section, we derive the well-known result [42, 43] (see e.g. [44, 12, 45] for reviews) for a torus
in Euclidean spacetime, that is to say we derive the partition function of a massless scalar field in a one
spatial dimension, d = 1, L1 = L, with periodic boundary conditions. As we have seen in section 5.1.5,
a naive application of the functional approach leads one to the divergent expression

lnZ1(τ, τ̄) =
1

2π
f1(τ, τ̄). (5.94)

5.1.7.1 Canonical approach

No such divergences occur in the canonical approach. In the analysis of section 1.4.1, the full Hamiltonian,
including the n = 0 mode, which is a free particle, is now given by

H =
1

L

p2

2
+

1

2

∑′

n∈Z

ωn(a
∗
nan + ana

∗
n), ωn =

2π|n|
L

. (5.95)

After the conventional redefinition p =
√
4πa0, the quantum Hamiltonian including the zero point energy

E1
0 in (5.34) can be written as

Ĥ = − π

6L
+

2π

L

(
â20 +

∑′

n∈Z

|n|â†nân
)
. (5.96)

Using (1.56), we get

Z1(β, α) =

√
L

2πβ
e

πβ
6L

∏′

n∈Z

∑
Nn∈N

e
2π
L
(−β|n|+iαn)Nn =

√
L

2πβ
e

πβ
6L

∏′

n∈Z

1

1− e
2π
L
(−β|n|+iαn)

. (5.97)

Defining
q = e2πiτ , q̄ = e−2πiτ̄ , (5.98)

where τ and τ̄ are given in (5.45), we have

lnZ1(τ, τ̄) = −1

2
ln(2π) +

πτ2
6

− 1

2
ln (τ2)−

∑
n∈N∗

ln [(1− qn)(1− q̄n)]. (5.99)
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In terms of Dedekind’s eta function,

η(q) = q
1
24

∏
n∈N∗

(1− qn), (5.100)

and up to irrelevant numerical factors, the modular invariant partition function can then be written com-
pactly as

Z1(τ, τ̄) =
1

√
τ2|η(q(τ))|2

. (5.101)

5.1.7.2 Dimensional continuation

A different way to give a meaning the non-convergent expression of the partition function (5.94) obtained
in the functional or heat kernel approach is to study the limit s → 1 of the real analytic Eisenstein series
fs(τ, τ̄) by starting from its Fourier expansion [41] given in equation (5.85),

fs(τ, τ̄) = 2ζ(2s)τ s2 + 2
√
π
Γ(s− 1

2
)ζ(2s− 1)

Γ(s)
τ 1−s2

+ 2
πs

Γ(s)
τ

1
2
2

∑′

n∈Z

∑′

m∈Z

| n
m
|s−

1
2Ks− 1

2
(2π|nm|τ2)e2πin|m|τ1 . (5.102)

Only the second term diverges in the limit s→ 1, while the first term on the right hand side becomes

π2

3
τ2 = − π

12
ln |q|2. (5.103)

Using K 1
2
(z) = e−z

√
π
2z

, the term on the last line becomes

π
∑′

n∈Z

∑′

m∈Z

1

|m|
e−2π|nm|τ2+2πin|m|τ1 = 2π

∑
m∈N∗

∑
n∈N∗

1

m
(e2πinmτ + e−2πinmτ̄ )

= −2π
∑
n∈N∗

[
ln(1− e2πinτ ) + ln(1− e−2πinτ̄ )

]
= −2π ln

∏
n∈N∗

(1− qn)
∏
n∈N∗

(1− q̄n). (5.104)

These terms combine into

−2π ln
∏
n∈N∗

q
1
24 (1− qn)

∏
n∈N∗

q̄
1
24 (1− q̄n) = −2π ln |η(q)|2. (5.105)

For the divergent term, we consider the expansion around s = 1 using

ζ(s) =
1

s− 1
+ γ +O(s− 1), (5.106)

so that

2
√
π
Γ(s− 1

2
)ζ(2s− 1)

Γ(s)
τ 1−s2 =

π

s− 1
+ π

(
3γ +

Γ′(1
2
)

Γ(1
2
)
− ln τ2

)
+O(s− 1)

=
π

s− 1
+ π

(
2γ − 2 ln 2− ln τ2

)
+O(s− 1). (5.107)
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We thus get

lim
s→1

(
fs(τ, τ̄)−

π

s− 1

)
= 2π

(
γ − ln 2− ln

√
τ2|η(q)|2

)
. (5.108)

Therefore, once we remove the divergence, the real analytic Eisenstein series for s = 1 contains the result
for the partition function of the d = 1 case. Note that the divergence in the second term of the expansion
in (5.102), comes from the n1 = 0 term in the mode expansion of the field (at fixed time), as shown in the
canonical approach in the previous section. In d > 1 this mode is a scalar field in d−1 spatial dimensions.
For d = 1, it is a free particle, which gives the factor

√
τ2 needed for modular invariance. Associated with

the divergence, the finite, τ2 independent term, is undetermined and needs to be fixed by a normalization
condition.

How this computation appears from the viewpoint of the integral representation connected to the
world-line approach is discussed in [43].
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5.1.8 Casimir effect at finite temperature. Alternative derivation
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5.1.9 Low temperature limit. Alternative
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5.1.10 Poisson summation formula
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5.1.11 High temperature limit. Alternative
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5.1.12 Inversion symmetry
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5.2 1-loop effective action for scalar field

5.2.1 Effective potential
We start from the action

S[ϕ] = −
∫
d4x[ν +

1

2
∂µϕ∂

µϕ+
1

2
m2ϕ2 +

g

4!
ϕ4], (5.109)

where the constant ν, which does not change the dynamics, is introduced to clarify the discussion on
renormalization that follows. As we have seen above, the associated effective action is

Γ[ϕ] = S[ϕ]− ℏ
2i
Tr ln

(
δ4(x, y) +D−1(x, y)

g

2
ϕ2(y)

)
+O(ℏ2). (5.110)

Using the Taylor expansion ln(1 + x) = 0 + x− x2

2
+ x3

3
− · · · =

∑
n=1(−)n−1 xn

n
, we thus have

ln
(
δ4(x, y) +K(x, y)

)
= K(x, y)− 1

2

∫
d4z1K(x, z1)K(z1, y) + . . .

=
∑
n=1

(−)n−1

n

∫
dz1 . . . dzn−1K(x, z1) . . . K(zn−1, y).

In the particular case where K(x, y) = 1
(2π)4

∫
d4peip(x−y)K(p), the convolution product becomes the

ordinary product of Fourier transforms,

ln
(
δ4(x, y) +K(x, y)

)
=
∑
n=1

(−)n−1

n

1

(2π)4

∫
d4peip(x−y)K(p)n

=
1

(2π)4

∫
d4peip(x−y) ln (1 +K(p)).

For a constant classical field, this holds because K(x, y) = D−1(x, y)g
2
ϕ̄2 and thus K(p) =

g
2
ϕ̄2

p2+m2−iϵ . We
thus find

Γ[ϕ̄] = S[ϕ̄]− ℏ
2i

∫
d4x

∫
d4p

(2π)4
ln
(
1 +K(p)

)
+O(ℏ2). (5.111)

The effective potential is defined as minus the effective action evaluated for a constant classical field, i.e.,
a classical field that does not depend on xµ, ϕ(x) = ϕ̄, up to a volume factor,

Γ[ϕ̄] = −
∫
d4xVeff [ϕ̄] = −Veff [ϕ̄](2π)4δ4(0). (5.112)

Taking the trace consists in putting x = y and integrating over x. We then find

Γ[ϕ̄] = −
∫
d4x
[
ν +

1

2
m2ϕ̄2 +

g

4!
ϕ̄4 +

ℏ
2i

∫
d4p

(2π)4
[ln (1 +

g
2
ϕ̄2

p2 +m2 − iϵ
)] +O(ℏ2), (5.113)

and thus

Γ[ϕ̄] = −
∫
d4x
[
ν +

1

2
m2ϕ̄2 +

g

4!
ϕ̄4 +

ℏ
2i

∫
d4p

(2π)4
[ln

p2 + (m2 + g
2
ϕ̄2)− iϵ

p2 +m2 − iϵ
] +O(ℏ2), (5.114)

or, when defining J(σ2) =
∫

d4p
(2π)4

ln (p2 + σ2 − iϵ), this gives

Veff [ϕ̄] = ν +
1

2
m2ϕ̄2 +

g

4!
ϕ̄4 +

ℏ
2i
[J(µ2)− J(m2)] +O(ℏ2), (5.115)

with µ2 = m2 + g
2
ϕ̄2.
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5.2.2 Computing the divergent integral
To compute J(σ2), one replaces p0 by ip4. One thus rotates the integration contour by π/2 in the complex
p0 plane. One thus goes from the space of pµ’s with a Lorentz metric to the space of pA’s withA = 1, . . . 4
and an Euclidean metric. This gives

J(σ2) =
i

(2π)4

∫
dpA ln (pBpB + σ2) =

i

(2π)4

∫ ∞

0

dk

∫ 2π

0

dϕ

∫ π

0

dθ

∫ π

0

dχ| ∂pA

∂(k, ϕ, θ, χ)
| ln (k2 + σ2).

(5.116)
The Jacobian to go to spherical coordinates in 4 dimensions is given by | ∂pA

∂(k,ϕ,θ,χ)
| = k3 sin2 θ sinχ so that

the integral is

J(σ2) =
i

(2π)4
2π2

∫ ∞

0

dkk3 ln (k2 + σ2). (5.117)

This integral diverges, but it can be made convergent by differentiating sufficiently many times with
respect to σ2:

J ′(σ2) =
i

8π2

∫ ∞

0

dk
k3

k2 + σ2
, (5.118)

diverges quadratically since the integrand is proportional to k,

J ′′(σ2) = − i

8π2

∫ ∞

0

dk
k3

(k2 + σ2)2
, (5.119)

diverges logarithmically , and finally

J ′′′(σ2) =
i

4π2

∫ ∞

0

dk
k

(k2 + σ2)3
k2

=
i

4π2

(
[− 1

4(k2 + σ2)2
k2]∞0 +

∫ ∞

0

dk
2k

4(k2 + σ2)2

)
=

i

4π2
[

−1

4(k2 + σ2)
]∞0

=
i

16π2σ2
.

(5.120)

When using (x lnx− x)′ = lnx and (x
2

2
lnx− x2

4
)′ = x lnx, one finds

J ′′(σ2) =
i

16π2
lnσ2 + C̄,

J ′(σ2) =
i

16π2
(σ2 lnσ2 − σ2) + C̄σ2 + 2iB,

J(σ2) =
i

32π2
σ4 lnσ2 + 2iCσ4 + 2iBσ2 + 2iĀ,

(5.121)

for constants (independent of ϕ̄) Ā, B, C, C̄ that diverge. One thus finds

Veff [ϕ̄] = ν +
1

2
m2ϕ̄2 +

g

4!
ϕ̄4 +

ℏ
64π2

µ4 lnµ2 + ℏCµ4 + ℏBµ2 + ℏA+O(ℏ2), (5.122)

with A = Ā− ℏ
2i
J(m2).

Defining renormalized coupling constants through
νR = ν + ℏA+m2ℏB +m4ℏC,
m2
R = m2 + gℏB + 2m2gℏC,

gR = g + 6g2ℏC,
(5.123)
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one finds
Veff [ϕ̄] = νR +

1

2
m2
Rϕ̄

2 +
gR
4!
ϕ̄4 +

ℏ
64π2

µ4
R lnµ2

R +O(ℏ2). (5.124)

We thus see that Veff [ϕ̄] can be made finite to order ℏ if the renormalized coupling constants are assumed
to be finite, which in turn means that the bare, starting point, coupling constants contain a divergent part,

ν = νR − ℏA−m2
RℏB −m4

RℏC +O(ℏ2),
m2 = m2

R − gRℏB − 2m2
RgRℏC +O(ℏ2),

g = gR − 6g2RℏC +O(ℏ2).
(5.125)

An equivalent point of view is to say that one obtains a finite result to order ℏ for Veff [ϕ̄] by adding to the
Lagrangian infinite “counterterms” of order ℏ,

ν → νR − ℏA−m2
RℏB −m4

RℏC,
1
2
m2ϕ̄2 → 1

2
(m2

R − gRℏB − 2m2
RgRℏC)ϕ̄2,

g
4!
ϕ̄4 → gR−6g2RℏC

4!
ϕ̄4.

(5.126)

These counterterms cancel the divergences in Veff [ϕ̄] produced by one-loop diagrams.

5.2.3 Renormalized coupling constant at 1-loop
In order to derive an explicit expression for gR and thus for C, one introduces an ultraviolet cut-off Λ, that
is to say an upper limit on the norm of the momentum space vector,

JΛ(σ
2) =

i

8π2

∫ Λ

0

dkk3 ln(k2 + σ2). (5.127)

Changing variables k =
√
x, dk = dx

2
√
x
, one finds

JΛ(σ
2) =

i

16π2

∫ Λ2

0

dxx ln(x+ σ2)

=
i

16π2

(∫ Λ2

0

dx(x+ σ2) ln(x+ σ2)− σ2

∫ Λ2

0

dx ln(x+ σ2)
)

=
i

16π2

(
[
y2

2
ln y − y2

4
]Λ

2+σ2

σ2 − σ2[y ln y − y]Λ
2+σ2

σ2

)
=

i

16π2

((Λ2 + σ2)2

2
ln(Λ2 + σ2)− (Λ2 + σ2)2

4
− σ4

2
ln(σ2) +

σ4

4

− σ2[(Λ2 + σ2) ln(Λ2 + σ2)− (Λ2 + σ2)− σ2 lnσ2 + σ2]
)
.

(5.128)

On account of (5.121), 2iC can be found from the divergent term multiplying σ4 in this expression. It is
given by − i

32π2 ln (Λ
2 + σ2), which implies

C = − 1

64π2
ln

Λ2 +m2

m2
(5.129)

and, when using (5.125),

g = gR + ℏg2R
3

32π2
ln

Λ2 +m2
R

m2
R

. (5.130)

Note that the finite part contained in C is ambiguous. It is chosen here in such a way as to have a
dimensionless quantity in the logarithm.
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5.2.4 Structure of 1-loop divergences of effective action
We have shown that

Γ[ϕ] = S[ϕ] + ℏΓ(1)[ϕ] +O(ℏ2), (5.131)

Γ(1)[ϕ] = − 1

2i
Tr ln{δd(x, y) +D−1(x, y)V ′′[ϕ(y)]}. (5.132)

More explicity, in d space-time dimensions,

Γ(1)[ϕ] = − 1

2i

∫
ddx

∑
n=1

(−)n−1

n

∫
ddz1 . . . d

dzn−1D−1(x, z1)V
′′[ϕ(z1)]D−1(z1, z2)V

′′[ϕ(z2)] . . .

. . .D−1(zn−1, x)V
′′[ϕ(x)]

= − 1

2i

∑
n=1

(−)n−1

n

∫
ddz1 . . . d

dznV
′′[ϕ(z1)]D−1(z1, z2)V

′′[ϕ(z2)] . . .

. . .D−1(zn−1, zn)V
′′[ϕ(zn)]D−1(zn, z1) , (5.133)

when setting zn = x. In terms of diagrams, with V ′′[ϕ(x)] = g
2
ϕ2(x),we get

z1

+ +

z2

z1

... +

zn

z2

z1

Figure 5.1: 1-loop contribution to effective action for g
4!
ϕ4

Introducing the Fourier transform of the propagators,

Γ(1)[ϕ] = − 1

2i

∑
n=1

(−)n−1

n

∫
ddz1 . . . d

dzn
ddp1
(2π)d

. . .
ddpn
(2π)d

eip1(z1−z2) . . . eipn(zn−z1)

1

p21 +m2 − iε
. . .

1

p2n +m2 − iε
V ′′[ϕ(z1)] . . . V

′′[ϕ(zn)]. (5.134)

and using
eip1(z1−z2) . . . eipn(zn−z1) = eiz1(p1−pn)eiz2(p2−p1) . . . eizn(pn−pn−1),

one can do the triangular change of integration variables with unit Jacobian p1 = q, p2 = q + q2, . . . ,
pn = q + q2 · · ·+ qn, which yields

Γ(1)[ϕ] = − 1

2i

∑
n=1

(−)n−1

n

∫
ddz1 . . . d

dznV
′′[ϕ(z1)] . . . V

′′[ϕ(zn)]

∫
ddq2
(2π)d

. . .
ddqn
(2π)d

e−iz1(q2+···+qn)eiz2q2 . . . eiznqn γ(n)(q2, . . . , qn),

γ(n)(q2, . . . , qn) =

∫
ddq

(2π)d
1

q2 +m2 − iε

1

(q + q2)2 +m2 − iε
. . .

1

(q + q2 + . . . qn)2 +m2 − iε
.

(5.135)
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[One may also provide a more symmetrical form:

Γ(1)[ϕ] = − 1

2i

∑
n=1

(−)n−1

n

∫
ddz1 . . . d

dznV
′′[ϕ(z1)] . . . V

′′[ϕ(zn)]

∫
ddq1
(2π)d

ddq2
(2π)d

. . .
ddqn
(2π)d

eiz1q1eiz2q2 . . . eiznqn γ̃(n)(q1, . . . , qn), (5.136)

with

γ̃(n)(q1, . . . , qn) = (2π)dδd(q1 + q2 + · · ·+ qn)γ
(n)(q2, . . . , qn).] (5.137)

After going Euclidean, q0 = iqd, with “spherical” coordinates of radius κ, the integrand of γ(n)(q2, . . . , qn)
behaves as κd−1

κ2n
for large κ. The integrals are thus convergent for d− 1− 2n < −1 or n > d

2
.

In 4 spacetime dimensions, only γ(1) and γ(2) are divergent. Furthermore, when doing a Taylor expan-

sion in terms of the external momenta γ(2)(q2) = γ(2)(0) + qA2
∂γ(2)

∂qA2
+ . . . . But

∂γ(2)

∂qA2
=

∫
d4q

(2π)4
1

q2 +m2 − iε

(−2)(qA + qA2 )

((q + q2)2 +m2 − iε)2
∼ κ4

κ6

converges.
We thus have γ(1) = A+ γ

(1)
fin and γ(2)(q2) = B + γ

(2)
fin(q2) with A,B divergent constants. This gives

Γ
(1)
div[ϕ] = − 1

2i

∫
d4z1V

′′[ϕ(z1)]A+
1

4i

∫
d4q2
(2π)4

d4z1d
4z2 e

−iz1q2eiz2q2 BV ′′[ϕ(z1)]V
′′[ϕ(z2)]

=

∫
d4z1

{
−A

2i
V ′′[ϕ(z1)] +

B

4i
(V ′′[ϕ(z1)])

2

}
.

To first order in ℏ and for d = 4:

• the divergences are given by an integral of polynomials in the fields (and their derivatives in case
V [ϕ] contains derivatives of fields),

• the effective action can be made finite by adding infinite counterterms of order ℏ to the starting point
Lagrangian,

• if V [ϕ] is at most quartic, the canonical dimension of the divergences is less or equal to the canonical
dimension of the terms in the starting point Lagrangian.

If V [ϕ] = g
4!
ϕ4, V ′′[ϕ] = g

2
ϕ2 and the 1-loop divergences can be absorbed by a redefinition of the mass

and the coupling constant.
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5.2.5 Regularization and renormalization through ultraviolet cut-off
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5.2.6 Dimensional regularization and renormalization
It follows from definition (2.98) that the divergent integrals are

B = γ(2)(0) = iΦ(m, 4− 2ϵ, 2), A = γ(1) = iΦ(m, 4− 2ϵ, 1). (5.138)

In d dimensions, if c = 1, from x0 = ct one deduces that the dimension of time is the dimension of
length, while if ℏ = 1, the action is dimensionless, but [S] = [E][T ], so the dimension of energy is the
dimension of inverse length, but E =

√
p2 +m2 so the dimension of energy is the dimension of mass.

When everything is converted to the dimension of mass [m] = 1, xµ has dimensions of inverse mass,
[xµ] = −1, [pµ] = 1, [∂µ] = 1. In order for the action S = −1

2

∫
ddx[∂µϕ∂

µϕ + m2ϕ2 + g
4!
ϕ4] to be

dimensionless, one needs [ϕ] = d−2
2

, [g] = −d+ 2(d− 2) = d− 4.
Let us now suppose now that d = 4, where g is dimensionless. In dimensional regularization, one

works instead in d = 4 − 2ϵ dimensions. It follows that [g] = −2ϵ. One introduces a parameter µ with
the dimension of mass, [µ] = 1, and replaces g by the dimensionless coupling gµ2ϵ. In other words, the
dimensionally regularized theory is defined by the action

S = −1

2

∫
d4−2ϵx[∂µϕ∂

µϕ+m2ϕ2 +
gµ2ϵ

4!
ϕ4], (5.139)

which reduces to the standard theory when ϵ→ 0. It then follows from (5.138) that

−gR
4!

= −gµ
2ϵ

4!
+ ℏ

B

4i

(gµ2ϵ)2

4
. (5.140)

When using (2.103), this gives

gR = (gµ2ϵ)(1− ℏ
3

32π2
(gµ2ϵ)µ−2ϵ1

ϵ
). (5.141)

In the same way, it now follows from (5.138) that −1
2
m2
R = −1

2
m2 − A

2i
gµ2ϵ

2
. When using (2.104), this

gives

m2
R = m2(1− ℏ

(gµ2ϵ)µ−2ϵ

32π2

1

ϵ
). (5.142)

Both of these results are in agreement with the previous computations in terms of an ultraviolet cut-off.

5.2.7 Exercises
5.2.7.1 Field renormalization and tadpoles

Study the 1-loop divergences of V = g
3!
ϕ3 in d = 6. Show that there is a divergence that is linear in ϕ.

This divergence is called a “tadpole” because it is associated to the diagram

Show that the other divergences can be absorbed by a renormalization of the mass, the coupling constant
and the field of the theory.

Answer:

Γ(1)
∞ [ϕ] =

∫
d6x

[
gAϕ− g2

4
(Bϕ2 + C∂µϕ∂

µϕ) +
g

3!
Dϕ3

]
, (5.143)

with A,B,C,D divergent constants.
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5.2.7.2 No tadpoles in 4 dimensions for ϕ4

Why is it not necessary to ask for the absence of tadpoles in d = 4 when V [ϕ] = g
4!
ϕ4 ? Hint: How does

the action behave under ϕ→ −ϕ?

5.3 Renormalizable theories
On dit qu’une théorie est renormalisable si elle (ce qui veut dire l’action effective) peut être rendue finie en
rajoutant un nombre fini de contretermes différents au Lagrangien de départ. L’effet de ces contretermes
revient à redéfinir la normalisation des champs, et un nombre fini de masses et de constantes de couplages,
pour autant que toutes les constantes de couplage nécessaires aient été incorporées dans le Lagrangien de
départ, voir par exemple l’ajout de la constante ν pour le calcul du potentiel effectif.

Par exemple, pour le champ scalaire, ceci veut dire que si on calcule l’action effective en utilisant
un cut-off ultraviolet Λ pour couper l’intégration sur les hautes énergies, et on remplace le champ ϕ, la
masse m et la constante de couplage g(= λ) par des quantités renormalisées, on obtient un résultat fini
ΓR[ϕR,mR, gR] à la limite où le cut-off ultraviolet est enlevé:

ΓR[ϕR,mR, gR] = lim
Λ→∞

ΓΛ[Z
1/2(Λ,mR, gR)ϕR,m(Λ,mR, gR), g(Λ,mR, gR)] . (5.144)

On a vu que, à une boucle, ceci est possible en d = 4 pour V [ϕ] = g
4!
ϕ4 par une redéfinition de la

masse et et la constante de couplage uniquement. Donc, à cet ordre, ϕ = ϕR, Z = 1.
C’est aussi possible à une boucle en d = 6 pour V [ϕ] = g

3!
ϕ3, si on rajoute un terme kϕ au Lagrangien

de départ. Explicitement, par exemple Z = 1 − ℏg
2
RC

2
. En effet, les termes comportant des dérivées du

champ dans S[ϕ] + ℏΓ(1)
∞ [ϕ] sont∫

d6x
[
− 1

2
∂µϕ∂

µϕ− ℏ
g2C

4
∂µϕ∂

µϕ
]
.

En remplaçant ϕ par ϕ = Z1/2ϕR dans Γ[ϕ] ou S[ϕ] (ce qui revient au même à cet ordre), on absorbe donc
cette partie divergente. De même, k = kR − ℏgRA pour absorber la partie divergente linéaire en ϕ.

5.4 Normalization conditions
Demander que ΓR soit finie pour ϕR,mR, gR fini ne fixe que la partie infinie de ϕ,m, g et termes de
ϕR,mR, gR,Λ. Par exemple, dans g = gR + ℏ 3g2R

32π2 ln
Λ2+m2

m2 , on peut modifier le terme en ℏ par une
contribution finie tout en gardant ΓR fini au premier ordre. Pour fixer cette ambiguité, on impose des
conditions de normalisations.

Pour d = 4, V [ϕ] = g
4!
ϕ4, on peut choisir par exemple que ΓR est normalisée en termes des quantités

renormalisées de la même manière que S[ϕ] est normalisée en termes des quantités non-renormalisées de
départ:

ΓR(x, y) = (2−m2
R)δ(x, y), (5.145)

ΓR(x1, . . . , x4) = −gRδ(x1, x2)δ(x1, x3)δ(x1, x4). (5.146)

Notons que la première équation impose 2 conditions de normalisations, une sur la masse et une sur la
fonction d’onde.
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Pour d = 6, V [ϕ] = g
3!
ϕ3, on impose des conditions analogues avec comme condition supplémentaire

l’absence de tadpoles:

ΓR(x) = 0. (5.147)

On demande donc que qu’il ne reste dans ΓR aucun terme linéaire en ϕ et que ΓR, comme l’action de
départ commence par des termes quadratiques. En particulier, ceci impose kR = 0 à l’ordre 0 en ℏ et
A = γ(1) à l’ordre 1 en ℏ.

5.5 Asymptotic behavior

5.5.1 Dilatation invariance
Si on regarde la théorie à plus petite échelle,

x′ =
1

λ
x, (5.148)

ϕA′(x′) = λ∆
A

ϕA(x), (5.149)

on a vu que l’action

S =

∫
d4xL, L = −[

1

2
∂µϕ∂

µϕ+
1

2
m2ϕ2 +

g

4!
ϕ4], (5.150)

reste invariante si ∆ϕ = 1 et si m = 0. La transformation infinitésimale associée est donnée par δδλϕ =
δλ[ϕ+ x · ∂

∂x
ϕ], et donc, si on regarde la théorie à plus petite échelle (δλ = 1)

δϕ = (1 + x · ∂
∂x

)ϕ. (5.151)

En présence du terme de masse, on trouve

δS = −
∫
d4x[∂µϕ∂µ(ϕ+ x · ∂

∂x
ϕ) +

g

3!
ϕ3(ϕ+ x · ∂

∂x
ϕ) +m2ϕ(ϕ+ x · ∂

∂x
ϕ)]

= −
∫
d4x[2∂µϕ∂µϕ+m2ϕ2 +

g

3!
ϕ4 + x · ∂

∂x
(
1

2
∂µϕ∂µϕ+

1

2
m2ϕ2 +

g

4!
ϕ4)

=

∫
d4x (4 + x · ∂

∂x
)L+

∫
d4xm2ϕ2, (5.152)

ce qui donne

δS +m
∂

∂m
S = 0. (5.153)

Comme la transformation est linéaire, on s’attend donc naïvement à trouver pour l’action effective, δΓ = 0
si m = 0 et

δΓ +m
∂

∂m
Γ = 0, (5.154)

en répétant le raisonnement qui conduit aux identités de Ward. (Notons aussi que ∂
∂m

Γ = ∂
∂m
W [Jϕ].) On

va montrer maintenant que la renormalisation, i.e., l’absorption des divergences, implique des corrections
quantiques.
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5.5.2 Callan-Symanzik equation
Pour respecter l’analyse dimensionnelle habituelle on peut s’arranger, en ajustant la partie finie que l’on
soustrait avec la partie divergente, pour avoir

Z(Λ,mR, gR) = Z(
Λ

mR

, gR), g(Λ,mR, gR) = g(
Λ

mR

, gR),
m

mR

(Λ,mR, gR) =
m

mR

(
Λ

mR

, gR), (5.155)

et de même pour les quantités renormalisées en termes des quantités nues. Définissons Γ∆,Λ[ϕ,m, g] =
1
2
m∂ΓΛ

∂m
[ϕ,m, g] et varions m à g, ϕ,Λ fixé dans la relation (5.144):

lim
Λ→∞

2
dm

m
Γ∆,Λ[ϕ,m, g] =

[
dmR

∂

∂mR
+ dgR

∂

∂gR
+

∫
d4x δϕR(x)

δ

δϕR(x)

]
ΓR[ϕR,mR, gR]. (5.156)

Comme ΓR[ϕR,mR, gR] est de dimension totale nulle (il n’y a plus de Λ qui peut invalider l’analyse
dimensionnelle), on a aussi,[

mR
∂

∂mR
+

∫
d4x (1 + x · ∂

∂x
)ϕR(x)

δ

δϕR(x)

]
ΓR[ϕR,mR, gR] = 0. (5.157)

En utilisant δϕ(x) = 0 = 1
2
Z−1/2dZϕR(x) + Z1/2δϕR(x) ce qui donne δϕR(x) = −1

2
d(lnZ)ϕR(x), en

multipliant la relation (5.156) par mR

dmR
et en substituant (5.157), on trouve

lim
Λ→∞

2
∂m

∂mR

mR

m
Γ∆,Λ[ϕ,m, g] =

=
[
mR

∂gR
∂mR

∂

∂gR
−
∫
d4x (1 +

1

2
mR

∂ lnZ

∂mR
+ x · ∂

∂x
)ϕR(x)

δ

δϕR(x)

]
ΓR[ϕR,mR, gR]. (5.158)

Pour simplifier le membre de droite, on définit alors

β(gR) = mR
∂gR
∂mR

= −Λ
∂gR
∂Λ

, γ(gR) =
1

2
mR

∂ lnZ

∂mR
= −1

2
Λ
∂ lnZ

∂Λ
(5.159)

où la limite Λ → ∞ est entendue.
Pour comprendre le membre de gauche, on couple à l’action de départ ϕ2(x) avec une source externe

K(x),

SK = −
∫
d4x[

1

2
∂µϕ∂

µϕ+
g

4!
ϕ4 +

1

2
m2(1 +K(x))ϕ2(x)] (5.160)

ce qui donne Γ∆,Λ = 1
2
m
∂ΓΛ

∂m
=
∫
d4x

δΓΛ,K

δK(x)

∣∣
K=0

. Dans le calcul de Γ(1)[ϕ], il y a alors un nouveau terme

car V ′′
K [ϕ(x)] =

g
2
ϕ2(x) +m2K(x). On a donc,

Γ
(1)
∞,K =

∫
d4x
(
− V

′′

K [ϕ(x)]
A

2i
+ (V

′′

K [ϕ(x)])
2B

4i

)
(5.161)

avec A,B des constantes divergeantes, ce qui donne

δΓ
(1)
∞,K

δK(x)

∣∣
K=0

= −m2A

2i
+ gm2ϕ2(x)

B

4i
. (5.162)

Le premier terme est absorbé par un terme du type
∫
d4xνK(x) dans le Lagrangien. Ce terme découple et

ne nous intéresse pas, cf. “constante cosmologique” dans le calcul du potentiel effectif ou discussion des
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tadpoles]. Le deuxième terme peut être absorbée dans une redéfinition de K(x), K(x) = ZKKR(x) avec
ZK = (1−ℏgB

4i
). On a donc aussi que la partie linéaire enK(x) de ΓΛ,K [ZKKR(x), Z

1/2ϕR(x),m(), g()] =
ΓR,K [KR, ϕR,mR, gR] est finie à une boucle pour Λ → ∞. On définit alors

ΓR,∆[ϕR,mR, gR] =

∫
d4x

δΓR,K

δKR(x)

∣∣
KR=0

=

=

∫
d4xZK

δΓΛ,K

δK(x)

∣∣
K=0

= ZKΓΛ,∆[Z
1/2ϕR,m(), g()] , (5.163)

Le membre de gauche de (5.158) devient alors 2 ∂m
∂mR

mR

m
1
ZK

ΓR,∆[ϕR,mR, gR]. Si on définit

1 + δ(gR) =
1

ZK

mR

m

∂m

∂mR

= − 1

ZK

Λ

m

∂m

∂Λ
(5.164)

l’équation (5.158) devient

2(1 + δ(gR))ΓR,∆[ϕR,mR, gR] =

=
[
β(gR)

∂

∂gR
−
∫
d4x (1 + γ(gR) + x · ∂

∂x
)ϕR(x)

δ

δϕR(x)

]
ΓR[ϕR,mR, gR] . (5.165)

C’est l’équation de Callan-Symanzik. On voit que la relation naïve est violée par les termes δ(gR), γ(gR),
β(gR) qui sont d’ordres ℏ et dus au fait que la relation entre quantités renormalisées et nues, nécessaire
pour absorber les divergences, fait intervenir Λ.

5.5.3 High energy behavior and massless theory
En termes de transformées de Fourier,

δΓ

δϕ(x1) . . . δϕ(xn)
= Γ(x1 . . . xn) =

∫
d4p1
(2π)4

· · ·
∫

d4pn
(2π)4

exp ip1x1 . . . exp ipnxnΓ̃(p1, . . . , pn) .(5.166)

Regardons la transformée de Fourier de

Γ∆(x1, . . . , xn) = −1

2
m2

∫
d4x⟨0|T ϕ̂2(x)ϕ̂(x1) . . . ϕ̂(xn)|0⟩1PIR =

=

∫
d4p1
(2π)4

· · ·
∫

d4pn
(2π)4

exp ip1x1 . . . exp ipnxnΓ̃∆(0; p1, . . . , pn) . (5.167)

En effet, dans l’action, on a le terme∫
d4x − 1

2
m2(1 +K(x))ϕ2(x) (5.168)

et

ΓΛ,∆ =
1

2
m
∂ΓΛ

∂m
=

∫
d4x

δΓΛ

δK(x)

∣∣
K=0

, (5.169)

ce qui donne, en transformée de Fourier,

Γ̃Λ,∆(p) =

∫
d4x exp−ipx δΓΛ

δK(x)
, (5.170)
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et donc ΓΛ,∆ = Γ̃Λ,∆(0); l’insertion se fait à moment zéro. On utilise
∫
d4xϕ(x)Γ(x) =

∫
d4p
(2π)4

ϕ̃(−p)Γ̃(p)
et aussi ∫

d4x(1 + γ(gR) + x · ∂

∂x
)ϕ(x)

δ

δϕ(x)

=

∫
d4x(1 + γ(gR) + x · ∂

∂x
)

∫
d4p

(2π)4
exp ipx ϕ̃(p)

∫
d4p′

δϕ̃(p′)

δϕ(x)

δ

δϕ̃(p′)

=

∫
d4x

∫
d4p

(2π)4
(1 + γ(gR) + p · ∂ exp ipx

∂p
)ϕ̃(p)

∫
d4p′ exp−ip′x δ

δϕ̃(p′)

=

∫
d4x

∫
d4p

(2π)4
(1 + γ(gR)− 4− p · ∂

∂p
)ϕ̃(p) exp ipx

∫
d4p′ exp−ip′x δ

δϕ̃(p′)

=

∫
d4p(1 + γ(gR)− 4− p · ∂

∂p
)ϕ̃(p)

δ

δϕ̃(p)
.

L’équation de Callan-Symanzik devient alors, en appliquant
δn

δϕ̃(−p1) . . . δϕ̃(−pn)
et en annulant ϕ̃(p),

2(1 + δ(gR))Γ̃R,∆(0; p1, . . . , pn) = [β(gR)
∂

∂gR
− n(1 + γ(gR))−

n∑
k=1

pk ·
∂

∂pk
]Γ̃R(p1, . . . , pn) .(5.171)

En utilisant V ′′
K [ϕ(z1)] = −1

2
gϕ2(z1)−m2K(z1), ϕ2(z1) =

∫
d4p1
(2π)4

∫
d4p2
(2π)4

ϕ̃(−p1)ϕ̃(−p2) exp−i(p1 + p2)z1,∫
d4z1 exp i(q1 − p1 − p2)z1 = (2π)4δ4(q1 − (p1 + p2)), on trouve que

Γ̃(1)(p1, . . . , p2n) ∼ γ̃(n)(p1 + p2, . . . , p2n−1 + p2n) , (5.172)

Γ̃
(1)
∆ (0; p1, . . . , p2n) ∼ γ̃(n+1)(0; p1 + p2, . . . , p2n−1 + p2n) , (5.173)

Si tous les moments externes deviennent grands ensembles p → λp, en utilisant δ(λp) = 1
λ
δ(p) et le

comportement de γ̃(n), on trouve

Γ̃(1)(λp1, . . . , λp2n) = O(
1

λ2(n−1)+4
), (5.174)

Γ̃
(1)
∆ (0;λp1, . . . , λp2n) = O(

1

λ2n+4
) . (5.175)

La renormalisation n’affecte que γ̃(1)(p1)div = (2π)4δ4(p1)γ
(1)
div = O(λ−4) et γ̃(2)(p1, p2)div = (2π)4δ4(p1+

p2)γ
(2)
div(0) = O(λ−4) et ne change donc pas le fait que le membre de gauche de l’équation Callan-

Symanzik décroît plus vite et est donc négligeable à haute énergie. On dénotant par Γ̃asR (p1, . . . , pn)

le comportement dominant à haute énergie de Γ̃R(p1, . . . , pn), on trouve donc

[β(gR)
∂

∂gR
− n(1 + γ(gR))−

n∑
k=1

pk ·
∂

∂pk
]Γ̃asR (p1, . . . , pn) = 0 . (5.176)

Comme l’analyse dimensionnelle usuelle s’applique pour la théorie renormalisée, faire p → λp dans
ΓasR (pi; gR,mR) est équivalent, à un facteur global près, à faire mR → λ−1mR. On peut alors considérer
les fonctions de Green Γ̃asR (pi; gR) solutions de (5.176) comme la définition des fonctions de Green de la
théorie de masse nulle.
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5.5.4 Running coupling constant
En oubliant l’indice R par la suite et en introduisant

λ
d

dλ
g(λ) = β(g(λ)), g(1) = g ⇐⇒ λ = exp

∫ g(λ)

g

dg′

β(g′)
, (5.177)

λ
d

dλ
z(λ) = γ(g(λ))z(λ), z(1) = 1 ⇐⇒ z(λ) = exp

∫ λ

1

dλ′γ(g(λ′))

λ′
= exp

∫ g(λ)

g

dg′γ(g′)

β(g′)
, (5.178)

l’équation (5.176), qui est valable pour toutes les valeurs des moments externes et de g, se réécrit

λ
d

dλ
[λ−n(z(λ))−nΓ̃as(λ−1pi; g(λ))] = 0, (5.179)

ce qui est équivalent à

Γ̃as(λpi; g) = λ−n(z(λ))−nΓ̃as(pi; g(λ)) (5.180)

À partir de x′ = λ−1x, ϕ′(x′) = λϕ(x), on trouve qu’en transformée de Fourier, p′ = λp, ϕ̃′(p′) =

λ−3ϕ̃(p). Au niveau quantique, on définit ϕ̃′(p′) = λ−3z(λ)ϕ̃(p), ce qui justifie la terminologie “dimen-
sion anomale” pour z(λ). En termes de la fonctionnelle

Γ̃as[ϕ̃; g] =
∑
n=2

1

n!

∫
d4p1
(2π)4

· · ·
∫

d4pn
(2π)4

ϕ̃(−p1) . . . ϕ̃(−pn)Γ̃as(p1, . . . , pn; g) , (5.181)

l’équation (5.180) s’exprime par

Γ̃as[ϕ̃′; g] = Γ̃as[ϕ̃; g(λ)] . (5.182)

On a donc montré que l’invariance par dilatation de la théorie de masse nulle peut être rétablie au niveau
quantique en introduisant une dimension anomale pour les champs, sans importance pour les éléments de
matrice S, et une “constante de couplage” qui varie avec l’énergie.

Le comportement de la constante de couplage en fonction de l’énergie est déterminé par la fonction
β(g):

1 2 3 4

-2

-1

1

2

3

• Singularité à énergie finie: β(g) > 0 et croît suffisamment rapidement pour que
∫∞ dg′

β(g′)
< ∞,

par exemple β(g) = g3. Dans ce cas, g(λ) croît de 0 à ∞ et atteint g = ∞ pour une valeur finie de
l’énergie, λ∞ = exp

∫∞
g

dg′

β(g′)
.
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• Singularité à énergie infinie: β(g) > 0 et
∫∞ dg′

β(g′)
→ ∞, par exemple, β(g) =

√
g. Dans ce cas,

g(λ) croît de 0 à ∞ et atteint g = ∞ pour une valeur infinie de l’énergie, λ∞ = ∞.

• Point fixe ultraviolet: β(g) > 0 pour 0 < g < g∗, β(g∗) = 0, β(g) < 0 pour g∗ < g, par
exemple, β(g) = −g(g − 2). Dans ce cas, g(λ) croît pour 0 < g < g∗ et g(λ) décroît pour
g∗ < g et g(λ) → g∗, peu importe de quel côté de g∗ on commence. Si le zéro de β(g) est
simple, alors β(g) → −a(g − g∗) pour g → g∗ avec a > 0. La solution de λ d

dλ
g = −a(g − g∗)

est g(λ) − g∗ = (g(1) − g∗)λ−a. En supposant que γ(g) → γ(g∗), on trouve comme dimension
anomale à haute énergie z(λ) = λγ(g

∗).

• Liberté asymptotique: β(g) = −bgn, b > 0, n > 2 pour g petit. En intégrant l’équation différen-
tielle, on trouve g(λ) = g[1 + gn−1(n− 1)b lnλ]−

1
n−1 . On a donc g(λ) → 0 pour λ→ ∞. Dans ce

cas, l’hypothèse sur laquelle se base le calcul perturbatif, à savoir que g est petit, est valable à haute
énergie.

Pour le champ scalaire avec V [ϕ] = − g
4!
ϕ4, on a montré que

gR = g − ℏ
3

32π2
g2 ln Λ2 + ℏ finite +O(ℏ2) . (5.183)

Ceci implique que

β(gR) = −Λ
d

dΛ
gR = ℏ

3

16π2
g2R +O(ℏ2) . (5.184)

On est donc dans le cas 1. Ce cas s’applique également à l’électrodynamique quantique, où on trouve

eR = e[1− ℏ
e2

12π2
ln(Λ/µ)] +O(ℏ2) , (5.185)

avec µ un cut-off infrarouge, et donc

β(eR) = ℏ
e3R
12π2

+O(ℏ2). (5.186)

Pour les théories de Yang-Mills basée sur le groupe de jauge SU(N), par contre, on peut montrer que

gR = g[1 + ℏ
g2

4π2
(
11

12
N − nf

6
) ln(Λ/µ)] +O(ℏ2) , (5.187)

où nf le nombre de fermions. On en tire que

β(gR) = ℏ
g3R
4π2

(
nf
6

− 11

12
N) +O(ℏ2). (5.188)

Pour nf ⩽ 5N , on a β(gR) < 0 et on est donc dans le cas 4 de la liberté asymptotique. En particulier, ce
cas s’applique pour la chromodynamique quantique, avec nf = 6 et N = 3. Ainsi, comme gR(λ) → 0,
les quarks se comportent à haute énergie comme des particules libres.

5.5.5 Exercises
5.5.5.1 Callan-Symanzik in momentum space at tree level

Vérifier l’équation de Callan-Symanzik pour la théorie g
4!
ϕ4 en transformée de Fourier à l’ordre 0 en ℏ et

vérifier que les termes en m2 s’annulent séparément.
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5.5.5.2 Dimensional regularisation and renormalization group

Discuter le groupe de renormalisation dans le contexte de la régularisation dimensionnelle en étudiant la
dépendance de la théorie renormalisée en le paramètre d’échelle µ. Voir par exemple chapitre 9 de [16]
ou page 650, 651 de [9].

5.6 Summary
En physique des particules, on s’intéresse, entre autres, aux éléments de la matrice de diffusion. Les
formules de réduction nous permettent de construire ces éléments de matrices à partir des fonctions de
Green de la théorie.

Les fonctions de Green se calculent de manière perturbative en utilisant les régles de Feynman. On
peut réorganiser la somme sur tous les diagrammes de Feynamn en organisant tous les diagrammes en
des parties connexes. Les diagrammes connexes sont constitués de diagrammes en arbre avec vertex
remplacés par des vertex propres qui contiennent toutes les boucles.

Les divergences ultraviolettes d’une théorie se trouvent dans les vertex propres et sont absorbées en
redéfinissant les constantes de couplages et fonction d’onde du Lagrangien de départ. Cette procédure
affecte, entre autres, le comportement d’une théorie sous les changements d’échelle.

5.7 Heat kernel and zeta function regularization
cf. [10], Appendice A.9, [46], [47],[48].

5.7.1 Schwinger proper time
L’intégrale de chemin en Euclidien est donnée par

exp−1

ℏ
W [J ] =

∫
Dϕ exp−1

ℏ
(SEL + JAϕ

A), (5.189)

avec

SEL =

∫
ddx [

1

2
∂aϕ∂

aϕ+
1

2
m2ϕ2 + V [ϕ]], (5.190)

pour le champ scalaire où les indices sont descendus et montés avec δab et son inverse. Cette action ressem-
ble donc ‘’ un Hamiltonien à d dimensions avec les moments remplacés par des vitesses. L’approximation
semi-classique pour l’action effective devient

Γ[ϕ] = SEL [ϕ] +
ℏ
2
Tr
(
ln
δ2SE

L

δϕδϕ
[ϕ]− ln

δ2SE
L

δϕδϕ
[0]
)
+O(ℏ2), (5.191)

Si
M(x, x′)[ϕ] =

δ2SE
L

δϕ(x)δϕ(x′)
[ϕ] = (−∆+m2 + V ′′[ϕ(x)])δd(x, x′) , (5.192)

la contribution à une boucle peut s’écrire comme une intégrale sur le temps propre de Schwinger,

Γ(1)[ϕ] = −1

2

∫ ∞

0

dτ

τ
Tr(e−τM [ϕ] − e−τM [0]). (5.193)
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On utilise

ln z = −
∫ ∞

0

dt

t
(e−tz − e−t),

(même développement en série de Taylor autour de 1 et puis on pose z = x
y et on effectue le changement de

variable t→ ty.

Les divergences à grand moment correspondent à des divergences en τ → 0 dans la représentation
de Schwinger. Une manière de régulariser consiste alors à couper la borne d’intégration inférieure. Pour
faciliter la discussion on pose M [ϕ] = H[ϕ] +m2 et l’action régularisée devient

Γ(1)
ϵ [ϕ] = −1

2

∫ ∞

ϵ

e−m
2τ dτ

τ
Tr(e−τH[ϕ] − e−τH[0]). (5.194)

5.7.2 Heat kernel

Si on pose de plus V ′′[ϕ(x)] = U(x), H = −∆ + U(x) est l’Hamiltonien hermitien d’un problème de
mécanique quantique à d dimensions. Pour paramétriser les divergences, on a besoin du comportement de
⟨x, e−τHx′⟩ ≡ KH(x, x

′; τ) au voisinage de τ = 0. On doit alors résoudre l’équation de la chaleur (reliée
à l’équation de Schrödinger si τ = it) pour le noyau KH(x, x

′; τ),

− ∂

∂τ
KH(x, x

′; τ) = HKH(x, x
′; τ), KH(x, x

′; 0) = δd(x, x′) . (5.195)

Pour le Laplacian, H = −∆, la solution de cette équation est

K−∆(x, x
′; τ) =

1

(4πτ)d/2
exp−(x− x′)2

4τ
(5.196)

Pour l’Hamiltonien H = −∆+ U(x) on fait l’hypothèse

KH(x, x
′; τ)

τ→0−→ 1

(4πτ)d/2
exp (−(x− x′)2

4τ
)
(∑

n

an(x, x
′)τn

)
. (5.197)

Les coefficients an(x, x′) sont appelés coefficients de Seeley et satisfont a∗n(x, x
′) = an(x

′, x) à cause de
l’hermiticité de H et aussi a0(x, x′) = 1 pour satisfaire à la condition intitiale.

On pose aussi KH(x, x
′; τ) = exp−σ(x, x′; τ). L’équation de la chaleur est alors équivalente à

∂σ

∂τ
= ∆σ − ∂σ

∂xa
∂σ

∂xa
+ U(x). (5.198)

σ(x, x′; τ) peut être développé comme

σ(x, x′; τ) =
1

4τ
(x− x′)2 +

d

2
ln (4πτ)− ln (1 +

∑
n⩾ 1

an(x, x
′)τn)

=
1

4τ
(x− x′)2 +

d

2
ln (4πτ) +

∑
m⩾ 1

bm(x, x
′)τm.
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Injecté dans (5.198), on trouve

b1 + (x− x′)a
∂b1
∂xa

= U(x), 2b2 + (x− x′)a
∂b2
∂xa

= ∆b1,

kbk + (x− x′)a
∂bk
∂xa

= ∆bk−1 −
k−2∑
l=1

∂bl
∂xa

∂bk−1−l

∂xa
, k⩾ 3.

En utilisant (x− x′)a
∂U(x′ + s(x− x′))

∂xa
= s

∂

∂s
U(x′ + s(x− x′)), ceci donne

b1(x, x
′) =

∫ 1

0

dsU(x′ + s(x− x′)), b2(x, x
′) =

∫ 1

0

ds s(1− s)∆U(x′ + s(x− x′)).

car

b1 + (x− x′)
∂

∂x
b1 =

∫ 1

0

ds (1 + s
∂

∂s
)U(x′ + s(x− x′)) = U(x),

2b2 + (x− x′)
∂

∂x
b2 −∆b1 =

∫ 1

0

ds
[
s(1− s)(2 + s

∂

∂s
)− s2

]
∆U = 0.

car (1+ s
∂

∂s
)U =

∂

∂s
(sU) et

[
2s(1− s)+ s2(1− s)

∂

∂s
− s2

]
∆U =

[
2s(1− s)+−2s(1− s)+ s2 − s2

]
∆U +

∂

∂s
(s2(1− s)∆U), [(s2(1− s))]10 = 0 et les autres termes se compensent.

Pour les éléments diagonaux, on injecte la première expansion de σ(x, x′; t) en les coefficients de
Seeley dans (5.198) pour trouver la relation de récurrence

a0(x, x) = 1, ak(x, x) = −1

k
Hak−1, k⩾ 1. (5.199)

En effet, on trouve

kakτ
k−1

1 + anτn
=

∂

∂xa

∂ak
∂xa

τk

1 + anτn
+

∂ak
∂xa

τk

1 + anτn

∂al
∂xa

τ l

1 + amτm
− U.

En particulier,

a1 = −U, a2 =
1

2
(−∆U + U2), a3 =

1

6
(−∆2U +∆U2 + U∆U − U3), (5.200)

En injectant dans (5.194) et en négligeant les termes aux bords, on retrouve alors la forme générale des
divergences à une boucle pour le champ scalaire.

5.7.3 1-loop divergences in scalar field theory
Pour d⩽ 6, les divergences à une boucle sont paramétrisées par

Γ(1)
ϵ [ϕ] = −1

2

1

(4π)d/2

∫
ϵ

dτ e−m
2τ

τ 1+d/2

∫
ddx

[
− Uτ +

1

2
U2τ 2 − 1

6
(U3 +

∂U

∂xa
∂U

∂xa
)τ 3 +O(τ 4)

]
=

1

2

1

(4π)d/2

[
− ϵ1−d/2

1− d/2

∫
ddxU +

1

2

ϵ2−d/2

2− d/2

∫
ddx (U2 + 2m2U)− (5.201)

−1

6

ϵ3−d/2

3− d/2

∫
ddx (U3 + 3m2U2 + 3m4U +

∂U

∂xa
∂U

∂xa
)
]
+ fini,



182 CHAPTER 5. RENORMALIZATION AND ASYMPTOTIC BEHAVIOR

où on a gardé la contribution de la borne inférieure dans la dernière ligne et ϵ
0

0
= ln ϵ.

En particulier, pour d = 6, V = g
3!
ϕ3, et ϵ = 1

Λ2 ,

Γ
(1)
div[ϕ] =

1

27π3

∫
d6x
[Λ4

2
gϕ− Λ2

2
(g2ϕ2 + 2gm2ϕ)+

+
1

3
ln

Λ

m
(g3ϕ3 + 3g2m2ϕ2 + 3gm4ϕ+ g2∂aϕ∂

aϕ)
]
, (5.202)

pour d = 4, V = g
4!
ϕ4,

Γ
(1)
div[ϕ] =

1

32π2

∫
d4x
[
Λ2 g

2
ϕ2 − ln

Λ

m
(
g2

4
ϕ4 + gm2ϕ2)

]
, (5.203)

et pour d = 2 quelque soit V [ϕ],

Γ
(1)
div[ϕ] =

1

4π
ln

Λ

m

∫
d2xV ′′[ϕ] . (5.204)

5.7.4 Zeta function regularization
Soit λκ les valeurs propres réelles de l’opérateur hermitien H et φκ(x) un ensemble orthonormée et
complet de vecteurs propres,

Hφκ(x) = λκφκ(x),

∫
ddx φ̄κ(x)φκ′(x) = δκκ′ , φ̄κ(x)φκ(x

′) = δd(x, x′). (5.205)

Le noyau chaleur est alors donné par

KH(x, x
′; τ) = ⟨x, e−Hτx′⟩ = e−λ(κ)τ φ̄κ(x)φκ(x

′). (5.206)

Pour des opérateurs H appropriés (différentiels elliptiques sur une variété compacte, nombre fini de
valeurs propres négatives), on définit la fonction zeta par

ζH(s) ≡ TrH−s =
∑
λκ ̸=0

λ−sκ , (5.207)

avec λ−sk remplacé par sgn (λκ)|λκ|−s pour λκ < 0.
En particulier,

−ζ ′H(0) =
∑
λκ ̸=0

lnλke
−s lnλκ|s=0 =

∑
λκ ̸=0

lnλk ≡ ln det′H, (5.208)

où la notation det′ dénote le déterminant après avoir enlevé de l’espace les vecteurs propres de valeur
propre zéro.

On va montrer que ζH(s) converge et est holomorphe pour Re(s) > d/2 et admet une continua-
tion analytique en une fonction méromorphe dans C avec au plus des pôles simples en s = d/2, d/2 −
1, . . . , d/2− [d−1

2
].

Puisque {λκ, λκ < 0} est un ensemble fini,
∑

κ,λκ<0 sgn (λκ)|λκ|−s existe pour tout s ∈ C, on peut
se limiter au cas où les λκ⩾ 0. Comme le spectre λκ n’est en général pas connu de manière explicite, on
établit la représentation suivante:

ζH(s) =
1

Γ(s)

∫ ∞

0

dτ τ s−1(
∑
κ

e−λκτ − dimKerH) =
1

Γ(s)

∫ ∞

0

dτ τ s−1Tr(e−τH − P ) , (5.209)
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où P est la projection orthogonale sur KerH .
En effet, à partir de

Γ(s) =

∫ ∞

0

dτ τs−1e−τ ,

on trouve par changement de variable τ → λτ que

Γ(s) = λs
∫ ∞

0

dτ τs−1e−λτ , Re(λ), Re(s) > 0,

et puis on utilise (5.207) pour conclure.

En particulier, on trouve la relation suivante entre la fonction zeta et le noyau chaleur,

ζH(s) =
1

Γ(s)

∫ ∞

0

dτ τ s−1
[ ∫

ddxKH(x, x; τ)− dimKerH
]
. (5.210)

En séparant l’intégrale en 2 morceaux,

ζH(s) =
1

Γ(s)

∫ 1

0

dτ τ s−1Tr(e−τH − P ) +
1

Γ(s)

∫ ∞

1

dτ τ s−1Tr(e−τH − P ), (5.211)

la deuxième intégrale est de la forme (Γ(s))−1
∫∞
1
dτ τ s−1O(e−λ̃τ ), avec λ̃ la première valeur propre

strictement positive. Elle converge et définit une fonction holomorphe de s car Γ(s) ne s’annule jamais.
De plus comme, 1

Γ(s)
= s+O(s2), la deuxième partie donne 0 pour s = 0.

Pour la première intégrale on peut utiliser que

KH(x, x; τ) =
1

(4π)d/2

∑
n

an(x, x)τ
n−d/2, Ak =

∫
ddx

ak(x, x)

(4π)d/2
(5.212)

et si N > d/2,

1

Γ(s)

∫ ϵ

0

dτ τ s−1
( N∑
k=0

Akτ
k−d/2 +O(τN+1−d/2)− dimKerH

)
= (5.213)

=
1

Γ(s)
(
N∑
k=0

Ak
s+ k − d/2

− dimKerH

s
) +R(s), (5.214)

avec R(s) une fonction bornée de s. Si Re(s) > d/2 cette expression converge. Les pôles se trouvent en
s = d/2, d/2− 1 . . . , d/2− [d−1

2
]. Pour s = 0, le pôle de la somme se simplifie avec le zéro de 1

Γ(s)
et on

trouve

ζH(0) =

{ ∫
ddx

ad/2(x,x)

(4π)d/2
− dimKerH si d est pair

−dimKerH si d est impair
. (5.215)

Pour

ZH =

∫
Dϕ exp−1

2

∫
ddxϕ(x)Hϕ(x), (5.216)

on a ϕ(x) = aκφκ(x). Faisons l’hypothèse qu’il n’y a pas de mode zéro. Comme on effectue une
transformation orthonormée de Jacobien unité Dϕ =

∏
κ da

κ. L’intégrale de chemin devient

ZH =
∏
κ

∫
daκe−

λκ(aκ)2

2 =
∏
κ

√
2π

λk
=
(
det(

H

2π
)
)− 1

2
. (5.217)
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On a donc aussi

lnZH =
1

2
ζ ′H/2π(0) (5.218)

Notons encore que sous une transformations d’échelle, H → H/µ2, où µ a la dimension d’une masse si
on veut que H ′ soit sans dimensions, on a

lnZH/2πµ2 =
1

2
ζ ′H(0) +

1

2
ln (2πµ2)ζH(0), (5.219)

puisque ζH/k2(s) = k2sζH(s) et donc ζ ′H/k2(s) = k2sζ ′H(s) + 2 ln k ζH(s). En fait, il faudrait comprendre
tous les déterminants que l’on veut définir par la fonction ζ dans ce sens car seul des quantités sans
dimensions peuvent être continuées analytiquement.

5.7.5 Partition function of massless scalar field

Pour le champ scalaire libre sans masse à 4 dimensions,

S[ϕ] = −1

2

∫
d4x ∂µϕ∂

µϕ, (5.220)

qui satisfait des conditions aux bords spatiales périodiques dans une boîte rectangulaire de dimensions Li,
on a H = −∆, x4 = τ

φκ(x) = eiκax
a

, κa =
2πna

L(a)
, na ∈ Z, (5.221)

avec L4 = β. Ceci implique que λκ = κaκ
a = (2πn4

β
)2 + k2 à la limite continue pour une boîte (spatiale)

grande, la densité de valeurs propres pour n ≡ n4 ̸= 0 est 2V
(2π)3

∫
d3k et V

(2π)3

∫
d3k pour n = 0 en tenant

compte de la dégénérescence des valeurs propres. La fonction zeta vaut donc

ζ−∆(s) =
4πV

(2π)3

[ ∫ ∞

0

dk k2−2s + 2
∑
n>0

∫ ∞

0

dk k2(4π2β−2n2 + k2)−s
]
. (5.222)

La première intégrale diverge pour k petit et Re(s)⩾ 3/2. Cette divergence infrarouge est régularisée
en mettant une borne inférieure à l’intégrale justifiée par le fait que la boîte est grande mais finie. On a
alors

∫∞
ϵ
dk k2−2s = −(3− 2s)−1ϵ3−2s.

On trouve2

ζ−∆(s) = − 4πV

(2π)3
(3− 2s)−1ϵ3−2s − 8πV

(2π)3
(2− 2s)−1(2πβ−1)3−2sζR(2s− 3)22s−4Γ(s−

1
2
)Γ(s− 3

2
)

Γ(2s− 2)
.

2Il y a une coquille dans le calcul de l’intégral de [46] eq. (3.7).
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En effet, le deuxième terme est intégré par parties et donne

− 8πV

(2π)3

∑
n>0

∫ ∞

0

dk (4π2β−2n2 + k2)−s+1(2− 2s)−1.

En effectuant le changement de variables k = 2πnβ−1 sinh y, on trouve

− 8πV

(2π)3
(2− 2s)−1

∑
n>0

(2πβ−1n)−2s+3

∫ ∞

0

dy (cosh y)3−2s.

Dans Gradshteyn, formule 3.512, on trouve

I(β, ν, a) =

∫ ∞

0

dx
cosh 2βx

(cosh ax)2ν
=

4ν−1

a
B(ν +

β

a
, ν − β

a
), Re (ν ± β > 0, a > 0, β > 0); B(α, β) =

Γ(α)Γ(β)

Γ(α+ β)
,

ce qui donne∫ ∞

0

dy (cosh y)3−2s =

∫ ∞

0

dy
cosh y

(cosh y)2(s−1)
= I(

1

2
, s− 1, 1) = 22s−4Γ(s−

1
2 )Γ(s−

3
2 )

Γ(2s− 2)
.

Comme [Γ(2s−2)]−1 = 4s+O(s2), on trouve ζ−∆(0) = 0 ce qui implique que la fonction de partition
ne dépend pas de l’échelle µ. De plus

ζ ′−∆(0) = −πV β−3ζR(−3)Γ(−1

2
)Γ(−3

2
) =

π2

45
V β−3.

On trouve donc pour la fonction de partition

lnZ−∆ =
π2

90
V β−3. (5.223)

ce qui donne comme énergie, entropie et pression de radiation

E = −∂ lnZ−∆

∂β
=
π2

30
V β−4, S = βE + lnZ−∆ =

2π2

45
V β−3, (5.224)

P = β−1 ∂ lnZ−∆

∂V
=
π2

90
β−4. (5.225)

do the discussion in any dimension as in the canonical part, comment on independence of bound-
ary conditions in this way of computing, add the discussion of the Casimir effect as in Hawking’s
CMP

5.7.6 Exercises
5.7.6.1 Laplacian on the circle

Trouver les vecteurs et valeurs propres du Laplacien ∆ sur le cercle. Trouver le noyau chaleur et montrer
que

lim
t→0

∑
n∈Z e

−n2t −
√

π
t

tm
= 0, m > 0, (5.226)

en comparant les noyaux chaleurs du Laplacien sur R et S1. Montrer pour le cercle que ζ−∆(s) = ζR(2s)
où ζR(s) est la fonction zeta de Riemann (cf. [48] section 1.1).
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5.7.7 High temperature expansion of partition function for massive scalar field
to be done, compare Laine section 2.3 with e.g. Zinn-Justin

5.7.8 Bose-Einstein condensation

5.7.9 Scalar field theory and Ising model



Chapter 6

Classical gauge fields

cf. [49]

6.1 Group theory background
Soit {ta}, a = 1, . . . , d une base d’une algèbre de Lie g à d dimensions et f cab les constantes de struc-
ture, [ta, tb] = f cabtc. Les matrices (tAa )

c
b = f cab forment une représentation à d dimensions de g, appelé

représentation adjointe. La métrique de Killing est définie par gKab = Tr(tAa t
A
b ) = fdacf

c
bd.

D’une manière invariante, la représentation adjointe est définie par ad : g → End g, x 7→ adx,
adxy = [x, y] et la métrique de Killing par gK(x, y) = Tr(adx ◦ ady).

Pour une somme direct ⊕ngn d’algèbres de Lie, on peut choisir une base {tnα}, avec {tnα} pour n
fixé une base de gn tel que [tnα, tmβ] = f lγnαmβtlγ avec f lγnαmβ = δlmδmnf

(n)γ
αβ .

• g est abélienne si [g, g] = 0

• i ⊂ g est un idéal de g si [i, g] ⊂ g

• g est simple si elle est non abélienne et n’admet pas d’idéal non trivial (distinct de 0, g)

• une représentation ρ : g → EndV est réductible s’il existe un sous-espace W ⊂ V non trivial et
invariant: W distinct de 0,W et ρ(g)W ⊂ W

• une représentation ρ : g → EndV est complètement réductible si pour tout W ⊂ V invariant, il
existe W ′ invariant et supplémentaire: W = W ⊕W ′ avec ρ(g)W ′ ⊂ W ′

• une représentation ρ : g → EndV est fidèle si ρ est injectif

• la forme de trace de ρ est définie par Trρ(ea)ρ(eb) = kab. elle est invariante, f cadkcb + f cbdkac = 0

• dans une algèbre de Lie fini-dimensionnelle simple, tout tenseur symétrique invariant est propor-
tionnelle à la métrique de Killing, et donc Trρ(ta)ρ(tb) = λgKab avec λ ∈ R ou C

• une algèbre de Lie fini-dimensionnelle semi-simple g est définie par les conditions équivalentes

1. la métrique de Killing est non-dégénérée

2. g est somme directe d’idéaux simples

3. g n’admet pas d’idéal abélien (̸= 0)

4. toute représentation fini-dimensionnelle de g est complètement réductible

187
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• la complexification g̃ d’une algèbre de Lie g sur R est sem-simple ssi g est semi-simple

• si g̃ est simple alors g est simple, contre-exemple pour la proposition inverse: so(3, 1)

• une algèbre de Lie fini-dimensionnelle réductive g est définie par les conditions équivalentes

1. g = Zg ⊕ g′ avec g′ semi-simple. Zg est l’idéal abélien défini par [Zg, g] = 0 et g′ est l’idéal
de g défini par g′ = [g, g]

2. la représentation adjointe de g est complètement réductible

3. g admet une rerésentation fini-dimensionnelle fidèle avec une forme de trace non dégénérée

4. g admet une rerésentation fini-dimensionnelle fidèle complètement réductible

• une représentation ρ d’une algèbre de Lie réductive g est complètement réductible ssi les transfor-
mations ρ(Zg) sont réductibles

• une algèbre de Lie fini-dimensionnelle g sur R compacte est définie par les conditions équivalentes

1. g admet un produit scalaire ⟨·, ·⟩ invariant défini négatif, c-à-d les valeurs propres de gab =
⟨ta, tb⟩ sont strictement négatives

2. g est somme direct d’un idéal semi-simple compact avec Zg; g est donc en particulier réductive

3. il existe une base dans laquelle les constantes de structure sont complètement antisymétriques

Pour g compacte, il existe une base adaptée à la décomposition en somme directe avec bases tnα tel
que gnαmβ = − 1

g2n
δnmδαβ avec 0 < g2n ∈ R. En utilisant l’invariance, les constantes de structure sont en

effet complètement anti-symétriques dans cette base.

6.2 Global symmetries of matter fields
Soit LM(yi, ∂µy

i) le Lagrangien pour les champs de matière. Par exemple, yi = ϕa, (ϕ̄a), des champs
scalaires réels ou complexes, yi = ψa, ψ̄a, ξα, ξ̄α̇, des fermions de Dirac ou de Weyl.

On fait l’hypothèse que LM est invariant sous les transformations

δky
i = −kaTaijyj (6.1)

avec k = kaea, ka des paramètres constants, ea les générateurs d’une algèbre de Lie g sur R et Taij les
générateurs d’une représentation matricielle,

[ea, eb] = f cabec, fd[abf
e
c]d = 0, [δk1 , δk2 ]y

i = δ[k1,k2]y
i. (6.2)

Cette condition d’invariance s’exprime explicitement par

0 = δkLM = δky
i ∂LM

∂yi
+ ∂µδky

i ∂LM

∂∂µyi
= δky

i δLM

δyi
+ ∂µ

(
δky

i ∂LM

∂∂µyi

)
. (6.3)

D’après le 1er théorème de Noether, les courants conservés sont

jµa (y, ∂y) = −δeayi
∂LM

∂∂µyi
= Ta

i
jy
j ∂LM

∂∂µyi
, ∂µj

µ
a ≈ 0. (6.4)
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Par exemple, le Lagrangien

LM(ψl, ψ̄l, ∂µψ
l) = −

N∑
l=1

ψ̄l(∂/ +m)ψl (6.5)

est invariant sous les transformations ψ′l = (U−1ψ)l avec U une matrice unitaire agissant sur les différents
fermions de Dirac,

LM(ψ′l, ψ̄′l, ∂µψ
′l) = LM(ψl, ψ̄l, ∂µψ

l). (6.6)

Si U = 1+kaTa+O(k
2), avec Ta des générateurs des matrices antihermitiennes, on a δkψl = −kaTalmψm

et l’invariance sous forme finie implique l’invariance sous forme infinitésimale, δkLM = 0.

6.3 Gauge principle and covariant derivative
La question qu’on se pose alors est : Comment faut-il modifier la théorie pour avoir invariance sous les
transformations locales ? On voudrait donc que ka → ϵa(x), avec ϵa(x) des fonctions arbitraires sur
l’espace-temps.

On a
δϵLM = −ϵa

(
Ta

i
jy
j ∂LM

∂yi
+ Ta

i
j∂µy

j ∂LM

∂∂µyi

)
− ∂µϵ

aTa
i
jy
j ∂LM

∂∂µyi
= −∂µϵajµa , (6.7)

les 2 premiers termes s’annulent en vertu de l’invariance sous transformations globales.
La réponse consiste à introduire de nouveaux champs, les potentiels de jauge Aaµ(x), et de définir les

dérivées covariantes des champs de matière par

Dµy
i = ∂µy

i + AaµTa
i
jy
j. (6.8)

La loi de transformation des Aaµ(x) est alors choisie de manière à ce que le Lagrangien LM(yi, Dµy
i) soit

invariant. C’est le cas si δϵDµy
i = −ϵaTaijyjDµy

j .

En effet,

δϵL
M (y,Dµy) = −ϵaTaijyj

∂LM

∂yi
(y,Dy)− ϵaTa

i
j∂µy

j ∂L
M

∂∂µyi
(y,Dy) = (δkLM )|k→ϵ(y,Dy) = 0.

Ceci fixe la transformations de potentiels de jauge,

δϵA
a
µ = ∂µϵ

a + fabcA
b
µϵ
c. (6.9)

En effet, on veut que

δϵDµy
i = −ϵaTaij∂µyj − ∂µϵ

aTa
i
jy

j + δϵA
a
µTa

i
jy

j −Aa
µTa

i
jϵ

bTb
j
ky

k =

= −ϵaTaij(∂µyi +Ab
µTb

j
ky

k).

Les termes en ∂µyj s’annulent et en bougeant le terme en T 2 dans le membre de droite on voit apparaître le
commutateur des matrices, ce qui donne le résultat.

6.4 Finite gauge transformations
Supposons le Lagrangien invariant sous une transformation globale y′i = (g−1)ijy

j , L(y′∂µy′) = L(y, ∂µy)

avec gij la représentation matricielle d’un groupe de Lie G. Si cette transformation devient locale,
(g−1)ij → (g−1)ij(x), la dérivée covariante définie par

Dµy
i = ∂µy

i + AaµT
i
ajy

j, (6.10)
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où T iaj est une représentation matricielle de l’algèbre de Lie g associée à G, se transforme comme yi,

(Dµy
i)′ = (g−1)ij(x)Dµy

i, (6.11)

et laisse donc le Lagrangien L(y,Dµy) invariant ssi Aµ = AaµT
i
aj se transforme comme

A′
µ = g−1∂µg + g−1Aµg. (6.12)

En effet

(Dµy)
′ = ∂µy

′ + A′
µy

′ = ∂µ(g
−1y) + (g−1∂µg + g−1Aµg)g

−1y = g−1Dµy.

De plus, si gij = δij + ϵaT iaj , on retrouve les transformations infinitésimales.

6.5 Yang-Mills fields
Pour simplifier les calculs, on introduit une notation condensée: y = yiei dénote un vecteur colonne,
Aµ = Aaµδa, ϵ = ϵaδa, avec δa le générateur d’une représentation fidèle (matricielle ou abstraite) de g, qui
n’est pas fixée à priori, mais dépend de l’objet sur lequel Aµ agit.

Dans ce cas, la dérivée covariante s’écrit comme Dµ = ∂µ + Aµ·, par exemple Dµy = ∂µy + AaµTay
et une transformation de jauge infinitésimale comme δϵ = −ϵ·, par exemple δϵy = −ϵaTay et aussi
δϵDµy = −ϵ ·Dµy où Dµy se transforme dans la même représentation que y.

Dans cette notation, on peut écrire (6.9) comme

δϵAµ = (δϵA
a
µ)δa = ∂µϵ+ [Aµ, ϵ] = Dµϵ (6.13)

en sous-entendant que ϵ se transforme dans la représentation adjointe.
Pour le commutateur de 2 dérivées covariantes, on trouve

[Dµ, Dν ]y = (∂µ + Aµ·)(∂ν + Aν)y − (µ↔ ν) = (∂µAν − ∂νAµ + [Aµ, Aν ])y = Fµν · y, (6.14)

où le champ de Yang-Mills est

Fµν = F a
µνδa, F a

µν = ∂µA
a
ν − ∂νA

a
µ + fabcA

b
µA

c
ν . (6.15)

Pour établir la loi de transformations des champs de Yang-Mills, on utilise d’un côté que δϵ[Dµ, Dν ]y =
−ϵ · [Dµ, Dν ]y et de l’autre côté que δϵ(Fµν · y) = (δϵFµν) · y + Fµν · (−ϵ · y), ce qui donne δϵFµν · y =
−[ϵ, Fµν ] · y, ce qui donne

δϵFµν = −[ϵ, Fµν ] = −ϵ · Fµν , δϵF
a
µν = −fabcϵbF c

µν , (6.16)

en sous-entendant que Fµν se transforme dans la représentation adjointe.
Les identités de Bianchi sont des relations entre dérivées covariantes des courbures qui sétablissent à

partir des identités [Dµ, [Dν , Dρ]]y + (cyclique)(µ, ν, ρ) = 0 pour donner

DµFνρ + cyclique (µ, ν, ρ) = 0, ∂µF
a
νρ + fabcA

b
µF

c
νρ + cyclique (µ, ν, ρ) = 0. (6.17)

Notons encore que (6.16) et (6.17) peuvent aussi directement se démontrer en composantes.
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6.6 Yang-Mills Lagrangian
Une conséquence de la construction d’un Lagrangien invariant sous des symétries locales est l’introduction
d’interactions:

LM(y,Dy) = LM(y, ∂y) + LI(y, ∂y, A),
∂LM (y,Dy)

∂Aa
µ

= T iajy
j ∂LM

∂∂µy
(y,Dy) = jµa (y,Dy), (6.18)

ou encore, LM(y,Dy) = LM(y, ∂y)+Aaµj
µ
a (y, ∂y)+O(A2). Dans le Lagrangian obtenu par substitution

minimale ∂y → Dy, le couplage au potentiel de jauge Aaµ se fait au courant de Noether de la symétrie
globale de départ au premier ordre en les potentiels.

On introduit également un terme cinétique pour les potentiels de jauge. Exigeant que ce terme soit
invariant de jauge, on trouve qu’il ne peut dépendre que des courbures et de leurs dérivées covariantes.

En effet, on peut considérer un changement de variables triangulaire entre les potentiels de jauge et leurs
dérivées Aa

µ, ∂νA
a
µ, ∂ν1

∂ν2
Aa

µ, . . . et Aa
µ, ∂(µA

a
ν), F

a
µν , ∂(ν1

∂ν2
Aa

µ), D(ρF
a
µ)ν , . . . où les parenthèses indiquent

une symétrisation des indices.

On a alors δϵAa
µ = Dµϵ

a, δϵ∂(µAa
ν) = ∂(µDν)ϵ

a, δϵ∂(ν1
∂ν2

Aa
µ) = ∂(ν1

∂ν2
Dµ)ϵ

a. Le résultat suit car on peut
choisir les paramètres de jauge ϵa et leurs dérivées de manière indépendante en un point, il en est de même pour
Dµϵ

a, ∂(ν1
∂ν2

Dµ)ϵ
a, . . . (par un autre changement de variables triangulaire), donc un Lagrangien invariant de

jauge ne peut pas dépendre de Aa
µ, ∂(µA

a
ν), ∂(ν1

∂ν2
Aa

µ), . . . . Notons encore que les transformations de jauge sur
les variables restantes sont données par δϵF a

µν = −fabcϵbF a
µν , δϵD(ρF

a
µ)ν = −fabcϵbD(ρF

a
µ)ν , . . . .

Le Lagrangien le plus général donnant un terme cinétique quadratique et invariant de Lorentz (L↑
+) à

4 dimensions est
LYM = m1

abF
a
µνF

bµν +m2
abF

a
µνF

b
ρσϵ

µνρσ. (6.19)

L’invariance de jauge δϵLYM = 0 exige alors que

fdcam
i
db + fdcbm

i
ad = 0, i = 1, 2. (6.20)

Le deuxième terme peut être négligé car c’est une dérivée totale,

m2
abF

a
µνF

b
ρσϵ

µνρσ = 4m2
ab∂µ

(
ϵµνρσAaν(∂ρA

b
σ +

1

3
f bcdA

c
ρA

d
σ)

)
, (6.21)

qui n’affecte pas les équations d’Euler-Lagrange. On peut également montrer qu’il n’affecte pas la théorie
quantique au niveau perturbatif.

On veut que chaque Aaµ ait un terme cinétique, donc on exige que m1
ab soit non dégénéré. De plus on

exige que ce tenseur symétrique invariant soit défini négatif pour que l’Hamiltonien soit borné inférieure-
ment. Ceci implique que g est une algèbre de Lie compacte. Dans une base appropriée {tmα}, on trouve
donc que m1

ab = gmαnβ = − 1
g2m
δmnδαβ avec m constantes de couplages différentes gm associées aux

différents facteurs simples et abéliens.
Dans la base {tmα}, le Lagrangien de Yang-Mills est donné par

LYM =
1

4
TrF µνFµν = − 1

4g2m
Fmα
µν F

µν
mα, (6.22)

en choisissant les générateurs tmα tel que Tr(tmαtnβ) = − 1
g2m
δmnδαβ .

La redéfinition Amαµ → gmA
mα
µ permet d’absorber la constante de couplage devant le terme quadra-

tique. Elle apparaît alors devant le terme cubique et quartique. De manière équivalente, on peut prendre
gmαnβ = −δmnδαβ si en même temps on prend f (m)α

βγ → gmf
(m)α
βγ dans le Lagrangian de Yang-Mills et

tmα → gmtmα dans le Lagrangien des champs de matière.
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6.7 Conserved currents for coupled equations
Pour un facteur simple ou abélien, et L[A, y] = LYM[A] + LM [y,Dy], en utilisant (6.18) on a

δL

δAα
µ

= 0 ⇐⇒ DνF
νµ
α + gjµα(y,Dy) = 0, (6.23)

où F νµ
α se transforme dans la représentation co-adjointe. Comme les constantes de structures sont com-

plèment antisymétrique dans cette base,

DµDνF
νµ
α =

1

2
[Dµ, Dν ]F

νµ
α = F γ

µνδγF
νµ
α = F γ

µνf
β
γαF

νµ
β = 0, (6.24)

ce qui implique
Dµj

µ
α(y,Dy) ≈ 0, (6.25)

où ≈ veut dire “quand les équations du mouvement sont satisfaites”, c’est-à-dire quand
δL

δAα
µ

= 0. En

contractant les équations du mouvement sous la forme ∂νF νµ
α − gAβνf

γ
βαF

νµ
γ + gjµα(y,Dy) = 0 avec ∂µ et

en définissant Jµα = jµα(y,Dy)− Aβνf
γ
βαF

νµ
γ , on trouve aussi

∂µJ
µ
α ≈ 0. (6.26)

Le champ de Yang-Mills est sa propre source si l’algèbre de Lie est non-abélienne. Même en l’absence
de champs de matière, il y a des interactions et les équations sont non-linéaires.

Notons encore que les équations des champs de matière
δL

δyi
=

δLM

δyi
(y,Dy) = 0 sont obtenues à partir

des équations libres en effectuant la substitution mimimale ∂µy → Dµy et que Jµα = 1
g
(
δL

δAα
µ

− ∂νF
νµ
α ) est

un courant trivial dans le sens où la charge de Noether associée s’annule sur toute solution si les champs
décroissent à l’infini spatial.

6.8 Exercises

6.8.1 Adjoint and coadjoint representation
Montrer que les matrices (tAa )

b
c = f bac, a = 1, . . . , d forment une représentation matricielle d × d de

l’algèbre de Lie g : [tAa , t
A
b ] = f cabt

A
c . Cette représentation s’appelle la représenation adjointe.

Même question pour la représentation co-adjointe définie par les matrices (tCa )b
c
= −f cab.

Montrer que si vb se transforme dans la représentation adjointe, δavb = −(tA)bcv
c, alors vc = gcbv

b

avec gab invariant, se transforme dans la représentation co-adjointe, δavc = −(tCa )c
b
vb.

6.8.2 Gauge covariant variables
Montrer explicitement que siAaµ, ∂νA

a
µ, ∂ν1∂ν2A

a
µ sont des variables indépendantes, alorsAaµ, ∂(µAaν), F

a
µν ,

∂(ν1∂ν2A
a
µ), D(ρF

a
µ)ν le sont aussi.

Même question pour ϵa, ∂µϵa, ∂µ1∂µ2ϵ
a, ∂µ1∂µ2∂µ3ϵ

a et ϵa, Dµϵ
a, ∂(µ1Dµ2)ϵ

a, ∂(µ1∂µ3Dµ3)ϵ
a.

6.8.3 Lagrangien de Chern-Simons
Montrer que le Lagrangien de Chern-Simons à 3 dimensions

LCS = ϵµνρgabA
a
µ(∂νA

b
ρ +

1

3
f bcdA

c
νA

d
ρ), (6.27)
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est invariant à une dérivée totale près.
En termes de formes LCSd3x = 1

g
Tr(AdA+ 2

3
A3), avec A = Aaµdx

µδa, d = dxµ∂µ, Tr(δaδb) = ggab,
F = 1

2
F a
µνdx

µdxνδa = dA + 1
2
[A,A] = dA + A2. Montrer que Tr(FF ) = dTr(AdA + 2

3
A3) (ce qui est

équivalent à l’équation (6.21)) à toute dimension n.

6.8.4 Lorentz invariance of the Yang-Mills Lagrangian
Montrer que LYMdnx est invariant sous une transformation de Lorentz de L↑

+ qui agit comme

xµ → x
′µ = Λµνx

ν , Aaµ → A
′a
µ = Λµ

νAaν , (6.28)

où les indices sont montés et descendus avec η.

6.8.5 Gauge invariance and coupling constants
Montrer que pour un facteur simple, l’invariance de jauge du Lagrangien de Yang-Mills et des champs de
matière requiert que tous les champs de matière se couplent avec la même constante de couplage. Est-ce
vrai pour les facteurs abéliens ?

6.8.6 Gauge invariant operator of dimension 5
Montrer qu’une interaction de la forme

gijψ̄
i[γµ, γν ]Fα

µνT
j
αkψ

k, (6.29)

est invariante de jauge si gij est un tenseur invariant et vérifier qu’elle est de dimension canonique 5.

6.8.7 Hamiltonian for the Yang-Mills field
Calculer, sur la surface des contraintes, l’Hamiltonien associé à LYM = − 1

4g2
Fα
µνF

µν
α . Montrer que

l’énergie est bornée inférieurement.
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Chapter 7

Quantum gauge fields

Le chapitre suit de près les chapitres 15 et 17 du [25] (voir aussi [10] et l’introduction de [50]).
On fixe d’abord la jauge en utilisant le formalisme des antichamps appliqué à la théorie Chern-Simons

et de Yang-Mills. Le potentiel effectif de la théorie de Chern-Simons (voir p.ex. [51] pour les règles de
Feynman) s’annule ce qui implique que la fonction beta est nulle. On montre ensuite que l’indépendance
des amplitudes physiques de la fixation de jauge est une conséquence de l’identité de Ward associée à la
symétrie BRST et on discute l’équation de Zinn-Justin.

La jauge du champs de fond est introduite. Des cancellations supplémentaires au niveau de l’action
effective de la théorie de Chern-Simons sont discutées. Pour la théorie de Yang-Mills, l’invariance de
jauge de fond permet de la relier la renormalisation de la constante de couplage à celle du champs de
jauge de fond qui peut se calculer de nouveau par le potentiel effectif.

Les fonctions β de l’électrodynamique quantique et de la chromodynamique sont calculées explicite-
ment. L’interprétation physique du résultat est très brièvement discutée.

7.1 Non-invertibility of quadratic kernel and gauge invariance

195



5.1 Propagateurs et invariance de jauge
Thursday, September 8, 2016 6:45 PM

   Notes supplémentaires Page 1    



   Notes supplémentaires Page 2    



   Notes supplémentaires Page 3    



7.2. BRST INVARIANCE 199

7.2 BRST invariance



5.2 Invariance BRST 
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7.3 Gauge fixation and propagators



5.3 Fixation de jauge et propagateurs
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7.4 Black body partition function from path integral
L’action du champ électromagnétique libre est donnée par

S[Aµ] =

∫
d4x(−1

4
F µνFµν). (7.1)

L’action fixée de jauge est

S[Aµ, C, C̄, B] =

∫
d4x(−1

4
F µνFµν + ∂µC̄∂

µC +B∂µA
µ +

ξ

2
B2). (7.2)

Dans la jauge de Feynman ξ = 1, ceci donne après l’élimination du champs auxiliaire B,

S[Aµ, C, C̄] =

∫
d4x(−1

2
∂αAµ∂

αAµ + ∂µC̄∂
µC). (7.3)

Dans ce cas, on trouve pour la fonction de partition

Zem =
(
det(

−∆

2πµ2
)
)−2(

det(
−∆

2πµ2
)
)
, (7.4)

qui est le même résultat que pour 4 copies d’un champ scalaire et une intégrale fermionique complexe.
Pour lnZem on trouve donc le même résultat que pour 2 champs scalaires réels,

lnZem =
π2

45
V β−3 , (7.5)

et aussi

E = −∂ lnZem

∂β
=
π2

15
V β−4, S = βE + lnZem =

4π2

45
V β−3, (7.6)

P = β−1 ∂ lnZem

∂V
=
π2

45
β−4. (7.7)

NB: L’argument qui mène à l’équation (7.4) ne tient pas compte du signe + inhabituel dans l’exponentielle
pour le terme quadratique en A0, qui n’est donc pas vraiment une intégrale gaussienne. Les détails
de la cancellation de la contribution des photons longitudinaux et temporels et des fantômes en termes
d’oscillateurs à travers le “quartet mecanisme” au niveau de l’intégrale de chemin sont discutés dans [11].

7.5 Vanishing of Chern-Simons beta function



5.4 Annulation de la fonction beta en théorie de Chern-
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7.6 Gauge independence and Zinn-Justin equation



5.5 Indépendance de jauge et équation de Zinn-Justin
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(i”) We now turn to the case of generic gauge theories in the presence of sources. In this case, SΨ =
S(ϕ, ϕ̃∗ + δΨ

δϕ
).

Let us first show that expectation values of BRST exact operators (SΨ, Y ) vanish. Indeed,∫
Dϕ(SΨ, Y )e

i
ℏSΨ =

∫
Dϕ[δ

RSΨ

δϕA
δLY

δϕ̃∗
A

− δRSΨ

δϕ̃∗
A

δLY

δϕA
]e

i
ℏSΨ

=

∫
Dϕ
(
(−)A

ℏ
i

δL

δϕA
[e

i
ℏSΨ ]

δLY

δϕ̃∗
A

+ (−)|Y |(A+1) δ
LY

δϕA
sΨϕ

Ae
i
ℏSΨ
)
.

(7.8)

The first part can be written as a total derivative up to contact terms, and thus vanishes. In the second part,
after integrating by parts and neglecting contact terms, one remains with

(−)|Y |+1 i

ℏ

∫
Dϕ Y sΨϕA

δLSψ
δϕA

e
i
ℏSΨ (7.9)

which vanishes when taking into account antifield dependent BRST invariance of the gauge fixed action
in the form

sΨϕ
A δ

LSΨ

δϕA
=

1

2
(SΨ, SΨ) = 0, (7.10)

It follows in particular that expectation values of operators X[ϕ, ϕ̃∗] that are BRST closed,

(SΨ, X) = 0, (7.11)

do not depend on the choice of gauge fixing. This sometimes goes under the name of ”Fradkin-Vilkovisky
theorem”.

Indeed, if Ψ and Ψ+ δΨ are two different gauge-fixing fermions,∫
Dϕ
(
e

i
ℏSΨ+δΨ − e

i
ℏSΨ

)
X =

i

ℏ

∫
Dϕ e

i
ℏSΨ

δRSΨ

δΦ̃∗
A

δLδΨ

δΦA
X +O((δΨ)2)

= − i

ℏ

∫
Dϕ e

i
ℏSΨ(SΨ, δΨ)X +O((δΨ)2).

(7.12)

One may then move X inside the antibracket since it is BRST closed. The term of first order in δΨ thus
vanishes on account of the previous result.

Remark: These are formal arguments that hold at tree level. They may be violated by ℏ-correction
when taking renormalization into account. Some of these ℏ-corrections are captured in an elegant way by
the so-called quantum BV formalism. However, this formalism remains formal as well unless due care is
devoted to renormalization.

More details on the Batalin-Vilkovisky formalism for generic gauge theories can be found in the
reviews [11, 52, 53].
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7.7 Background field gauge



5.6 Jauge du champ de fond
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7.8 Effective action in Chern-Simons theory



5.7 Action effective à une boucle en théorie de Chern-Simons
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7.9 Structure of Yang-Mills divergences in background field gauge



5.8 Structure des divergences en théorie de Yang-Mills 
dans la jauge du champ de fond
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7.10 Yang-Mills coupling constant at 1 loop



5.9 Constante de couplage à une boucle
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7.11 QED and QCD beta functions



5.10 Fonctions beta en QED et QCD
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7.12 Hilbert space structure

7.12.1 Generalities
7.12.1.1 Constrained Hamiltonian systems

7.12.1.2 Classical Hamiltonian BRST formalism

7.12.1.3 From Hamiltonian to Lagrangian path integral

7.12.1.4 Operator quantization

7.12.2 Dirac-Fock quantization
7.12.2.1 Operator formalism

7.12.2.2 Path integral implementation

7.12.3 Application to Yang-Mills and Chern-Simons theories
7.12.3.1 Hamiltonian formulation

7.12.3.2 Mode expansions

7.12.3.3 Partition functions
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Chapter 8

Chiral anomalies

cf. [25], chapitre 22, [47] chapitre 5.
Les anomalies apparaissent quand les symétries de la théorie ne peuvent être maintenues au niveau

quantique due à la renormalisation. En effet, la procédure de régularisation peut violer la symétrie et des
traces de cette violation peuvent subsister même après avoir enlevé le régulateur à la fin du calcul. On
a déjà vu un exemple avec l’équation de Callan-Symanzik où le comportement de la théorie sous une
dilatation est affecté par la renormalisation.

8.1 Transformation chirale
Considérons, en Euclidien, xa = (xi, ix0), les fonctions de Green que l’on obtient en théorie de Yang-
Mills en intégrant sur les fermions,

Z[Aµ] =

∫
Dψ̄Dψ e

∫
d4xE −ψ̄D/ ψ = DetD/ , (8.1)

Les matrices γa = (γi, iγ
0) sont hermitiennes et les générateurs Ta antihermitiens. Pour rappel, ψ̄ = ψ†γ4,

γ5 = γ1γ2γ3γ4 satisfait {γ5, γa} = 0, γ25 = 1, Trγ5 = 0, γ†5 = γ5.
On considère un changement de variables, ψ(x) → U(x)ψ(x). La mesure se transforme comme

Dψ̄Dψ → Dψ̄Dψ(Det ŪDetU)−1, (8.2)
Uxn,ym = U(x)nmδ

4(x, y), Ūxn,ym = (γ4U(x)
†γ4)nmδ

4(x− y) (8.3)

et les indices n,m couvrent à la fois les indices de saveurs et les indices spinoriels. Pour une transforma-
tion unitaire non chirale,

U(x) = exp βt, (8.4)

avec t une matrice antihermitienne dans l’espace des saveurs et β un paramètre arbitraire, on trouve

UŪ = 1 (8.5)

253
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et la mesure est invariante. Pour une transformation chirale,

U(x) = exp γ5αt, (8.6)

avec, de nouveau, t une matrice antihermitienne dans l’espace des saveurs et α un paramètre arbitraire,
on trouve

Ū = U . (8.7)

La mesure n’est donc pas invariante sous la transformation chirale mais

Dψ̄Dψ → Dψ̄Dψ(DetU)−2. (8.8)

Pour une transformation infinitésimale de paramètre α, on a

[U − 1]nx,my = α[γ5t]nmδ
4(x− y). (8.9)

Utilisant DetM = expTr lnM et ln(1 + x) = x+O(x2), on trouve

Dψ̄Dψ → Dψ̄Dψ exp

∫
d4xE α(x)AE(x), (8.10)

AE(x) = −2tr(γ5t)δ
4(x− x), (8.11)

la trace se faisant à la fois dans l’espace spinoriel et dans l’espace interne.
Dans l’intégrale de chemin on a

∫
Dψ̄Dψ exp−1

ℏS
E
L , et la non invariance de la mesure et une action

invariante est équivalent à une mesure invariante avec un Lagrangien non invariant se transformant comme
LE → LE − αℏAE(x).

8.2 Calcul par fonction zeta
Pour calculer AE(x) il faut régulariser car AE(x) = 0×∞ car la trace spinorielle vaut zéro. Une manière
de calculer AE(x) est de calculer le Jacobien en utilisant la définition régularisée des déterminants donnée
par la fonction zeta. Tout d’abord, pour l’opérateur antihermitien D/ , on définit

DetD/ = exp (−1

2
ζ ′−D/ 2(0)), (8.12)

ce qui se justifie par (DetD/ )(DetD/ )∗ = Det (D/ D/ †) = exp (−ζ ′−D/ 2(0)).
Si JD/ [α] est le Jacobien de la transformation ψ′(x) = U(x)ψ(x), U(x) = exp γ5α(x)t, ψ̄′(x) =

ψ̄U(x), on a à partir de (8.1),

DetD/ =

∫
Dψ̄′Dψ′ exp

∫
d4x − ψ̄′D/ ψ′ (8.13)

= JD/ [α]

∫
Dψ̄Dψ exp

∫
d4x − ψ̄U(x)D/ U(x)ψ = JD/ [α]Det (UD/ U), (8.14)
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et donc

JD/ [α] =
DetD/

Det (UD/ U)
=

DetD/

Det (D/ + {αγ5t,D/ })
= exp

∫
d4xE αAE(x), (8.15)

pour α infinitésimal.
On a donc

ln JD/ [α] = ln(DetD/ )− ln(Det (D/ + {αγ5t,D/ )) = − d

ds

∣∣∣
s=0

1

2
(ζ−D/ 2(s)− ζ−D/ 2−δ̄D/ 2(s)), (8.16)

δ̄D/ 2 = {αγ5t,D/ 2}+ 2D/ αγ5tD/ , (8.17)

et encore,

ln JD/ [α] = − d

ds

∣∣∣
s=0

1

2

[
Tr(−D/ 2)−s − Tr(−D/ 2 − δ̄D/ 2)−s. (8.18)

Puisque Tr(A+ δA)−s = TrA−s − sTrA−s−1δA, on trouve en utilisant la cyclicité de la trace,

ln JD/ [α] = − d

ds

∣∣∣
s=0

2sTr(−D/ 2)−sαγ5t. (8.19)

Notons aussi que

J−D/ 2 [α] ≡ Det −D/ 2

Det (U(−D/ 2)U)
= JD/ [α]. (8.20)

En effet, δ(−D/ 2) = {αγ5t, (−D/ 2)} et

ln J−D/ 2 [α] = − d

ds

∣∣∣
s=0

(ζ−D/ 2(s)− ζ−D/ 2−δD/ 2(s)) = − d

ds

∣∣∣
s=0

2sTr(−D/ 2)−sαγ5t.

L’opérateur −D/ 2 est hermitien. On a donc un ensemble complet et orthonormée de vecteurs propres
ϕk(x) avec valeurs propres λk réelles, voir (5.205). Comme dans (5.210), on trouve

Tr(−D/ 2)−sαγ5t =

∫
d4xE λ

−s
(k)tr

[
ϕ̄k(x)αγ5tϕk(x)

]
=

1

Γ(s)

∫ ∞

0

dτ τ s−1

∫
d4xE tr

[
K−D/ 2(x, x; τ)αγ5t

]
. (8.21)

Ici la trace tr porte sur les indices spinorielles et les indices internes. Tout comme pour la fonction zeta
discutée précédemment, cette fonction peut être prolongée en une fonction régulière en s = 0 et a au plus
des pôles simples en s = 1, 2. En effet, on coupe de nouveau l’intégrale en deux morceaux, de 0 à 1 et
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de 1 à ∞. Le deuxième morceau ne contribue pas car l’intégrale converge et 1
Γ(s)

= s + O(s2) et pour le
premier morceau on utilise l’expansion du noyau chaleur. On a donc∫

d4xE αAE(x) = ln J−D/ 2 [α] = − 2

Γ(s)

∫ 1

0

dτ τ s−1

∫
d4xE tr

[
K−D/ 2(x, x; τ)αγ5t

]∣∣∣
s=0

= −2

∫
d4xE trαγ5t

a2(x, x)

(4π)2
, (8.22)

car KerD/ 2 = 0. A partir de la relation de récurrence pour les coefficicents de Seeley diagonaux (5.199)
et en utilisant (8.15), on trouve

a2(x, x) =
1

2
D/ 4, AE(x) = − 1

(4π)2
tr[γ5tD/

4
x]. (8.23)

On a

D/ 2
x =

1

2
{γaDx

a , γ
bDx

b } =
1

2
γa{Dx

a , γ
bDx

b } −
1

2
[γa, γbDx

b ]D
x
a =

1

2
γaγb{Dx

a , D
x
b } −

1

2
[γa, γb]Dx

bD
x
a =

1

4
{Dx

a , D
x
b }{γa, γb}+

1

4
[Dx

a , D
x
b ][γ

a, γb]

= D2
x +

1

4
Fα
abtα[γ

a, γb]. (8.24)

Le seul terme qui contribue de D/ 4
x est celui qui fait intervenir le produit de 4 matrices de Dirac et

trD
(
γ5[γa, γb][γc, γd]

)
= 16ϵabcd. (8.25)

On trouve donc finalement

AE(x) = − 1

(4π)2
trI (tαtβt)ϵ

abcdFα
abF

β
cd. (8.26)

En termes de formes, avec d4xE = dx1 ∧ · · · ∧ dx4, FE = 1
2
Fabdx

a ∧ dxb , on trouve

δ(−1

ℏ
LEd4xE) = αAE(x)d4xE = − 1

(2π)2
trI(αtF

E ∧ FE). (8.27)

Le Jacobien en Minkowskien pour l’anomalie se calcule en passant en Euclidien et est donc le même.
On a donc

δ(
i

ℏ
Ld4x) = − 1

(2π)2
trI(αtF ∧ F ) . (8.28)
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8.3 Divergence anomale du courant axial
Une autre manière d’écrire le résultat est en termes du courant de Noether jµ5 associée à la symétrie axiale
globale de l’action S =

∫
d4xL, L = −ψ̄D/ ψ de départ. En effet, pour t antihermitien commutant avec

les générateurs tα, δψ = αtγ5ψ, δψ̄ = ψ̄γ5tα implique δL = 0 et donc, en vertu du théorème de Noether,

jµ5 = ψ̄γµαtγ5ψ, ∂µj
µ
5 = αtγ5ψ

δL
δψ

+ ψ̄γ5αt
δL
δψ̄
. (8.29)

En vertu de la version locale du théorème de Noether (cf. sous-section 3.5.4) et en tenant compte de la
non-invariance du Lagrangien, on trouve alors

∂

∂xµ
⟨jµ5 (x)⟩Ad4x =

ℏ
i
⟨δ( i

ℏ
Ld4x)⟩A = ⟨ iℏ

(2π)2
trI(αtF ∧ F )⟩A, (8.30)

⟨O(x)⟩A =

∫
Dψ̄DψO(x)e

i
ℏS∫

Dψ̄Dψe i
ℏS

. (8.31)

Notons que si la représentation est irréductible alors t = i1. Dans ce cas trI (tαtβt) = −iC2gαβ . Dans
le cas plus général, on suppose que trI (tαtβt) = −iNgαβ et on peut définir un courant non invariant de
jauge, le courant de Chern-Simons,

Gµ = 2ϵµνρσgαβ
[
Aαν∂ρA

β
σ +

1

3
fαγδA

β
νA

γ
ρA

δ
σ

]
, ∂µG

µ =
1

2
ϵµνρσgαβF

α
µνF

β
ρσ, (8.32)

avec ϵ0123 = 1. Ceci permet d’écrire (8.30) comme une loi de conservation,

∂µK
µ = 0, Kµ(x) = ⟨ψ̄γµtγ5ψ − ℏN

8π2
Gµ(x)⟩A . (8.33)

8.4 Phénoménologie
En se limitant aux quarks légers u et d que l’on suppose pour faciliter les calculs sans masse, le Lagrangien
de la chromodynamique quantique pure est donné par

Lquark,gluon = −ūD/ Gu− d̄D/ Gd, (8.34)
DG
µ = 1∂µ + gsG

α
µtα. (8.35)

Ici gs est la constante de couplage forte, Gα
µ sont les champs de jauge correspondant aux 8 gluons et tα

des générateurs antihermitiennes sans trace de la représentation fondamentale de l’algèbre su(3). On peut
les choisir comme tα = −i

2
λα avec λα les matrices de Gell-Mann, ce qui implique tr (tαtβ) = −1

2
δαβ . En

termes des matrices de Pauli σi,

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (8.36)
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on a

λi =

 σi 0
0

0 0 0

 , λ4 =

0 0 1
0 0 0
1 0 0

 , λ5 =

0 0 −i
0 0 0
i 0 0

 ,

λ6 =

0 0 0
0 0 1
0 1 0

 , λ7 =

0 0 0
0 0 −i
0 i 0

 , λ8 =


1√
3

0 0

0 1√
3

0

0 0 −2√
3

 . (8.37)

On choisit les générateurs antihermitiennes sans trace ti de la représentation fondamentale de su(2)
comme ti = −i

2
σi de sorte que tr (titj) = −1

2
δij , [ti, tj] = ϵij

ktk. Si

qA =

(
u
d

)
, (8.38)

le Lagrangian (8.34) est invariant sous les transformations globales SU(2)× SU(2),

δq = −θiV tiq − θiAtiγ5q = −θi+t+,iq − θi−t−,iq, (8.39)

avec t±,i = tiP±, P± = 1
2
(1 ± γ5) et θiV,A = 1

2
(θi+ ± θi−). Aucune de ces symétries n’est anomale: pour

les symétries vectorielles il n’y a pas de γ5 et pour les symétries axiales, tr (tαtβti) = 0 car les tα et les ti
agissent dans des espaces différents et tr ti = 0.

Lorsqu’on considère le couplage des quarks au secteur électro-faible, et en particuliers aux photons,
la situation change. Le Lagrangien est

Lquark,γ = −q̄D/ Aq, D/ A = 1dµ + eQAµ, Q = −ie
(

2
3

0
0 −1

3

)
. (8.40)

Cette fois-ci, en tenant compte du fait qu’il y a trois couleurs, i.e., que la taille des colonnes u et d est 3,
on a trI (Q

2ti) = (−e2)(− i
2
)δ3i ((

2
3
)2 − (1

3
)2)× 3 = i1

2
δ3i e

2.
Si on choisit la symétrie δu = iγ5u, δd = −iγ5d et donc α = −θ3A = −2, on a en vertu de (8.28),

δLquark,γ =
ℏe2

16π2
FµνFρσϵ

µνρσ . (8.41)

à faire: processus π0 → 2γ dans le cadre des théories effectives

8.5 Théorème de l’indice d’Atiyah-Singer
L’opérateur iD/ = i(∂a + Aαa tα)γ

a est hermitien dans l’espace Euclidien. Divisons les spineurs en leurs
composantes de chiralité positive et négative,

S± ∋ ψ±(x) = P±ψ(x), γ5ψ±(x) = ±ψ±(x). (8.42)
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et introduisons les opérateurs de Weyl

iD/ ± = iD/ P± : S± → S∓, (iD/ ±)
† = iD/ ∓. (8.43)

Les Laplaciens hermitiens associées sont définies par

∆± = (iD/ ±)
†iD/ ± : S± → S±. (8.44)

On a donc 2 ensembles complets et orthonormées de vecteurs propres φ±,κ(x) avec valeurs propres λ±,κ
réelles, voir (5.205).

Les valeurs propres non-nulles λκ de ∆+ et ∆− sont identiques. Il en est de même de la dégénéres-
cence des espaces propes associées S±,κ,

dim S+,κ = dim S−,κ, λκ ̸= 0. (8.45)

En effet, si ∆+φ+,κ(x) = λκφ+,κ(x), avec λκ ̸= 0, alors en définissant χ−,κ(x) = iD/ +φ+,κ(x), on a
∆−χ−,κ(x) = (iD/ −)

†iD/ −iD/ +φ+,κ(x) = (iD/ −)
†λκφ+,κ(x) = λκχ−,κ(x) et vice-versa. L’application iD/ +

qui associe à φ+,κ le vecteur χ−,κ(x) est injective: si χ−,κ(x) = 0 alors 0 = (iD/ +)
†iD/ +φ+,κ(x) = λκφ+,κ(x)

ce qui implique que φ+,κ(x) = 0. L’application inverse consiste à prendre 1
λκ
χ−,κ et à y appliquer iD/ − ce qui

donne φ+,κ(x). Comme cette application est également injective, l’application de départ est bijective.

Les modes zéro de iD/ sont également divisés en modes de chiralité positive S+,0 et négative S−,0,

S±,0 ∋ φ±,0(x) = P±φ0(x), iD/ φ±,0(x) = 0, γ5φ±,0(x) = ±φ±,0(x). (8.46)

Notons par φ+,0u(x), u = 1, . . . , n+, un ensemble complet et orthonormée de vecteurs de S+,0 et par
φ−,0,v(x), v = 1, . . . n−, un ensemble complet et orthonormée de vecteurs de S0,−.

L’indice de l’opérateur de Weyl D/ + est défini par

index iD/ + = dim Ker iD/ + − dim Ker (iD/ +)
† = dim Ker iD/ + − dim Ker iD/ −

= n+ − n−. (8.47)

On a

Ker∆± = Ker iD/ ±. (8.48)

En effet, si iD/ ±φ(x) = 0 alors ∆±φ(x) = 0. Si ∆+φ(x) = 0 alors 0 =
∫
d4x φ̄(x)∆+φ(x) =∫

d4x ¯[
(iD/ +)φ(x)

]
iD/ +φ(x) et donc iD/ +φ(x) = 0.

On a alors

index iD/ + = TrS+ e
−τ∆+ − TrS− e

−τ∆− , ∀τ > 0. (8.49)
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En effet, si

TrS+ e
−τ∆+ − TrS− e

−τ∆− = e−τλ(κ)
[ ∫

d4x φ̄κ
+(x)φ+,κ(x)−

∫
d4x χ̄κ

−(x)χ−,κ(x)
]

=
∑
κ

e−τλ(κ)
[
dim S+,κ − dim S−,κ

]
.

En vertu de (8.45), il y a cancellation pour tous les termes de la somme mise à part les modes zéro, ce qui donne
le résultat.
On a encore

index iD/ + = TrS+ e
−τ(iD/ +)†iD/ + − TrS− e

−τ(iD/ −)†iD/ −

= TrS+ e
−τ(−D/ 2)P+ − TrS− e

−τ(−D/ 2)P− = TrSe
−τ(−D/ 2)γ5.

Or cette dernière expression est reliée à (8.21). En calculant directement les ééments diagonaux du noyau chaleur
pour petit τ et en utilisant la discussion sur les traces en dessous de (8.21) en tenant compte de (8.26) on trouve le
résultat final:

Le théorème de l’indice d’Atiyah-Singer permet de calculer l’indice de l’opérateur de Weyl à partir
d’une fonctionnelle des champs de jauge,

index iD/ + = n+ − n− =
1

32π2
ϵabcdtrI (tαtβ)

∫
d4xFα

abF
β
cd =

1

2

∫
R4

trI(
F

2π
)2 . (8.50)

Ceci montre aussi que la fonctionnelle ne peut pas varier de manière continue quand les champs de jauge
varient, mais uniquement par des entiers. On peut montrer quelle est déterminée par la topologie des
champs de jauge.

8.6 Calcul direct des anomalies
cf. [25]

Posons ℏ = 1 et considérons un Lagrangien du type

L = −Ψ̄D̂Ψ, D̂ = ∂/ + A/ αP+ = ∂/ P− +D/ +, D/ = ∂/ + A/ αTα, (8.51)

avec Tα antihermitien. Ceci signifie que le propagateur est le propagateur usuel pour les fermions de
Dirac, mais que seulement les fermions de chiralité positive χ = P+Ψ couplent aux champs de jauge.

Si on a des fermions de Dirac ψ, on définit

χ =

(
P+ψ

(CP−ψ)
∗

)
=

(
P+ψ
P+Cψ∗

)
, (8.52)

avec CγTµ C−1 = γµ pour que toutes composantes de χ soit de chiralité gauche et appartiennent à la
représentation Γ1/2,0 du groupe de Lorentz. Pour une transformation de jauge ordinaire des fermions de
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Dirac, on a

δψ = θα(P+t
L
α + P−t

R
α )ψ, (8.53)

δχ = θαTαχ, Tα =

(
tLα 0
0 −(tRα )

T

)
. (8.54)

Si

jµα(x) =
δ(S)

δAα
µ(x)

= −χ̄Tαγµχ, (8.55)

on s’intéresse à la contribution à une boucle de la fonction à 3 points,

Γµνραβγ(x, y, z) = ⟨jµα(x)jνβ(y)jργ(z)⟩, (8.56)

et à sa divergence ∂xµΓ
µνρ
αβγ . Le résultat naïf pour cette divergence est

∂xµΓ
µνρ
αβγ(x, y, z) = iδ4(x− y)f δαβ⟨jνδ (y)jργ(z)⟩+ iδ4(x− z)f δαγ⟨jνβ(y)j

ρ
δ (z)⟩. (8.57)

En effet,

∂µj
µ
α = −

δRL
δχ

Tαχ+ χ̄Tα
δLL
δχ̄

−Aβ
νf

γ
αβj

ν
γ ⇐⇒ Dµj

µ
α = −

δRL
δχ

Tαχ+ χ̄Tα
δLL
δχ̄

.

Avec δα = −
∂R

∂χ
Tαχ + χ̄Tα

∂L

∂χ̄
on a δαj

µ
β = fγαβjγ ce qui donne le résultat en adaptant la dérivation de (3.70)

et en annulant les champs de jauge externes à la fin du calcul.

En particulier, deux diagrammes en triangles contribuent,

(figure extraite de [25]).
Ces diagrammes donnent

Γµνραβγ|tri = trI
[
(−i)SF (x− y)Tβγ

νP+(−i)SF (y − z)Tγγ
ρP+(−i)SF (z − x)Tαγ

µP+

]
+trI

[
(−i)SF (x− z)Tγγ

ρP+(−i)SF (z − y)Tβγ
νP+(−i)SF (y − x)Tαγ

µP+

]
. (8.58)

En vertu de (2.230), (2.232), le propagateur fermionique est donné par SF (x) = 1
(2π)4

∫
d4p−iγµpµ

p2−iϵ e
ip·x.
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En choisissant les moments comme k1, p, k2 avec ei(p−k1+a)·(x−y), ei(p+a)·(y−z), ei(p+k2+a)·(z−x) pour la
première expression et ei(p−k2+b)·(x−z), ei(p+b)·(z−y), ei(p+k1+b)·(y−x) pour la deuxième,

Γµνραβγ|tri = − 1

(2π)12

∫
d4k1d

4k2 e
−i(k1+k2)·xeik1·yeik2·z

∫
d4p[

trS
( p/ − k/ 1 + a/

(p− k1 + a)2 − iϵ
γν

p/ + a/

(p+ a)2 − iϵ
γρ

p/ + k/ 2 + a/

(p+ k2 + a)2 − iϵ
γµ

1 + γ5
2

)
trG[TβTγTα]

+trS
( p/ − k/ 2 + b/

(p− k2 + b)2 − iϵ
γρ

p/ + b/

(p+ b)2 − iϵ
γν

p/ + k/ 1 + b/

(p+ k1 + b)2 − iϵ
γµ

1 + γ5
2

)
trG[TγTβTα]

]
, (8.59)

où les constantes aµ, bµ sont arbitraires et n’affectent pas l’expression à ce stade. En effet, l’intégrale en p
semble diverger de manière linéaire. Le facteur de l’intégrand qui diverge linéairement est

pσpτpλtrS(γσγνγτγργλγµ
1 + γ5

2
) = 0.

Il en est de même du facteur qui diverge de manière logarithmique car il fait intervenir un nombre impair
de matrices γ.

On veut maintenant calculer ∂xµΓ
µνρ
αβγ . Pour ce calcul, on utilise l’identité

k/ 1 + k/ 2 = (p/ + k/ 2 + a/ )− (p/ − k/ 1 + a/ ) = (p/ + k/ 1 + b/ )− (p/ − k/ 2 + b/ ), (8.60)

ce qui donne

∂xµΓ
µνρ
αβγ|tri = i

1

(2π)12

∫
d4k1d

4k2 e
−i(k1+k2)·xeik1·yeik2·z

∫
d4p[

trG[TβTγTα]trS
( p/ − k/ 1 + a/

(p− k1 + a)2 − iϵ
γν

p/ + a/

(p+ a)2 − iϵ
γρ

1 + γ5
2

)
−trG[TβTγTα]trS

( p/ + a/

(p+ a)2 − iϵ
γρ

p/ + k/ 2 + a/

(p+ k2 + a)2 − iϵ
γν

1 + γ5
2

)
+trG[TγTβTα]trS

( p/ − k/ 2 + b/

(p− k2 + b)2 − iϵ
γρ

p/ + b/

(p+ b)2 − iϵ
γν

1 + γ5
2

)
−trG[TγTβTα]trS

( p/ + b/

(p+ b)2 − iϵ
γν

p/ + k/ 1 + b/

(p+ k1 + b)2 − iϵ
γρ

1 + γ5
2

)]
. (8.61)

Pour le facteur de group,

trG(TβTγTα) =
1

2
trG({Tβ, Tγ}Tα + [Tβ, Tγ]Tα) ≡ −iDαβγ −

1

2
Nfαβγ, (8.62)

avec −iDαβγ = 1
2
trG({Tβ, Tγ}Tα) complètement symétrique et trG(TδTα) = −Nδαβ . En regroupant le

premier avec le quatrième et le deuxième avec le troisième, les termes avec les constantes de structures
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donnent le membre de droite de (8.57). Les autres donnent

∂xµΓ
µνρ
αβγ|tri,anom =

1

(2π)12
Dαβγ

∫
d4k1d

4k2 e
−i(k1+k2)·xeik1·yeik2·z[

trS
(
γκγνγλγρ

1 + γ5
2

)
Iκλ(a− b− k1, b, b+ k1) + trS

(
γκγργλγν

1 + γ5
2

)
Iκλ(b− a− k2, a, a+ k2)

]
(8.63)

avec

Iκλ(k, c, d) =

∫
d4p
(
fκλ(p+ k, c, d)− fκλ(p, c, d), (8.64)

fκλ(p, c, d) =
(p+ c)κ(p+ d)λ

[(p+ c)2 − iϵ][(p+ d)2 − iϵ]
. (8.65)

Pour calculer les intégrales, on considère l’expansion en série de Taylor autour de k,

fκλ(p+ k, c, d) =
∞∑
n=0

1

n!
kµ1 . . . kµn

∂nfκλ(p, c, d)

∂pµ1 . . . ∂pµn
. (8.66)

Puisque le terme d’ordre zéro ne contribue pas à Iκλ(k, c, d), tous les termes sont des dérivées totales.
Après une rotation de Wick dont l’effet est de donner un facteur i, ils peuvent donc être écrits comme une
intégrale de surface sur une 3-sphère de rayon P en vertu du théorème de Stokes. L’aire de la 3-sphere
est 2π2P 3, tandis que la dérivée n-ième de fκλ(p, c, d) donne l’intégrale de surface d’une fonction qui
se comporte comme comme P−2−(n−1) car on perd une dérivée en utilisant le théorème de Stokes. À la
limite P → ∞, seul les termes avec n = 1, 2 contribuent et

Iκλ(k, c, d) = kµ
∫
d4p

∂fκλ(p, c, d)

∂pµ
+

1

2
kµkν

∫
d4p

∂2fκλ(p, c, d)

∂pµ∂pν
. (8.67)

On trouve par calcul direct1

Iκλ(k, c, d) =
i

6
π2
[
kκkλ + 2kλcκ + 2kκdλ − kλdκ − kκcλ − ηκλk · (k + c+ d)

]
. (8.68)

1Il y a une coquille dans [25] eq. (22.3.19) où le premier terme manque.
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En effet, regardant d’abord le théorème de Stokes en coordonnées sphériques.
∫
dk =

∫
d3x∂ik

i =∫
r2 sin θdθdϕ[ ∂r

∂xi
∂
∂r + ∂θ

∂xi
∂
∂θ + ∂ϕ

∂xi
∂
∂ϕ ]k

i Posons xi = rei et considérons la surface r = cte. On trouve∫
d3x∂ik

i =
∫
r2 sin θdθdϕ[eik

i].
En utilisant la variance des intégrales sous les transformations de Lorentz, on établit d’abord les identités bien
connues ∫

d4p pλ1 . . . pλk
f(p2) = 0, pour k impair (8.69)∫

d4p pλpµf(p
2) =

ηλµ
4

∫
d4p p2f(p2), (8.70)∫

d4p pµpνpρpλf(p
2) =

1

24
(ηµνηρλ + ηµρηνλ + ηµληνρ)

∫
d4p (p2)2f(p2). (8.71)

Puis on utilise d4p = idPP 3d3Ω en Euclidien et,
∫
d3Ω = 2π2 pour conclure que si pµ = peµ,
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∫
d3Ω eλ1

. . . eλk
= 0, pour k impair (8.72)∫

d3Ω eλeµ = 2iπ2 ηλµ
4
, (8.73)∫

d3Ω eµeνeρeλ = 2iπ2 1

24
(ηµνηρλ + ηµρηνλ + ηµληνρ). (8.74)

Comme
∫
d4p

∂(kµf)

∂pµ
=
∫
d3Ω eµk

µf en vertu du théorème de la divergence, on a

kµ
∫
d3Ω

P 5

P 4
eµ
[ (e+ c

P )κ(e+
d
P )λ

(e+ c
P )2(e+ d

P )2
=

= (2iπ2)
[1
4
(kλcκ + kκdλ)−

2

24
(kκ(c+ d)λ + kλ(c+ d)κ + ηκλk · (c+ d)

)
], (8.75)

et aussi

1

2
kµkν

∫
d3Ωeµ

[P 4

P 4

ηκν(e+
d
P )λ + ηλν(e+

c
P )κ

(e+ c
P )2(e+ d

P )2

− 2
P 6

P 6
(
(e+ c

P )κ(e+
d
P )λ(e+

c
P )ν

(e+ c
P )4(e+ d

P )2
+

(e+ c
P )κ(e+

d
P )λ(e+

d
P )ν

(e+ c
P )2(e+ d

P )4
)
]

=
1

2
(2iπ2)

[2
4
kκkλ − 4

24
(2kκkλ + k2ηλκ)

]
(8.76)

Établissons encore

Iκλ(k, c, d) + Iλκ(k, c, d) =
i

6
π2
[
2kκkλ + kλ(c+ d)κ + kκ(c+ d)λ − 2ηκλk · (k + c+ d)

]
, (8.77)

ϵκνλρIκλ(k, c, d) =
i

2
π2ϵκνλρ(kλcκ + kκdλ). (8.78)

Pour la trace spinorielle, on effectue d’abord celle avec 1. Puisque

trS
(
γκγνγλγρ) = 4(ηκνηλρ − ηκληνρ + ηκρηνλ) (8.79)

est symétrique en κ, λ et en ν, ρ, les intégrales apparaissent comme

Iκλ(a−b−k1, b, b+k1)+Iλκ(a−b−k1, b, b+k1)+Iκλ(b−a−k2, a, a+k2)+Iλκ(b−a−k2, a, a+k2)

=
i

6
π2
[
(a− b− k1)κ(a− b− k1)λ + (a− b− k1)λ(2b+ k1)κ + (a− b− k1)κ(2b+ k1)λ

− 2ηκλ(a− b− k1) · (a+ b) + (b− a− k2)κ(b− a− k2)λ + (b− a− k2)λ(2a+ k2)κ

+ (b− a− k2)κ(2a+ k2)λ − 2ηκλ(b− a− k2) · (a+ b)
]
. (8.80)
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Cette expression s’annule ssi b = −a.

Iκλ(2a−k1,−a,−a+k1)+Iλκ(2a−k1,−a,−a+k1)+Iκλ(−2a−k2, a, a+k2)+Iλκ(−2a−k2, a, a+k2)

=
i

6
π2
[
(2a− k1)κ(2a− k1)λ + (2a− k1)λ(−2a+ k1)κ + (2a− k1)κ(−2a+ k1)λ+

(−2a− k2)κ(−2a− k2)λ + (−2a− k2)λ(2a+ k2)κ + (−2a− k2)κ(2a+ k2)λ
]
= 0. (8.81)

Il faut maintenant considérer la trace spinorielle avec γ5 utilisant

trS
(
γκγνγλγργ5) = −4iϵκνλρ, ϵ0123 = 1. (8.82)

Ceci donne

∂xµΓ
µνρ
αβγ|tri,anom =

1

(2π)12
Dαβγ

∫
d4k1d

4k2 e
−i(k1+k2)·xeik1·yeik2·z

(−2i)ϵκνλρ
[
Iκλ(2a− k1,−a,−a+ k1)− Iκλ(−2a− k2, a, a+ k2)

]
.

(8.83)

Utilisant (8.78) on trouve

∂xµΓ
µνρ
αβγ|tri,anom = ϵκνλρ

π2

(2π)12
Dαβγ

∫
d4k1d

4k2 e
−i(k1+k2)·xeik1·yeik2·z[

(2a− k1)λ(−a)κ + (2a− k1)κ(−a+ k1)λ − (−2a− k2)λaκ − (−2a− k2)κ(a+ k2)λ

]
=

2π2

(2π)12
Dαβγ

∫
d4k1d

4k2 e
−i(k1+k2)·xeik1·yeik2·z

[
ϵκνλρaκ(k1 + k2)λ

]
.

(8.84)

On pourrait choisir a ∥ k1 + k2 pour enlever l’anomalie ou même a = 0. Mais alors elle apparaîtrait dans
la divergence ∂yν ou ∂zρ : pour éviter l’anomalie dans ∂yν , il faut a + k2 ∥ k1 et dans ∂zρ , il faut a− k1 ∥ k2.
Les 3 conditions ne peuvent être satisfaites pour k1 ∦ k2.
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Pour évaluer la divergence ∂yν , on utilise l’identité

k/ 1 = (p/ + a/ )− (p/ − k/ 1 + a/ ) = (p/ + k/ 1 + b/ )− (p/ + b/ ), (8.85)

ce qui donne au lieu de (8.61) un expression du type

(p/ − k/ 1 + a/ )γρ(p/ + k/ 2 + a/ )γµP+ − (p/ + k/ 2 + a/ )γµ(p/ + a/ )γρP+

+ (p/ + b/ )γµ(p/ − k/ 2 + b/ )γρP+ − (p/ − k/ 2 + b/ )γρ(p/ + k/ 1 + b/ )γµP+ (8.86)

On obtient alors les intégrales Iκλ(a − b − k1 + k2, b − k2, b + k1) et Iκλ(b − a − k2, a + k2, a) et le calcul se
ramène au calcul précédent en posant

b− k2 = b′, a+ k2 = a′, (8.87)
k1 + k2 = k′1, k2 = −k′2. (8.88)

L’anomalie dans la partie non chirale de la divergence ∂yν s’annule donc ssi a′ = −b′ ce qui est équivalent à
a = −b, comme précédemment. L’absence de la partie chirale de l’anomalie dans la divergence ∂yν implique
a′ ∥ k′1 + k′2 et donc a+ k2 ∥ k1. Le choix a = 0 = b n’enlève donc pas non plus l’anomalie de la divergence ∂yν
car k2 ∦ k1.
Pour la divergence ∂zρ , on utilise l’identité

k/ 2 = (p/ + k/ 2 + a/ )− (p/ + a/ ) = (p/ + b/ )− (p/ − k/ 2 + b/ ), (8.89)

ce qui donne au lieu de (8.61) une expression du type

(p/ + a/ )γµ(p/ − k/ 1 + a/ )γνP+ − (p/ − k/ 1 + a/ )γν(p/ + k/ 2 + a/ )γµP+

+ (p/ − k/ 2 + b/ )γν(p/ + k/ 1 + b/ )γµP+ − (p/ + k/ 1 + b/ )γµ(p/ + b/ )γνP+ (8.90)

On obtient alors les intégrales Iκλ(a − b − k1, b + k1, b) et Iκλ(b − a − k2 + k1, a − k1, a + k2) et le calcul se
ramène au calcul précédent en posant

b+ k1 = b′′, a− k1 = a′′, (8.91)
k1 = −k′′1 , k1 + k2 = k′′2 . (8.92)

L’anomalie dans la partie non chirale de la divergence ∂zρ s’annule donc ssi a′′ = −b′′ ce qui est équivalent à
a = −b, comme précédemment. L’absence de la partie chirale de l’anomalie dans la divergence ∂zρ implique
a′′ ∥ k′′1 + k′′2 et donc a− k1 ∥ k2.

On peut donc donc shifter l’anomalie d’un courant à un autre, mais

Il n’y a pas de choix qui l’enlève partout si Dαβγ ̸= 0 .
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Remarque: Intégrales divergeantes et shift de variables cf. [47]. Considérons

∆(a) =

∫ +∞

−∞
dx [f(x+ a)− f(x)] (8.93)

=

∫ +∞

−∞
dx [af ′(x) +

a2

2
f ′′(x) + . . . ] (8.94)

= a[f(+∞)− f(−∞)] +
a2

2
[f ′(+∞)− f ′(−∞)] + . . . . (8.95)

Si l’intégrale converge ou diverge au plus de manière logarithmique, alors f(+∞) = f(−∞) = f ′(+∞) =
f ′(−∞) = · · · = 0 et ∆(a) = 0 et on peut shifter x→ x− a dans l’intégrale. C’est le cas de l’expression (8.59).
Si l’intégrale diverge de manière linéaire, f(±∞) ̸= 0 et f ′(+∞) = f ′(−∞) = · · · = 0, alors ∆(a) peut créer
un terme de surface non nul qui dépend du shift a,

∆(a) = a[f(+∞)− f(−∞)]. (8.96)

C’est ce que l’on a trouvé pour l’intégrale dans (8.61).

8.7 Anomalie "singlet"
Supposons maintenant que jµα est une symétrie de Noether de la théorie, ∂µjµα ≈ 0, c-à-d que Tα commute
avec les autres générateur, fγαβ = 0 pour α fixé et quelque soit β, γ. Les courants jνβ(x), j

ρ
γ(x) sont couplés

à des champs de jauge.
Dans ce cas on ne veut pas d’anomalies dans la divergence (covariante) de ∂yν , ∂

z
ρ pour garantir

l’invariance de jauge du résultat, ce qui impose

a = k1 − k2, (8.97)

et on obtient

∂xµΓ
µνρ
αβγ|tri,anom =

(2π)2

(2π)12
Dαβγ

∫
d4k1d

4k2 e
−i(k1+k2)·xeik1·yeik2·zϵκνλρk1κk

2
λ (8.98)

= − 1

(2π)2
Dαβγϵ

κνλρ ∂δ
4(y − x)

∂yκ
∂δ4(z − y)

∂zλ
. (8.99)

Si on considère ⟨jµα(x)⟩A calculé avec l’action (8.51), c-à-d en présence des autres courants couplés à des
champs de jauge externes, le résultat pour les diagrammes de triangles peut s’exprimer comme

⟨jµα(x)⟩A∆ =
1

2

∫
d4y d4z Γµνραβγ(x, y, z)A

β
ν (y)A

γ
ρ(z), (8.100)

⟨∂xµjµα(x)⟩A∆,anom = − 1

8π2
Dαβγϵ

κνλρ∂κA
β
ν (x)∂λA

γ
ρ(x). (8.101)

Il y a d’autres diagrammes à une boucle qui contribuent
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(figure extraite de [25]).
L’invariance de jauge du résultat final implique que

⟨∂xµjµα(x)⟩Aanom = − 1

32π2
Dαβγϵ

κνλρF β
κν(x)F

γ
λρ(x). (8.102)

Pour des fermions de Dirac, on a en vertu de (8.53)

−iDαβγ =
1

2
trG({tLα, tLβ}tLγ )−

1

2
trG({tRα , tRβ }tRγ ). (8.103)

Dans la section précédente, on a calculé la divergence d’un courant axial jµ5 avec tL = −tR ≡ t ce qui est
l’effet de

γ5 =

(
12×2 02×2

02×2 −12×2

)
(8.104)

dans (8.55)) avec des courants jνβ , j
ρ
γ pour lesquels tLβ = tRβ = tβ et tLγ = tRγ = tγ . On a donc que

−iDαβγ = trG({t, tβ}tγ) = trG({tβ, tγ}t) et

⟨∂xµjµα(x)⟩Aanom = −i 1

32π2
trG({tβ, tγ}t)ϵκνλρF β

κν(x)F
γ
λρ(x). (8.105)

en accord avec (8.30).

8.8 Anomalie non-abélienne

Supposons maintenant qu’aucun champ de jauge ne couple aux courants jµα(x), j
ν
β(y)j

ρ
γ(z) associés à des

symétries globales, mais que les générateurs de ces symétries sont de la forme (8.53) et soit vectoriels
tR = tL ou axiaux, tR = −tL. L’équation (8.103) implique alors que les graphes triangulaires anomaux
sont ceux avec un courant axial et deux courants vectoriels ou avec trois courants axiaux.

Dans le premier cas, si jµα(x) est le courant axial et jνβ(y)j
ρ
γ(z) les courants vectoriels, on choisit a tel

que la divergence des courants vectoriels soit non-anomale et donc comme précédemment a = k1 − k2
avec comme résultat (8.99).
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Pour trois courants axiaux, il n’y a pas de raisons d’en privilégier l’un d’entre eux et on voudrait
respecter la symétrie entre ces courants en choisissant a = αk1 + βk2 de manière appropriée.

Pour ∂xµ, l’anomalie est proportionnelle à

ϵκνλρaκ(k1 + k2)λ = ϵκνλρ(α− β)(k1)κ(k2)λ, (8.106)

pour ∂yν à

−ϵκρλµa′κ(k′1 + k′2)λ = −ϵκρλµ(αk1 + (β + 1)k2)κ(k1)λ = −ϵκρλµ(β + 1)(k2)κ(k1)λ, (8.107)

et pour ∂zρ à

−ϵκµλνa′′κ(k′′1 + k′′2 )λ = −ϵκµλν((α− 1)k1 + βk2)κ(k2)λ = −ϵκµλν(α− 1)(k1)κ(k2)λ. (8.108)

Ceci implique α = −β = 1
3
,

a =
1

3
(k1 − k2) (8.109)

et donc :
L’anomalie dans le courant axial pour une amplitude avec trois courants axiaux est un tiers de

l’anomalie pour une amplitude avec un courant axial et deux courants vectoriels.
De nouveau, les autres diagrammes contribuent à la divergence du courant. On voudrait calculer

l’anomalie pour la symétrie chirale SU(3)×SU(3) des interactions fortes, en choisissant que les courants
vectoriels sont conservés et que les graphes avec seulement des courants axiaux sont symétriques.

Il s’agit donc de symétries globales agissant sur les saveurs des quarks et non les couleurs. Malgré
cela, il est pratique de coupler les courants à des champs de jauge fictifs V a

µ , A
a
µ et d’exprimer l’anomalie

comme la non-invariance d’une fonctionnelle Γ[V,A]. Le Lagrangien associé

L = −ψ̄(∂/ + V/ + A/ γ5)ψ, (8.110)

est invariant de jauge sous

δψ = (−α(x)− β(x)γ5)ψ, δψ̄ = ψ̄(α(x)− β(x)γ5), (8.111)
δVµ = ∂µα + [Vµ, α] + [Aµ, β], δAµ = ∂µβ + [Aµ, α] + [Vµ, β], (8.112)

avec les lois de conservation pour jµa = ψ̄γµtaψ et jµ5α = ψ̄γµγ5taψ

∂µj
µ
a − f cbaV

b
µ j

µ
c − f cbaA

b
µj

µ
5c ≈ 0, (8.113)

∂µj
µ
5a − f cbaV

b
µ j

µ
5c − f cbaA

b
µj

µ
c ≈ 0. (8.114)
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Remarque: Pour découpler les transformations SU(3)× SU(3), on peut définir

AL,R
µ = Vµ ±Aµ, ΛL,R = α± β, (8.115)

jµL,R
a =

1

2
(jµa ± jµ5a), DL,R

µ jµL,R ≈ 0. (8.116)

Les transformations de jauge des potentiels sont alors générées par

δV b
µ (y) =

∫
d4xαa(x)Ya(x)V

b
µ (y) +

∫
d4x βa(x)Xa(x)V

b
µ (y), (8.117)

δAbµ(y) =

∫
d4xαa(x)Ya(x)A

b
µ(y) +

∫
d4x βa(x)Xa(x)A

b
µ(y), (8.118)

avec

Ya(x) = − ∂

∂xµ
δ

δV a
µ (x)

− f cabV
b
µ (x)

δ

δV c
µ (x)

− f cabA
b
µ(x)

δ

δAc
µ(x)

, (8.119)

Xa(x) = − ∂

∂xµ
δ

δAa
µ(x)

− f cabV
b
µ (x)

δ

δAc
µ(x)

− f cabA
b
µ(x)

δ

δV c
µ (x)

. (8.120)

et on exige que
Ya(x)Γ[V,A] = 0. (8.121)

Un calcul long et difficile donne

Xa(x)Γ[V,A] = − i

16π2
ϵµνρσTr

[
ta
(
F V
µνF

V
ρσ +

1

3
FA
µνF

A
ρσ

− 8

3
(AµAνF

V
ρσ + AµF

V
νρAσ + F V

µνAρAσ) +
32

3
AµAνAρAσ

)]
, (8.122)

avec

F V
µν = ∂µVν − ∂νVµ + [Vµ, Vν ] + [Aµ, Aν ], (8.123)

FA
µν = ∂µAν − ∂νAµ + [Vµ, Aν ] + [Aµ, Vν ]. (8.124)

Le facteur 1/3 dans le 2ème terme a déjà été expliqué comme conséquence du choix différent de a dans
les AV V et les AAA graphes. Dans la section suivante, on va donner des conditions de cohérence perme-
ttant de déterminer les termes cubiques et quartiques à partir des termes quadratiques que l’on a calculés
explicitement.

Lorsqu’il n’y a que des courants axiaux, on fait le choix symétrique (8.109) et l’inclusion de tous les
diagrammes complète (8.100) en

⟨Dx
µj

µ
α(x)⟩Aanom = −ϵκνλρ 1

24π2
Tr
[
tα∂κ

(
Aν∂λAρ +

1

2
AνAλAρ

)]
. (8.125)
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De nouveau, on a déjà calculé le terme quadratique et les autres termes seront déterminés par la condition
de cohérence.

Dans ce cas, les transformations de jauge (fictives) δAαµ = ∂µϵ
α + fαβγA

β
µϵ
γ sont engendrées par

δAβµ(y) =
∫
d4x ϵα(x)Tα(x)Aβµ(y) avec

Tα(x) = − ∂

∂xµ
δ

δAα
µ(x)

− fγαβA
β
µ(x)

δ

δAγ
µ(x)

(8.126)

Si Z[A] = e
i
ℏΓ[A], avec Z[A] basé sur le Lagrangien (8.51), ⟨jµα(x)⟩A =

δΓ[A]

δAα
µ(x)

et l’anomalie se manifeste

alors de la manière suivante,

Tα(x)Γ[A] = Dx
µ⟨jµα(x)⟩A ≡ Gα[x;A]. (8.127)

8.9 Condition de cohérence de Wess-Zumino

8.9.1 Commutateurs
Par calcul direct, on peut vérifier que les générateurs Tα(x) forment un représentation de l’algèbre de Lie
dans le sens où

[Tα(x), Tβ(y)] = fγαβδ
4(x, y)Tγ(x). (8.128)

En agissant avec cette relation sur Γ[A] et en utilisant la définition de l’anomalie (8.127), on déduit la
relation de cohérence de Wess-Zumino

Tα(x)Gβ[y;A]− Tβ(y)Gα[x;A] = fγαβδ
4(x, y)Gγ[x;A]. (8.129)

Dans le contexte original de la symétrie SU(3)×SU(3) des interactions fortes, on trouve les relations
de commutation suivantes:

[Ya(x), Yb(y)] = f cabδ
4(x, y)Yc(x), (8.130)

[Ya(x), Xb(y)] = f cabδ
4(x, y)Xc(x), (8.131)

[Xa(x), Xb(y)] = f cabδ
4(x, y)Yc(x). (8.132)

En appliquant sur Γ[A, V ] et en utilisant (8.121) et Xa(x)Γ[A, V ] = Ga(x) avec Ga(x) défini par le
membre de droite de (8.122), on trouve les conditions de cohérence

Ya(x)Gb(y) = f cabδ
4(x, y)Gc(x), Xa(x)Gb(y)−Xb(y)Ga(x) = 0. (8.133)

La première équation exprime le fait que l’anomalie se transforme dans la représentation adjointe sous
une transformation SU(3) ordinaire. On peut vérifier que la deuxième est aussi satisfaite pour le membre
de droite de (8.122).

Nous allons nous concentrer sur le cas symétrique de l’équation (8.125). On a explicitement calculé
le terme quadratique en les champs de jauge. On va montrer que les autres termes sont déterminés par la
condition de cohérence.
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8.9.2 Fantômes et cohomologie
Comme pour la fixation de jauge, on remplace ϵα(x) → Cα(x), avec Cα(x) un champ fermionique
externe. La transformation BRST est définie par

sAαµ = DµC
α, sCα = −1

2
fαβγC

βCγ, (8.134)

et est nilpotente, s2 = 0. Définissant G[C,A] =
∫
d4xCαGα[x;A], la définition de l’anomalie (8.127) et

la condition de cohérence (8.129) se réécrivent, en réinstaurant ℏ, comme

sΓ[A] = ℏG[C,A], sG[A,C] = 0. (8.135)

Ceci se voit en appliquant
δ

δCα(x)
respectivement

δ2

δCα(x)δCβ(y)
.

Si l’anomalie peut s’écrire comme G[A,C] = sF [A] avec F [A] une fonctionnelle locale en les Aαµ,
la condition de cohérence est automatiquement satisfaite car s2 = 0. Dans ce cas, on peut l’absorber en
redéfinissant l’action de départ S par un contreterme fini d’ordre ℏ. Pour des champs de jauge externes,
ceci revient à redéfinir l’action effective par le même contreterme, Γ′[A] = Γ[A] − ℏF [A], de manière à
ce que sΓ′[A] = 0. De la même manière, ce genre de contretermes permet de modifier l’expression de
l’anomalie.

à faire: des choix différents de a correspondent à de tels contretermes
Sur les exemples que l’on a vu, les anomalies G[A,C] sont des fonctionnelles locales en A,C. On

peut montrer que c’est vrai en général. Dans le contexte présent, les anomalies non triviales sont donc des
classes d’équivalences de fonctionnelles en A,C, linéaire en Cα et ses dérivées, qui sont BRST fermées
et deux fonctionnelles sont équivalentes si elles diffèrent par un terme BRST exact,

[G[A,C]] ∈ H1(s) :

{
sG[A,C] = 0

G[A,C] ∼ G′[A,C] ⇐⇒ G[A,C] = G′[A,C] + sF [A].
(8.136)

Les anomalies non triviales sont des représentants de H1(s).

En termes des intégrands, il faut admettre des dérivées totales comme pour les symétries, G[A,C] =∫
d4xG, sG = ∂µk

µ, G = G ′ + sF + ∂µl
µ.

On va maintenant utiliser les conditions de cohérence pour calculer les termes cubiques et quartiques
dans (8.125). En choisissant la dimension canonique de Cα nulle, la transformation BRST ne modifie pas
la dimension canonique et celle de G[A,C] doit être zéro, tout comme celle de Γ[A]. En mettant tous le
termes possibles avec des coefficients arbitraires, on a donc

G[A,C] = − 1

24π2
ϵκνλρ

∫
d4xTr

(
C
[
∂κAν∂λAρ + c1∂κAνAλAρ + c2Aκ∂νAλAρ

+ c3AκAν∂λAρ + c4AκAνAλAρ
])
. (8.137)
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On simplifie le calcul en travaillant avec des formes, A = AαµTαdx
µ et C = CαTα, d = dxµ∂µ et

on considérant que les dxµ anticommutent entre eux et avec les Cα. Dans la suite, on omet le produit
extérieur des formes. On a alors

sA = −dC − {A,C}, sC = −C2, d2 = 0, {s, d} = 0. (8.138)

Le calcul direct de sG[A,C] = 0 donne alors

G[A,C] = − 1

24π2
Tr
(
Cd
[
AdA+

1

2
A3
])
, (8.139)

comme annoncé dans (8.125). On ne fait pas explicitement le calcul ici car on va le voir comme con-
séquence d’une méthode plus générale pour dériver des solutions de l’équation de cohérence.

8.9.3 Équations de descente
Considérons F = dA + 1

2
A2 = 1

2
Fα
µνtαdx

µdxν dans l’algèbre “universelle” des polynômes en A, C, dA,
dC. Un autre ensemble de générateurs est A, sA,C, F , avec sF = [F,C], dF = [F,A]. Sous quelles
conditions on peut travailler librement avec une telle algèbre est discuté par exemple dans la section 10.2
de [50].

Considérons les “classes caractéristiques” TrF n+1. On a dTrF n+1 = 0. Dans la base A, dA de
l’algèbre des polynômes en A, dA, l’homotopie contractante pour d est σ = A

∂

∂dA
et on a

{d, σ} = A
∂

∂A
+ dA

∂

∂dA
, (8.140)

Un polynôme ω(A, dA) peut s’écrire

ω(A, dA)− ω(0, 0) =

∫ 1

0

dt
d

dt
ω(tA, tdA) =

∫ 1

0

dt

t
[{d, σ}ω](tA, tdA). (8.141)

Si dω = 0 et ω(0, 0) = 0, alors on trouve ω = dη avec

η =

∫ 1

0

dt

t
[σω](tA, tdA). (8.142)

En particulier,

TrF n+1 = dΩ2n+1(A,F ), Ω2n+1(A,F ) = (n+ 1)

∫ 1

0

dtTrA(tF + (t2 − t)A2)n. (8.143)

Pour n = 2, on trouve

Ω5(A,F ) = Tr
[
AF 2 − 1

2
A3F +

1

10
A5
]
. (8.144)
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À partir de la condition de “horizontalité”

(d+ s)(A+ C) + (A+ C)2 = F, (8.145)

on déduit ensuite que
TrF n+1 = (d+ s)Ω2n+1(A+ C,F ) (8.146)

et donc aussi, si Ω2n+1(A+ C,F ) = Ω2n+1(A,F ) + Ω1
2n(A,C, F ) + · · ·+ Ω2n+1

0 (C),

sΩ1
2n(A,C, F ) + dΩ2

2n−1(A,C, F ) = 0. (8.147)

Pour n = 2, on trouve

Ω1
4(A,C, F ) = Tr

(
C
[
F 2 − 1

2
(A2F + AFA+ FA2) +

1

2
A4
])

= Tr
[
Cd
(
AdA+

1

2
A3
)]
, (8.148)

comme il faut.

8.9.4 Résultat à tous les ordres et antichamps
Les résultats discutés jusqu’à présent sont des résultats valables à une boucle. Dans une théorie de Yang-
Mills avec champs de jauge quantifiés, une anomalie de jauge se manifeste par le fait que l’équation de
Zinn-Justin naïve

1

2
(Γ,Γ)ϕ,ϕ̃∗ = 0, (8.149)

est violée par des anomalies. À une boucle, en utilisant que Γ = Sgf + ℏΓ1 +O(ℏ2), et

1

2
(Sgf , Sgf )ϕ,ϕ̃∗ = 0, (8.150)

on trouve
(Sgf ,Γ

1)ϕ,ϕ̃∗ = G1. (8.151)

On peut montrer que G1 est une fonctionnelle locale en les champs ϕ et les antichamps ϕ̃∗. En appliquant
(Sgf , ·)ϕ,ϕ̃∗ et en utilisant l’identité de Jacobi gradué pour l’anticrochet ainsi que (8.150), on obtient la
condition de cohérence pour l’anomalie

(Sgf , G1)ϕ,ϕ̃∗ = 0. (8.152)

De nouveau, si l’anomalie est de la forme triviale,G1 = (Sgf , F1)ϕ,ϕ̃∗ avec F1 une fonctionnelle locale des
champs et antichamps de nombre de fantôme 0, l’anomalie peut être absorbée en rajoutant un contreterme
fini à l’action fixée de jauge.

On trouve donc encore une fois que les anomalies non triviales sont des représentants de H1(s), mais
cette fois-ci la différentielle est la différentielle BRST fixée de jauge s = (Sgf , ·)ϕ,ϕ̃∗ dans l’espace des

fonctionnelles locales en les champs et antichamps ϕ, ϕ̃∗. Comme le changement vers les ϕ, ϕ∗ de la
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base invariante de jauge est une transformation anticanonique, la cohomolgie est isomorphe à celle de la
différentielle associée à la solution non fixée de jauge de l’équation maîtresse. En utilisant une homotopie
contractante analogue à celle pour d, on montre facilement que la cohomologie est indépendante des
champs Bα, C̄α et leurs antichamps. Puis on peut montrer [50] que pour un groupe semi-simple, les seuls
candidats pour les anomalies sont de la forme∑

m

cmTrGm

(
Cd
[
AdA+

1

2
A3
])
, (8.153)

avec des coefficients cm à déterminer pour chaque facteur simple Gm.
On va voir qu’il y a des groupes de jauge pour lesquels Dαβγ = 0 pour tout contenu fermionique.

Dans ce cas, H1(s) est vide, ce que l’on supposera par la suite. Il ne peut donc pas y avoir d’anomalie
non triviale à une boucle. Il pourrait y avoir une anomalie à 2 boucles,

(Sgf ,Γ
2)ϕ,ϕ̃∗ = 0, (8.154)

(Sgf ,Γ
2)ϕ,ϕ̃∗ +

1

2
(Γ1,Γ1)ϕ,ϕ̃∗ = G2. (8.155)

et de nouveau, on peut montrer que G2 est une fonctionnelle locale de nombre de fantômes 1. On trouve
alors, en appliquant (Sgf , ·)ϕ,ϕ̃∗ à la deuxième équation et en utilisant la première que

(Sgf , G2)ϕ,ϕ̃∗ = 0. (8.156)

Puisque la cohomologie est vide,G2 = (Sgf , F2)ϕ,ϕ̃∗ peut être absorbée par un contreterme. Par récurrence
on peut montrer que c’est le cas à tous les ordres et on peut donc établir l’équation de Zinn-Justin (8.149)
à tous les ordres par un choix approprié de contretermes locaux.

8.10 Théories sans anomalies
L’anomalie chirale est proportionnelle au tenseur symétrique invariant

−iDαβγ =
1

2
Tr ({Tα, Tβ}Tγ). (8.157)

Si les courants sont couplés à des vrais champs de jauge, une condition suffisante pour ne pas avoir
d’anomalie dans une symétrie de jauge est que ce tenseur s’annule,

Dαβγ = 0. (8.158)

Cette dernière propriété est désirable car si l’invariance de jauge ne peut être préservée dans la théorie
quantique, on rencontre des problèmes avec l’unitarité: la théorie quantifiée n’est pas équivalente à
une théorie pour laquelle on ne quantifie que des degrés de libertés physiques. à faire: montrer que
l’équation de Zinn-Justin implique l’unitarité.
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Tα est la représentation de l’algèbre de jauge sur tous les fermions et anti-fermions gauches.
Pour certains groupes de jauge, (8.158) est valable pour toute représentation des fermions. C’est le

cas si la représentation est équivalente à sa complexe conjuguée,

T ∗
α = STαS

−1. (8.159)

Puisqu’on considère des représentations antihermitiennes, T †
α = −Tα ⇐⇒ T ∗

α = −T Tα , ceci est équiva-
lent à

T Tα = −STαS−1. (8.160)

En insérant cette dernière relation dans la définition (8.157), on trouve alors Dαβγ = −Dαβγ .

Une telle représentation est soit réelle (s’il existe une matrice R non dégénérée R tel que T ′
α =

RTαR
−1 avec T ′

α réelle et antisymétrique) ou pseudo-réelle (si une telle matrice R n’existe pas). Par
exemple, la représentation irréductible de SU(2) à 3 dimensions est réelle (matrices ϵjik), mais celle à 2
dimensions est pseudo-réelle (matrices τi = − i

2
σi, S = iσ2).

Il n’y a donc pas d’anomalie pour les algèbres de jauge n’ayant que des représentations réelles ou
pseudo-réelles. C’est le cas pour les algèbres de Lie de SO(2n+ 1) y compris SU(2) ≡ SO(3), SO(4n)
pour n⩾ 2, USp(2n) pour n⩾ 3, G2, F4, E7, E8 et leurs sommes directes. D’autres algèbres n’ont que
des représentations pour lesquelles (8.158) est valable même si certaines de leurs représentations ne sont
ni réelles ni pseudo-réelles. C’est le cas des algèbres de SO(4n+ 2) (mais pas SO(2) ≡ U(1)).

De même, s’il n’y a que des fermions de Dirac dans la théorie se transformant comme (8.53) avec
tLα = tα = tRα ,

Tα =

(
tα 0
0 −(tα)

T

)
. (8.161)

la représentation est (pseudo-)réelle avec

S =

(
0 1
1 0

)
, (8.162)

et (8.158) est valable.
Les anomalies ne sont donc que possibles pour des algèbres de jauge contenant des facteurs SU(n)

avec n⩾ 3 ou U(1) et des couplages à des fermions chiraux. C’est justement celle-là qui sont importantes
en physique des particules où le groupe de jauge est SU(3) × SU(2) × U(1) et le couplage aux leptons
est chiral. Il faudra donc utiliser des cancellations entre les fermions de la théorie pour garantir l’absence
d’anomalies.

Avant de passer à la jauge unitaire suite à la brisure spontanée de symétrie, on a comme groupe de
jauge SU(2)L × U(1)Y pour le Lagrangien leptonique du secteur électrofaible du modèle standard:

ψl =

(
νl
l

)
, (8.163)
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où l dénote le type (e pour électronique, µ pour muonique et τ pour tauonique) et

Llept = −
∑
l=e,µ,τ

ψ̄l
(
γµDB,C

µ

)
ψl (8.164)

avec

DB,C
µ ψl = (∂µ + gBi

µt
L
i + g′Cµy)ψl, (8.165)

tLi = P+
−i
2
σi, y = −i

[
P+

1

2

(
1 0
0 1

)
+ P−

(
0 0
0 1

)]
. (8.166)

Notons que la charge électrique est associée au générateur

q = tL3 − y = −i
(
0 0
0 −1

)
. (8.167)

Pour les quarks, on a tα = −i
2
λα, q = u, c, t, d, s, b, qui sont regroupés comme q+ = (u, c, t), q− = (d, s, b)

et

ψLq+ = P+

(
q+∑

q− Vq+q−q
−

)
(8.168)

avec Vq+q− une matrice unitaire 3× 3, la matrice de Kobayashi-Maskawa, et

Lquarks = −
∑
q

q̄(γµDG
µ )q −

∑
q+

ψ̄Lq+γ
µ
(
gBi

µti + g′Cµy
q+L
)
ψLq+ −

∑
q

q̄Rγ
µg′Cµy

qRqR, (8.169)

avec

DG
µ q = (∂µ + gsG

α
µtα)q, (8.170)

yq
+
L = −i

(
−1

6
0

0 −1
6

)
yq

+
R = −i(−2

3
), yq

−
R = −i(1

3
). (8.171)

Ceci explique la table suivante extraite de [25] pour une génération:



8.10. THÉORIES SANS ANOMALIES 279

Comme les anomalies avec 1 facteur SU(3) ou 1 facteur SU(2) sont proportionnelles à tr tα = 0 =
tr ti. On doit vérifier les cas suivants pour chaque génération:

• SU(3)− SU(3)− SU(3): pas d’anomalie car couplage non-chiral

• SU(3)− SU(3)− U(1):

tr [{tα, tβ}yq] = −1

2
δαβtr yq = −1

2
δαβ(−

1

6
− 1

6
+

2

3
− 1

3
) = 0. (8.172)

• SU(2)− SU(2)− SU(2): pas d’anomalie car représentation réelle ou pseudo-réelle

• SU(2)− SU(2)− U(1):

tr [{ti, tj}(yq
+
L + y)] = −1

2
δijtr (yq

+
L + y) = −1

2
δij[3(−

1

6
) +

1

2
] = 0. (8.173)

• U(1)− U(1)− U(1):

tr [(yq
+
L + yqR + y)3] = 6(

−1

6
)3 + 3(

2

3
)3 + 3(

−1

3
)3 + 2(

1

2
)3 + (−1)3 = 0. (8.174)

On trouve donc que le modèle standard est exempt d’anomalies chirales de jauge et la cancellation dépend
de l’organisation des quarks et des leptons à l’intérieur de chaque génération.

Des anomalies supplémentaires sont dues au couplage à la gravitation. On peut montrer que l’anomalie
en présence d’un champ de gravitation externe est proportionnelle à

tr(Tα)ϵµνρσRµνκλRρσ
κλ. (8.175)
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à faire par le heat kernel
Le seul cas non trivial à vérifier est U(1). Or

tr(yq
+
L + yqR + y) = 6(−1

6
) + 3(

2

3
) + 3(−1

3
) + 2(

1

2
) + (−1) = 0, (8.176)

et il n’y a donc pas non plus d’anomalies gravitationnelles dans le modèle standard.

8.11 Exercices

8.11.1 Théorème d’Atiyah-Singer à toute dimension
En commençant en d = 2, montrer que le théorème de l’indice pour d = 4 donné par (8.50), se généralise
en dimensions paires d = 2n de la manière suivante: si

ch (F ) = trI exp
F

2π
, (8.177)

alors

index iD/ + =

∫
M2n

ch (F ) =
1

n!

∫
M2n

trI(
F

2π
)n. (8.178)
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